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On the power of simulation map for almost Z— contraction in
G-metric space with applications to the solution of the integral
equation
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Abstract. In this manuscript, we explore the presence and uniqueness of a fixed point
of almost Z—contraction by means of simulation map in the framework of G—metric
spaces. Also, an illustrative example and an application to solve integral equation are
given to help accessibility of the got outcomes.
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1. Introduction

The Banach contraction rule is a one of the predominant outcomes in analysis
and has continuously been at the front line of making and providing remark-
able speculations for its researchers. Numerous authors have summed up and
used the Banach principle in their relevant research ([1-4]). Along these lines,
we can without much of a stretch presume that the biggest part of the fixed
point theory has been involved by different speculations of the Banach contrac-
tion rule. Further, Khojasteh and Shukla [6] presented an alternate thought
of simulation map by utilizing an idea of [3] and explored some fundamental
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properties. Subsequently, Argoubi [7] demonstrated fixed point results for non
linear contraction in the casing of metric space.

Throughout the paper, N denotes set of natural numbers, R denotes set of
real numbers.

Next, we review some essential definitions about contraction and the out-
comes from the writing. Wardowski [1] defined the F-contraction as follows:

Definition 1.1. Let (X,d) be a metric space and let f : X — X be a self-
mapping. Then f is called an F' — contraction on (X, d) if there exist F' € & for
all z,y € X, d(fz, fy) >0 =~ + F(d(fz, fy)) < F(d(z,y)), where & be class
of all mappings F': (0,00) — R such that:

(F1) F is strictly increasing function, that is, for all a,b € (0,00), if a <
b,then F'(a) < F(b).

(F2) For every sequence {ay} of natural numbers, lim,,_,~ a, = 0 if and only
if limy, 00 F'(ap) = —00.

(F3) There exists q € (0,1) such that lim,_,¢+(a?F(a)) = 0.

F-weak contraction was established by Wardowski and Dung [2] in 2014
which is defined as follows:

Definition 1.2. [2] Let (X,d) be a metric space and 7 : X — X be a
function. 7 is known as F-weak contraction on (X,d) if there exist F €
Q and v > 0 such that for all x,y € X, d(Tz,Ty) >0=~v+ F(d(Tz,Ty)) <
F(maz{d(x,y),d(Tx,x),d(y, Ty), “THEAT ).
Definition 1.3 ([3, 4]). Let (X, d) be a metric space and let 0 : X — X be a
self-mapping. Then o is called an almost Z— contraction on (X, d) if there exist
B >0 and 1 < 1 such that for all z,y € X, d(ox,0y) < prd(z,y) + Bf(x,y).
Definition 1.4 ([5]). The mapping 6 : [0,00) x [0,00) — R is said to be a sim-
ulation function, if the following properties hold: (61)6(0,0) = 0, (62)0(a,b) <
b — a, for all a,b > 0, (03) if {an}, {bn} are sequences in (0,00) such that
limy, yoo{an} = limy oo {bn} = £ € (0,00), then lim,, o sup 6(an, b,) < 0.

The family of all simulation functions 6 : [0,00) x [0,00) — R is denoted by
Z.

Definition 1.5 ([6]). Let (X, d) be a metric space and 6 € Z. The self map
o0 : X — X is Z—contraction with respect to 6 if for each x,y € X,

(1.1) O(d(ox,oy),d(z,y)) > 0.

Definition 1.6 ([8]). Let (X, d) be a metric space and 6 € Z. Then, the self
map o : X — X is said to be almost Z—contraction if for each z,y € X, we can
find a positive constant § such that

(1.2) 0(d(ox,0y), d(x,y) + Bm(z,y)) = 0,

where

m(x,y) = min{d(z,ox),d(y,oy),d(z,o0y),d(y,ox)}.
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Definition 1.7 ([9]). Let X be a non void set and G : X — [0, 00) be a map
which fulfils the accompanying conditions:

(1) g(xla Y1, Zl) =0if Tr1 = Y1 = 21;

(ii) 0 < G(x1, =1, y1) whenever x1 # yp, for all z1,y; € X;
(iii) G(z1, 1, Y1) < G(@1, Y1, 21), Y1 # 213
(iv) G(x1, y1, 21) = G(21, 21, y1) = G(y1, 71, 21) = G(21, 1, Y1)
=G(y1, 21, 21) = G(21, Y1, 21);
(v) G(z1, y1, 21) < G(21, a1, a1) + G(a1, y1, 21);
for every 1, y1, 21, a1 € X, then the function G is said to be G—metric on X
and (X, G) is known as G—metric space.

In this paper, we consolidate the view of simulation map, G—metric space and
indispensable nature of contractive mappings to construct fixed point hypotheses
in the casing of generalized metric space.

The principle point of our examination is to talk about the reasonability
of application to solve the integral equation with the assistance of our main
theorem.

2. Main results

Definition 2.1. Let (X, G) be a G—metric space and 6 € Z. Then, the self map
o : X — X is said to be almost Z—contraction if for each z,y,z € X, we can
find a positive constant 8 such that

(21) 9(9(0%09702)7 g($7y7 Z) + ﬁm(w,y, Z)) Z 07
where

m(:c, Y, Z) = mln{g(x, gy, Uy)7 g(y7 ow, O'.%'), g<y7 oz, O'Z), g(’Za ay, Jy)a
(2.2) G(z,0x,01),G(x,02,02)}.

Remark 2.2. If ¢ is almost Z—contraction with respect to 6 € Z, then we have
G(oz,0y,02) < G(x,y,2) + Bm(z,y, z), where z,y,z € X.

Theorem 2.3. Let (X,G) be a complete G metric space and o : X — X be an
almost 7 contraction with respect to 8 € Z. Then, o has a fixed point. Moreover,
the sequence {o°zp} converges to fized point of o for each zp € X.

Proof. Step 1. Suppose that, 2511 = 0%29 = 025, where s € N and 2y € X.
If 3s € N such that z,11 = zs, then ozs = z5. So, z is fixed point of o.

Let us suppose that zs # 2541 for each s € N. Then, G(zs, 2511, 2s4+1) > 0
for all s € \V.
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Firstly, we prove that G(zs, 2511, 2s+1) = 0. On account of (2.2), we get that

f(zs—la Zsy Zs) = min{g(zs—la 0Zs, UZS), Q’(zs, O0Zs—1, UZS—I); g(zsa 0Zs, 0’25),
g(zsa OZs, 028)7 g(z87 OZs—1, O_Zs—l)v g(zs—la OZs, UZS)}
= min{g(zsfla Zs+15 Zerl)v g(ZS, Zsy Zs),
g(ZSa Zs+15 Zs+1)v g(ZS7 Zs+1, Zs+1)v g(ZSa Zs, Zs), g(zs,l, Zs+15 Zs+1)}
(2.3) =0.
On account of inequality (2.1), we get that
0(G(0zs—1,025,025),G(2s-1, 2s, 2s) + Bf(2s—1, 25, 25)) > 0.

Taking (2.3) into account, we obtain

0< e(g(azsflyazm (TZS), g(zsfla Zs, Zs))
= e(g(zsa Zs+1, ZS+1)7 g(zsfla Zs, Zs))

< g(zsfla Zs, Zs) - Q(zs, Zs+1, Zerl)

which implies that

g(zsa Zs+1, Zerl) < g(zsfla Zs, zs)-

Therefore, {G(zs+1, s, %s)} is non negative decreasing sequence of real numbers
where s € . So, 3\ > 0 such that

lim G(zs, 2541, Zs4+1) = A.
S5—00

Now, we will indicate that

sliglo g(zs’ Zs+1, Zs—i—l) =0.
Suppose that A > 0. Let {cs} and {d;} be sequences such that G(zs, 2541, 2s4+1) =
cs and G(zs—1, 25, 25) = ds.
Now,

lim ¢y = lim dg = .
S$—00 §—00

Accordingly, from 63 we deduce that

0 < lim Supe((g(%a Zs+1, Zs+1)7 g(zs—h Zs, Zs)) < 0,

n—o0

which is a contradiction. Thus, we have

(2.4) lim G(zs, 2541, 2s+1) = 0.

n—oo

Step 2. We assert that {zs} is bounded.



ON THE POWER OF SIMULATION MAP FOR ALMOST Z— CONTRACTION ... 643

Suppose, on the contrary, that {zs} is unbounded. So, there exists a subse-
quence {zs, } so that s; = 1 and s, is the smallest integer larger than s, such
that G(2zs, 1, %s.s 2s,) > 1 and G(zy, 2, 2r) < 1, for every r € sy, sy41 — 1].

With the assistance of triangle inequality, we obtain

1 < g(z5u+1 9 Zsu’ Zsu)
< g(’zsu+1 ) Bsur1—1s ZSu+1—1) + g(25u+1_17 Zsu> Zsu)

< 1+ g(zsu+17 Zsytp1—1s Zsu+1—1)-
Making u — oo and using(2.4), we get

(2.5) lim G (25, 15 Zsys Zsy) = 1.

U— 00

Since, o is an almost Z contraction with respect to 8, we conclude that

g(zqurb sy Zsu) < g(zqurl—l, Zsy—15 Zsufl)-

On account of triangle inequality, we obtain

1 < G(Zsyirs Zous Zsu)
< G(Zsyi1—15Zsu—1s Zsy—1)
< G(Zsy 115 2y Zs,) + G(Zsus Zou—1s Zsy—1)
<14 G(2sy» Zoy—1) Zsy—1)-

Letting u — oo and using (2.4), we get

(26) uh—>I£lO g(zqurl—lazsu—l,Zsu—l) =L

Now, taking(2.2) into account

f(ZSqul*lv Zsy—15 Zsufl) = min{g(ZSqul*la OZsy,—15 O-Zsufl)>
g(zsu—l, O-Zsu+1717o-zsu+1fl)7
g(zsufla O0Zs,—1, Uzsufl)7 g(zsufla O0Zs,—1, O'Zsufl%

g(zsufla OZsy41—15 O-Zsu_;,_lfl), g(zsu+1717 O0Zs,—1, O-Zsufl)}-

Letting u — oo and using(2.4), we get

(27) f(zsu+1717 Zsufla zSufl) = ]‘

With the assistance of (2.1) and 65, we obtain

0<0(G(02s,11-1,0%5,—1,0%5,-1),
G(Zsyir—15 Zsu—1, Zsu—1) + Bf (Zsusr—1,
Zsu—15Zsu—1)) < G(Zsys1—15Zou—1, Zsy—1)
+ B (Zsyi1—15 Zsu—1s Zsu—1) — G(0Zsy41—1, 0Zs,—1, 025, —1)

- g(zsu_Hfla Zsu—1s Zsufl) + Bf(zsu+1fla Zsyu—1s Zsufl) - g(zsu.H) Zsus Zsu)
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which yields that

g(ZSqul?ZSu’ Zsu) < g(zsu+1—17 Rsy—1) Zsu_l) + /Bf(zsu+1—17 Zsy—1, zSu—l)'

Let {w,} and {v,} be sequences such that G(z,,,, %s,, %s,) = Wy and
g(zsu+1—17 Zsy—15 Zsu—l) + Bf(zqurl—la Zsy—15 Zsu—l) = Uy-

Accordingly, from (2.5), (2.6) and (2.7), we get limy—00 G(2s, 415 Zsys 2, )=1=
my o0 G(Zsyy1—15 Zou—15 Zsu—1)FBf (Zsui1—1, Zsu—15 Zs,—1). On account of assum-
ption of @3, we obtain limy oo SUP O(G (25t 15 Zsws Zsu ) G(Zsyii—1) Zsu—1, Zsu—1)
+Bf(Zsys1—1s Zsy—1, Zs,—1)) <0 which is a contradiction. Therefore, {2} is boun-
ded.

Step 3. We assert that {zs} is a cauchy sequence. Let us suppose

Os = sup{G(zc, 24, 24) : ¢,d > s}.

Now, {Os} is decreasing sequence of positive entries, therefore, there exists
O > 0 such that
lim O, = O.

5§—00

When O > 0, then applying the definition of O, there exists ry, s, satisfying
Ty > Sy > u and Oy — % < G(Zryy Zsys 25y ) < O which yields that

(2.8) O = lim G(zr,, Zs,, %s,)

5—00

Again, with the assistance of triangle inequality, we obtain G(z,,, 2s,, zs,) <
g(zru_l’ Zsy—1, Zsu_l) < g(zru—la 2y Zru) +g(2rua Zsy Zsu) +g(zsua Zsyu—1, Zsu—l)-
Letting u — oo and taking (2.6), (2.8) into account, we obtain

(2.9) G(Zry—1y2sy—1,2sy—1) = O.

With the aid of remark(2.2), we have

(2.10)  G(2rys 25y 250) < G(2ry—15 Zs,—15 Zs,—1) + Bf (2ry—1, Zs,~1, Zs,—1)-
Accordingly, from (2.4), we get

(2.11) lim f(z,-1, 25,1, 2s,—1) = 0.

U— 00

Let {w,} and {v,} be sequences such that G(z,,, 2s,, 2s,) = Wy and

g(zru—la Zsy—15 Zsu—l) + /Bf(zru—la Zsy—1; Zsu—l) = Uy-
Using (2.8) to (2.11), we obtain

Hm G(2r,, 2sys 2sy) = O = Hm G(2r,—1, Zsy—15 Zsu—1) + B (Zru—1s Zsu—1, Zsu—1)-
U— 00 U— 00

On account of assumption of 3, we obtain

lim sup e(g(zrua 28y Zsu)a g(zrufla Zsy—1, ZSu*].) + ﬂf(zrufly Rsy—15 ZSu*].)) < 0.

U— 00
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which is a contradiction. Therefore, O = 0, which yields that {zs} is a Cauchy
sequence. Due to completeness of G metric space, there exists o € X so that
lim, o0 25 = 0.

Step 4. In the last step, we assert that p is fixed point of o.

Let oo # p. Thus, G(0,00,00) > 0. With the assistance of (2.1), 62 and 65,
we obtain

0 < lim supf[G(ozs,00,00),G(2s, 0, 0) + Bf(2s, 0, 0)]

U—r 00

< lim sup(G(zs, 0, 0) + B[ (25, 0,0) = G(025,00,00)] = =G(e, 00, 00),

which yields that G(p,00,00) = 0. Thus, op = g, which proves that o is fixed
point of o. ]

Theorem 2.4. Let (X,G) be a complete G metric space and o : X — X be an
almost 7 contraction with respect to 0 € Z. If, o has a fized point, then it s
unique.

Proof. In view of Theorem 2.3, we ensure the presence of settled point of map
o, that is ¢ = op. Next, we claim that if o1 and g2 are the fixed points of o,
then g1 = g2. On account of (2.1), we acquire that

< 0[G(oo1,002,002),G(01, 02, 02) + Bf(01, 02, 02)]
=0[G(001,002,002),G(01, 02, 02) + fmin{G(01,002,002),G(02,001,001),
G(02,002,002),G(02,002,002),G(02,001,001),G(01,002,002)}

= 0[G(001,002,002),G(01, 02, 02)]

< G(oo1,002,002) —G(001,002,002) =0,

which is contradiction. Consequently, o1 = g2, which indicates that fixed point
of o is unique. O

INlustrative Example 2.5. Let X = [0, 1] and G be defined as G(x1,y1,21) =]
—nl+lm—a|+za—2].
Now, we define 0 : X — X as oz = % — z, for each z € X. We shall prove
that 0 : X — X is an almost Z contraction with respect to 8 € Z, but ¢ is not
Z contraction with respect to 6 € Z, where for each a,b > 0, 0(a,b) = db — a,

where ¢ € [0,1). For each distict elements z1, 29 of X,

0(9(02’1,0'22,0’2’2),9(2’1,22,22)) = (59(21,22,22) — 9(021,0'22,0'2’2)

1
:52|Zl—22‘—2§—21—(§—22)
:2(5|Z1—22|—‘21—22D
<2(|Z1—22’—|21—22|)

=2x0=0.
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which yields that ¢ is not Z contraction with respect to 6 € Z, but ¢ has a

unique fixed point z = 1. Now, G(z1, 020, 022) = 2|21 — 022 = 2|21 — (5 — 22)| =

2|Zl + 22 — %| Thus,
f(z1, 22, 2z3) = min{G(z1,022,022),G(22,021,021),G(22,023,023),

g(2’3,022, UZQ), g(23, 021,021), 9(21,023, UZ3)}

. 1 1 1
= min{2|z; + 29 — 5\,2|zl + 29 — §|,2|2’3 + 29 — §|,

1 1 1
2023 + 22 = 5l 20z + 23— ol 202+ 2 = S
Further,

0(G(021,022,022),G(21, 22, 22) + B[ (21, 22, 23))
= 0[G (21, 22, 22) + Bf(21, 22, 23)] — G(021,022,022)

. 1 1
=0[2| 2 — 22 | +8min{2|z; + 22 — §|,2\zl + 29 — 5],
S

1 1
2|23+ 29 — 5\72|Z3 + 29 — §|,2121 + 23 — 5

1
2‘Z1+23—§‘}]—2‘21—22 ‘ .
Two cases arise:

Case 1. When z; = zo = z3, then
1
9(g(021,022,UZQ),Q(Zl,ZQ,ZQ) + ﬂf(21,22,23)) = 2(55‘221 — 5‘ > 0.

Case 2. Let z1>29>23, then 0(G(021,0292,022),G(21, 22, 22) + Bf (21, 22, 23))
= 26|21 — 22| 4 20|22 + 23 — §| — 2|71 — 22|. Now, choose 8 = 1 and § = 15, we
acquire 0(G(0z1,022,022),G(21, 22, 22) + Bf(21,22,23)) =30 | 21 — 22 | +2 X % X
15|20 + 23 — 5| —2x | 21 — 22 |= 28 | 21 — 22 | +10]22 + 23 — 5| > 0. Therefore, all
the assumptions of Theorem (2.3) are satisfied. Consequently, ¢ has a unique
fixed point o = %.

Corollary 2.6 ([10]). Let (X,G) be a G metric space where 0 € Z, B < 1 and
the self map o satisfies the following condition

(2.12) 0(G(ox,0y,0z2),G(z,y,2)) > 0,
for each x,y,z € X, Then, o has a unique fized pint.
Proof. The result follows if 6 = 0 and 6(a,b) = b — a in Theorem 2.3. O

Corollary 2.7 ([10]). Let (X,G) be a G metric space where § € Z, a is a
self map which is upper semi continuous fulfilling o(s) < s and the self map o
satisfies the following condition

(2.13) 0(G(ox,0y,02), (G(2,y,2)) = 0,
for each x,y,z € X. Then, o has a unique fived pint.
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3. Application
Let self map o be defined as

n

(3.1) ca(y) = K(y) + B / Sy, 2)n(x, a(z), a(z))dz,

m

where v € [m,n]. Let X be equipped with the metric G which is defined as
G(a, K, k) =2supla(y) — K(Y)].

Theorem 3.1. The integral equation (3.1) has a unique solution if the following
conditions are fulfilled:
(i) sup [ S(y, =, z)dr < Ao

In—2m’

(“) g(l', Oé,Oé) - g(IE, K, ’{) < T(‘a - I{|);
(iid) [B] <1,
where T is non decreasing continuous map having 7(s) < s, for each s > 0.

Proof. Now,
Gloar,002,002) = 2sup loai(y) — oaz(y)|

—2sup () + 5 [ " S0y, 2, 2)n(, on (2), 00 (2))dz — ()~
8 / " Sy, 1) (, 0n(x), () da]

= 2|5 sup ‘ /n Sy, @, x)(n(z, 01(2), 01 (2)) = n(z, as(z), as(z)))dz

m

/" T(lai(z) — ozz(x)|)d4

m

<2i6lsup | [ smits [ ate. o). o) - e o). a(e))las]

1
<218 X ———
< 2/ 2n — m[

< 18] x

2
n _1 m [/m” T(g(ahaQ,OéQ))d:E]

= X X _

1Bl X ——7(G(ar, a2, 02)) x n —m

= |B|7(G (a1, a2, 2)) < 7(G (a1, 2, 2)).
Therefore, o has a unique solution in X, which means that (3.1) has a unique
solution in X. ]
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