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Robust non-negative matrix factorization for subspace learning
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Abstract. Conventional non-negative matrix factorization methods fail to clusetring
due to many noisy data. Therefore, this paper proposes a novel non-negative matrix fac-
torization method to learn a robust subspace from the noisy space. Considering matrix
completion and non-negative matrix factorization, the proposed method can recover the
contaminated data and learn a low-dimensional effective subspace. Experiments on the
ORL face dataset with Salt & Pepper noise show that our proposed method is effective
and robust.
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1. Introduction

Non-negative matrix factorization (NMF) [1] can discover a non-negative prop-
erties from a high-dimensional data space. Therefore, NMF has received consid-
erable attention in data mining [2, 3], signal processing [4] and computer vision
[5]. NMF aims to decompose the original data matrix into two low-dimensional
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matrices such that their product approximates the data matrix. However, NMF
cannot learn an effective low-dimensional subspace due to the noisy data.

Many variant NMF models have shown the robustness and effectiveness for
subspace learning. L1−NMF [6] was proposed to handle the Laplace noise by
minimizing the non-smooth L1 norm function, however its related optimization
has the defect of slow convergence. To solve this problem, Manhattan NMF [7]
is proposed to optimize L1−NMF by transforming the non-smooth function into
a smooth one and solving it by Nesterov’s optimization method [8]. Zhang et
al. [9] proposed robust non-negative matrix factorization to recover the undam-
aged matrix by subtracting one error matrix from the damaged data matrix.
Although previous variants have made contribution to handle noises, they fail
to learn a robust subspace with considerable contaminated data.

Recently, with the popularity of compressed sensing (CS) theory [10, 11],
matrix completion (MC) [12] has been paid considerable attention. When a few
entries of the original data matrix are missing, corrupted or contaminated, MC
can recover the damaged data from the other undamaged data. At present, MC
has applied many areas such as image inpainting [13], data denosing [14] and
recommended system [15].

In this paper, a novel method called non-negative matrix completion fac-
torization (NMCF) is proposed to learn a robust and effective subspace from a
contaminated face dataset. The advantages of NMCF are to recover the noisy
data from MC and learn a robust subspace from NMF. The optimization algo-
rithm of NMCF is designed according to the block-coordinate-descent-method
[16] and Nesterov’s optimization method [17]. Finally, the image inpainting and
clustering on the contaminated ORL dataset demonstrate the effectiveness and
robustness of NMCF.

2. Robust non-negative matrix factorization

2.1 Non-negative matrix factorization

Supposed that {vi}ni=1 ∈ Rm is the feature description of i-th image and V =
[v1, · · · , vn] ∈ Rm×n is an image matrix. By NMF, V is decomposed into two
non-negative matrices W ∈ Rm×r and H ∈ Rr×n such that their product ap-
proximates V . Commonly, there are many loss functions to minimize the differ-
ence, however it is not the main topic in this paper. We propose the Euclidean
distance to measure the reconstruction error. Hence, the optimization function
of NMF is as follows:

min
W,H

F (W,H) =
1

2
∥ V −WH ∥2F(1)

s.t. W ≥ 0,H ≥ 0.

It is obvious that (1) are not convex in optimizingW andH simultaneously. The
common optimization structure for (1) is to optimize W and H iteratively until
convergence. Based on this structure, Lee and Seung [18] provided a classical
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algorithm for (1). The Multipartite Update algorithm minimizing (1) can be
summarized as

Wik ← Wik

(
V HT

)
ik

(WHHT )ik
,(2)

Hkj ← Hkj

(
W TV

)
kj

(W TWHT )kj
.(3)

2.2 Matrix completion

Given a damaged image matrix M ∈ Rm×n, each column of M is an image
vector and most of pixels in each image may be damaged. MC aims to recover
the damaged pixels from other undamaged pixels. MC can be viewed as an
optimization problem in the following form:

min
X

rank(X)(4)

s.t. PΩ(M) = PΩ(X),(5)

where X ∈ Rm×n is the image inpainting matrix, Ω is the damaged area, and
PΩ(Mij) is defined by

PΩ(Mij) =

{
Mij , (i, j) ∈ Ω,

0, otherwise.
(6)

2.3 Non-negative matrix completion factorization

NMF is a dimensionality reduction method which is useful for clustering, signal
processing and image recognition. However, it performs unsatisfactorily in di-
mensionality reduction when the original images are damaged. In this section,
a novel matrix factorization method, called nonnegative matrix completion fac-
torization (NMCF), which is used for dimensionality reduction. The proposed
method can learn a good parts-based representation from the damaged images.

Consider a damaged grayscale image matrix M ∈ Rm×n consisting of n
damaged images, among which the pixel values 0 or 255 are the damaged area.
Hence, a weight matrix S ∈ Rm×n corresponding to the damaged or undamaged
area can be described as

Sij =

{
0, M(i, j) is the damaged pixel

1, otherwise.
(7)

Supposed that each entry of an estimate recovered matrix V ∈ Rm×n can be
recovered by Mij . According to the definition of S in (7), the following term
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can be used to measure the approximation between Mij and Vij :

R =
1

2

m∑
i=1

n∑
j=1

(Mij − Vij)
2 × Sij(8)

=
1

2

m∑
i=1

n∑
j=1

((Mij − Vij)× Sij)
2

=
1

2
∥ (V −M)⊗ S ∥2F .

By minimizing (8), we expect if any point Mij is damaged, Mij can be recovered
to be Vij . Given a damaged image matrix M ∈ Rm×n, our proposed method
aims to find its corresponding recovered matrix V , and to decompose V into two
non-negative matrices W and H. Non-negative matrix completion factorization
(NMCF) can be minimized by Euclidean distance as follows:

min
V,W,H

F (V,W,H) =
1

2
(∥ V −WH ∥2F + ∥ (V −M)⊗ S ∥2F )(9)

s.t. V ≥ 0,W ≥ 0,H ≥ 0.

3. Algorithm minimizing non-negative matrix completion
factorization

In this section, we propose Nesterov’s method to optimize (9) instead of the
Multipartite Update method. Firstly, we propose the block-coordinate-descent
method to divide (9) into three optimization problems. Secondly, the Nesterov’s
optimization theory is applied to optimize each sub-problem. Thirdly, we opti-
mize each sub-problem alternatively until convergence.

Because (9) is not a convex problem, it is difficult to obtain the global
solution. Fortunately, the block-coordinate-descent method can search a local
solution. This approach alternatively optimizes one block of variables with the
remaining blocks fixed. For NMCF, there are three block variables V , W and
H. Hence, the block-coordinate-descent method alternatively minimizes the
following three optimization problems:

min
V

F (V ) =
1

2
(∥ V −WH ∥2F + ∥ (V −M)⊗ S ∥2F )(10)

s.t. V ≥ 0

and

min
W

F (W ) =
1

2
∥ V −WH ∥2F(11)

s.t. W ≥ 0

and

min
H

F (H) =
1

2
∥ V −WH ∥2F(12)

s.t. H ≥ 0.
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According to Lemma 1 and Lemma 2, (10), (11) and (12) can be easily solved
by the optimal gradient method [17].

Lemma 1 ([17]). The objective functions F (V ), F (W ) and F (H) are convex.

Proof. Given any V1, V2 ∈ Rm×n and λ ∈ (0, 1), we have

F (V1 + (1− λ)V2)− (λF (V1) + (1− λ)F (V2))

= −λ(1− λ)

2
(∥ V1 − V2 ∥2F + ∥ (V1 − V2)⊗ S ∥2F ) ≤ 0.

Based on the definition of convex function, it is clear that F (V ) is convex.
According to Lemma 1 in [17], we know that F (W ) and F (H) are convex. This
completes the proof.

Lemma 2 ([17]). The gradients of F (V ), F (W ) and F (H) are differentiable
and Lipschitz continuous. Their Lipschitz constants are ∥ I + S ∥F , ∥ HHT ∥
and ∥WW T ∥, separately.

Proof. According to (10), we can get the gradient of F (V ) by

∇V F (V ) = V −WH + (V −M)⊗ S.

For any V1 and V2, we have

∥ ∇V F (V1)−∇V F (V2) ∥F
= ∥ (V1 − V2)⊗ (I + S) ∥F

=
m∑
i=1

n∑
j=1

{(I + S)ij(V1 − V2)ij}

≤
m∑
i=1

n∑
j=1

(I + S)ij

m∑
i=1

n∑
j=1

(V1 − V2)ij

≤ ∥ I + S ∥F ∥ V1 − V2 ∥F ,

where I ∈ Rm×n is a matrix whose entries are all one. Hence, F (V ) is dif-
ferentiable and Lipschitz continuous, and its Lipschitz constant is ∥ I + S ∥F .
According to (11) and (12), we can get the gradients of F (W ) and F (H) by

∇WF (W ) = WHHT − V HT ,

∇HF (H) = W TWH −W TV.

According to [17], F (W ) and F (H) have been proved to be differentiable and
Lipschitz continuous. This completes the proof.

Consider the following optimization problem:

min
X≥0

F (X),(13)
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where X ∈ Rm×n and F : Rm×n → R. Recent researches [8, 19] show that
Nesterov’s optimal gradient method optimizing problems can achieve the con-
vergence rate O( 1

k2
). Since F (X) is convex and Lipschitz continuous, Nesterov’s

method can easily optimize (13). Generally, two sequences Yk and Xk are alter-
natively updated in each iteration. For k ≥ 1, we have

Xk = argmin
X≥0
{ϕk(Yk, X)

= F (X)+ < ∇F (X), X − Yk > +
L

2
∥ X − Yk ∥2F },(14)

Yk+1 = Xk +
αk − 1

αk+1
(Xk −Xk−1),(15)

where ϕk(Yk, X) is the proximal function, L is the Lipschitz constant of F (X),
< ·, · > denotes the sum of the element-wise multiplication of two matrices

and αk+1 =
1+
√

4α2
k+1

2 . Using the Lagrange multiplier method and K.K.T.
conditions, (14) can be solved by

Xk = max(Yk −
1

L
∇F (X), 0).(16)

By updating Xk, αk+1 and Yk+1 iteratively until convergence, the optimal solu-
tion of (13) can be obtained. Based on above analysis, we summarize Nesterov’s
method to optimize (9) in Algorithm 1.

4. Experiments

In this section, two experiments are implemented on the ORL face image database
[20] to demonstrate the effectiveness and robustness of our proposed method.
Firstly, Salt & Pepper noise is considered to corrupt %p pixels in all face images
(p = 5, 20, 35, 50). Secondly, we apply NMCF and NMF to recover the corrup-
tions. Thirdly, we evaluate the effectiveness of NMCF and NMF by clustering
the low-dimensional subspace of the damaged images.

The first experiment is to evaluate the robustness of NMCF and NMF in
recovering the damaged images. We verify whether NMCF and NMF have the
capacity to deal with Salt & Pepper noise. Let m = 1024, n = 400, r = 50, n =
20 and number = 100. Figure 1 mainly shows contaminated face images and
recovered images by NMCF and NMF. In each sub-figure, the first two groups
of images are the example images and contaminated images, and the last two
groups of images are the recovered images by NMCF and NMF, separately. By
contrast, NMCF can recover images when different percentages of pixels are
contaminated. However, NMF fails to recover contaminated images when face
images have more contaminated pixels.

The second experiment is to evaluate effectiveness of parts-based represen-
tation. After dimensional reduction by NMCF and NMF, we can achieve low-
dimensional features for clustering. We compare the clustering effect by Kmeans
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Algorithm 1 NMCF

Input: V ,W ,H,n,number
Output: V ∗, W ∗, H∗

for i = 0 to number do
1. Y0 = V, α0 = 1, L =∥ I + S ∥F
for k = 0 to n do

2. Vk = max(Yk − 1
L∇V F (V ), 0)

3. αk+1 =
1+
√

4α2
k+1

2

4. Yk+1 = Vk +
αk−1
αk+1

(Vk − Vk−1)

end for
5. V = Vk

6. Y0 = W,α0 = 1, L =∥ HHT ∥2
for k = 0 to n do

7. Wk = max(Yk − 1
L∇WF (W ), 0)

8. αk+1 =
1+
√

4α2
k+1

2

9. Yk+1 = Wk +
αk−1
αk+1

(Wk −Wk−1)

end for
10. W = Wk

11. Y0 = H,α0 = 1, L =∥WW T ∥2
for k = 0 to n do

12. Hk = max(Yk − 1
L∇HF (H), 0)

13. αk+1 =
1+
√

4α2
k+1

2

14. Yk+1 = Hk +
αk−1
αk+1

(Hk −Hk−1)

end for
15. H = Hk

end for
16. V ∗ ← V , W ∗ ←W , H∗ ← H

,NMCF and NMF in terms of two metrics including Normalized Mutual Infor-
mation (NMI) and Accuracy (AC) [21]. The final clustering results on the con-
taminated dataset are presented in Table 1. It is clear that our proposed NMCF
performs more robustly and effectively when the percentage of the contaminated
pixels is increasing.

5. Conclusion

This paper proposes a non-negative matrix completion factorization method to
learn a robust and effective subspace from the contaminated data. The loss
function based on NMF and MC is optimized by Nesterov’s methods, hence the
convergence speed of the proposed optimization problem is very fast. According
to experiments on the ORL face dataset with Salt & Pepper noise, there are two
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(a) %5 pixels are contaminated. (b) %20 pixels are contaminated.

(c) %35 pixels are contaminated. (d) %50 pixels are contaminated.

Figure 1. Contaminated and recovered samples.

Table 1. Clustering performance on contaminated images by Kmeans, NMCF
and NMF

NMI Accuracy

p=5 p=20 p=35 p=50 p=5 p=20 p=35 p=50

Kmeans 76.28 70.95 56.96 46.02 57.00 51.50 35.00 22.00

NMCF 77.42 78.10 75.44 68.49 60.50 63.50 58.00 48.25

NMF 76.90 51.46 40.19 39.60 62.00 63.50 21.00 18.75

significant advantages in our proposed method. Firstly, the contaminated pixels
can be repaired from other uncontaminated pixels. Secondly, a low-dimensional
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effective subspace from the contaminated face dataset is learned and the clus-
tering effect is better than NMF and Kmeans.
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