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1. Introduction
We first recite some definitions of various convex functions.

Definition 1.1. A function f: I CR = (—o00,00) = R is said to be convez if

fOz+ (1 =Ny) <Af(@)+ (1 =N f(y),
for all z,y € I and X € [0,1].

Definition 1.2 ([24]). For f : [0,0] — Ry = [0,00) with b > 0 and some
m € (0,1], if
fltz+m(l —t)y) < tf(z)+m(l—1)f(y),

for z,y € [0,b] and t € [0,1], then we say that f is an m-convex function on

[0, b].
Definition 1.3 ([12]). For f :[0,b] — Ry with b > 0 and (a,m) € (0,1]?, if
[tz +m(1—t)y) < t*f(x) +m1 —1%)f(y),

for all z,y € [0,b] and t € [0,1], then we say that f(x) is an (o, m)-convex
function on [0, b].

Definition 1.4 ([4, 9]). Let s € (0,1] be a real number. A function f: R — Ry
is said to be s-convex (in the second sense) if

[+ (1 —t)y) <t°f(x) + (1= 1)°f(y),
for all z,y € I and t € [0, 1].

Definition 1.5 ([28]). For some s € [—1,1], a function f: 1 CR — R is said
to be extended s-convex if

flz+ (1 =t)y) <tf(x) + (1 -1)°f(y),
forallz,y € I and t € (0,1).
Definition 1.6 ([33]). For some (s,m) € [—1,1] x (0,1], a function f : [0,b] —
Ry is said to be extended (s, m)-convex if
fltr+m(l —t)y) <t°f(z) + m(l —1)°f(y),
forallz,y € I and t € (0,1).

The famous Hermite-Hadamard integral inequality for convex functions and
some of its diverse generalizations can be reformulated as follows.

Theorem 1.1. If f : I C R — R is a convex function on the interval I and
a,b e I with a <b, then

T e
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Theorem 1.2 ([5]). Let f:I° CR — R be a differentiable mapping on I° and
a,b e I° with a <b. If |f'(x)| is convezx on [a,b], then

‘f )+ f(b —a/f ’ b—a)(\f’(g)lﬂf’(b)l)'

Theorem 1.3 ([10, Theorems 2.3 and 2.4]). Let f : I C Ry — R be differentiable
on I° and a,b € I with a <b. If |f'(x)|P is s-convex on [a,b] for some s € (0,1]
and p > 1, then

/(45 o

_ 1/p
(e2) s [ rone <52 ) (o

F 3PV T[] @) P | () 0]

—a 1/p
o <® (4) (17 (@) + 170

p+1

For more information on integral inequalities of the Hermite-Hadamard type
for various kinds of convex functions, please refer to the monograph [6, 8, 13, 14],
to recently published papers [2, 3, 5, 7, 11, 15, 16, 17, 18, 19, 20, 21, 22, 23, 25,
26, 28, 29, 30, 31, 32|, and to the closely related references therein.

In this paper, we introduce two new concepts “(«, s)-convex function” and
“(ar, s, m)-convex function” and present inequalities of Hermite-Hadamard type
for functions whose twice differentiation are of («, s, m)-convexity.

2. Two definitions and two lemmas

We introduce the notions of “(«, s)-convex function” and “(«, s, m)-convex func-
tion”.

Definition 2.1. For some s € [—1,1] and a € (0,1], a function f: I CR — R
is said to be (v, s)-convez if

fltz+ (1 —t)y) <t f(x) + (1 =1%)°f(y),
forallz,y € I and t € (0,1).

Definition 2.2. For some s € [~1,1] and (a,m) € (0,1, a function f :
[0,0] — R is said to be (a, s, m)-conver if

ftz +m(1 —t)y) <t*f(z) + m(1 — %) f(y),
for all x,y € [0,b] and t € (0,1).

Remark 2.1. By Definition 2.2, we see that
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1. if s =1, then f(z) is an («, m)-convex function on (0, b];
2. if @ =1, then f(x) is an extended (s, m)-convex function on (0, b];
3. if a =m =1, then f(z) is an extended s-convex function on (0, b];
4. if o = s =m =1, then f(z) is a convex function on (0, b].

This means that Definitions (2.1) and (2.2) are significant.

For establishing new integral inequalities of the Hermite-Hadamard type for
(a, s)-convex and (a, s,m)-convex functions, we need the following lemmas.

Lemma 2.1. Let f : I C R — R be a twice differentiable function on I° and
a,be I witha <b. If f" € Li1([a,b]), then

oo () 0]t [ rae- 052
X /Olt(l —t) [f”(atJr (1 —t)a;rb) +f”(ta2+b +(1 —t)b)] dt.

Proof. Integrating by parts and changing variable of integral give

/Olt(1 —t)f”(at—i— (1—t)“2+b> dt
_ bfa/ol(1—2t)f’(at+(1—t)“;b)dt

:<bf@2@“”+f(a;b>]‘awi0hﬂv(“*”l‘“a;b)dt
-l 25l [

and
1
/ t(1 — t)f”(ta;rb +(1— t)b> dt
0
4 a+b 16 b
= -|-fb)]—/ flx)dz.
(T H0)] -G @
The proof of Lemma 2.1 is complete. O

Lemma 2.2. Let « € (0,1] and s € [—-1,1]. Then

1. when s € (—1,1], we have

(2.1)
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2. when s = —1, we have

[l @) ()]

where T'(z), B(x,y), and (x) are the classical Euler gamma, beta, and psi
functions defined respectively by

1 1
(2.2) I‘(m)—/ t"lemtdt, B(x,y)—/ =711 —t)v=tdt,
0 0

and

(23 vy = 808 [Tl 2 s

for R(z), R(y) > 0.
Proof. Let u =t for ¢t € [0,1]. If s € (—1, 1], we have

M(a,s):/olt(l—t)(l—to‘)sdt

1 [t 1 2
:/ (UQ/a_l—U3/a_1)(1—u)sdu:|:B<S+17> _B<S+1’3>:|
o Jo o o o

When s = —1, from the formulas

11*752_1 00 1 dt
= dt d ~= et =
w(z)+y /0 1—¢ &b e /0 <1+t ‘ >t

in [1, p. 259, 6.3.22], it is easily to deduce

Lt(1—t) 1 [taet_gdet T /3 2
e o) (0)

The proof of Lemma 2.2 is complete. O

3. Integral inequalities of Hermite-Hadamard type

Now we start out to establish some new integral inequalities of the Hermite-
Hadamard type for («, s, m)-convex functions.

Theorem 3.1. For (a,m) € (0,1]? and s € (—1,1], let f : (0,2] > R be a
twice differentiable function and f"” € Li([a,b]) for a,b € (0,b*] with a < b. If
|19 is an (a, s, m)-convez function on (0,2 for g > 1, then

‘Hﬂ) 2f<a+b)+ }_/f '_16(><_6?)j/q
B~ { [<a3 n 2>1<a3 @ mM(a,s)|f” <2+mb> } Ve

1
+ [(as +2)(as + 3)

1)

nfa+b q
2

+mM (a, s)

()
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where M (a, s) is defined by (2.1).

Proof. By Lemma 2.1 and Holder’s integral inequality, we obtain

sl var(552) 0] -2 [
(bzﬁa)2[/01t(1_t> ”<at+(1—t)a;b>‘dt

(3.2) +/01t<1 t f”<t612+b+(1—t)b>'dt} < (3’16@)2

1 1-1/q1 r1 b
x{[ t(1—1t) dt} [/ t(1—t) //<at+(1—t)a+ )
0 0 2
1 1-1/q1 (1
+< tl—tdt> [/ t(l—t)f”(thr(l—t)b)
0 0 2
From the (a, s, m)-convexity of |f”|? and Lemma 2.2, we arrive at
/ t(1— 1) (at+(1t) ”’)
0 2
q
f,,<a + b> ) 4t
2m

< [a-n (17" @+ 1 =y
()|

IN

q 1/q
dt]

q 1/q
dt] }

dt

L "(a)|?T 4+ mM (e, s
- (as+2)(as+3)|f (@) +mM(a, s)

and

(3.3) /0 H1— 1)

q
dt

1! a+b ! 14 b
() ()

By the inequalities between (3.2) and (3.3), we conclude the inequality (3.1).
The proof of Theorem 3.1 is complete. O

i (ta;rb +(1- t)b)

1
= (s +2)(as + 3)

q

+mM(a, s)

Corollary 3.1. For a € (0,1] and s € (—1,1], let f : I CR — R be a twice
differentiable function and f" € Li([a,b]) for a,b € I with a < b. If |f"|? is an
(a, s)-convex function on I for ¢ > 1, then

'i[f(a)+2f<“;b>+f ] /f )dz
= 16(b><_6f)j/Q{ [(as+2)1(as+3)f”(a)|q+M(O"5) ”<a2+b> 1 b

+ @ T "(a;b>‘q+M<a’S)’f"(b)‘qT/q}’

where M («, s) is defined by (2.1).
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Proof. This is a special case of Theorem 3.1 for m = 1. O

Theorem 3.2. For (a,m) € (0,1]2, let f : (0, %] — R be a twice differentiable
function and " € Ly([a,b]) for a,b € (0,0*] with a < b. If |f"|? is (o, —1,m)-
convez function on (0, %] for q > 1, then

S E e Ry

(b—a)® {[( " (@) +m[1/1 2) —v(@)]

T 16x 61| [(2—a)(3—a) a
i 1 f// CL+b q+ m[d)(%)_d}(%)] f// E 4 l/q ’
2-a)3—a) 2 a m
where ¥ (x) is defined by (2.3).
Proof. This follows from similar argument to Theorem 3.1. O

Corollary 3.2. Let f : I C R — R be a twice differentiable function and
1" € Li([a, b)) for a,b e I witha <b. If |f"|? is an («, —1)-convez function on
I for a € (0,1] and ¢ > 1, then

‘i[f(awzf(a‘;b)w ] b_a/ fa

= 16(b><_6f)j/fI{[( a)l(g—a)‘f”( e+ Y )aw(i)

tlamae=al (5]
where 1 (x) is defined by (2.3).

Proof. This is a special case of Theorem 3.2 for m = 1. O

q] 1/q

sfa+b
(%)

2= o] /}

+

Theorem 3.3. For (a,m) € (0,1]%, s € (=1,1], and £ > 0, let f : (0, %] —R
be a twice differentiable function and f"” € Li([a,b]) for a,b € (0,b*] with a < b.
If |f"|7 is an (, s, m)-convex function on (0, @] forq>1 and q > ¥, then

e R Ry

— _/_ _ 1-1/q
< (b—a)? [B<2q l 1’2q 1)]
16 q—1 qg—1

1 m {+1 a+b ay1/a
- q cr- el
X{[a5+€+1’ (@) +ozB<S+1 o' ) (2m> ]
q q71/q
+ 1 " a+b _|_@B 8—1—1“_71 E ,
as+0+1 2 o « m

where B(x,y) is the classical beta function defined in (2.2).
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Proof. By Lemma 2.1, Hélder’s integral inequality, and the («, s, m)-convexity
of |f”|%, one has

‘i[f(a)ﬂf(a;rb) +f<b>] —b_la/abﬂx)dx
+(1—tfl;b> qdqlm-%[[ftéf”<#1;b-+(1—tw>
(b@2(/%@£V@1K1_0W@1M“>1Vq

0
U (e ma -yl (55
e (t‘“ ()] el (5)

b ) 2q—0—1 2g—1\]'"4
¢g—1 "qg-1

f// (at
q 1/q
dt} }

S
")

IN

X

+m(1—1tY)

1 041 a+b\|1"4
- - q B 1, —— =
X{[as—ké—i—l‘ (@)l + <8+ o > (2m> }
1 1 q71/q
+ n( @+ b + @B s+1, h ﬁ .
as+L0+1 2 @ o m
The proof of Theorem 3.3 is thus complete. O

Corollary 3.3. Under assumptions of Theorem 3.3, if £ =0, then
(b—a)?

(32w g o
2] e o)

1/ " (atby |4 1/
EC IR == L G I

where B(x,y) is the classical beta function defined in (2.2).

<

Corollary 3.4. For a € (0,1], s € (=1,1], and £ >0, let f : I CR — R be a
twice differentiable function and f" € Li([a,b]) for a,b € I with a <b. If |f"]
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is an («, s)-convex function on I for ¢ > 1 and q > £, then

‘1[f()+2f<a+b>+f ] _a/f yda| < ¢
s e T

(S La s ] )

where B(x,y) is the classical beta function defined in (2.2).

(T

* [as+€+1

Proof. This is a special case of Theorem 3.3 for m = 1. O

Theorem 3.4. For (a,m) € (0,1]? and s € (—1,1], let f : (0,2] — R be an
(ar, 8, m)-convez function on (0, ° } for b* > 0. If f € Li([a,b]) for a,b e (0,b*]
and a < b, then

f<a+b>< 1 /bf(x)+m(2“—1)sf(£)dx

2 ~b—al,

I 1 m 1 b
b—a/a f(:c)dx<max{as+1f(a)+aB<s+1,a>f<m),
m 1 a 1
aB<5“’a>f<m>+as+1f(b>}’

where B(x,y) is the classical beta function defined in (2.2).

and

Proof. By the («, s, m)-convexity of f, we obtain

() < o /01 flta (= 0p) +mize - 1o (U0 e

m

Letting z = ta+ (1 —t)b or x = (1 — t)a + tb for all t € [0, 1] leads to

/f [ta + (1 —t)b] dt—/f (1 —t)a+tb])d /fca;

for c € R.
On the other hand, when putting x = ta + (1 — )b for all ¢ € [0, 1], by the
(a, s, m)-convexity of f, we can gain

bia /abf(w)dx < /01 [tasf(a) + m(1 —ta)sf<:l>] dt

1 m 1 b
= as+1f(a)+aB<s+1,a>f<m>.

The proof of Theorem 3.4 is complete. O
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Corollary 3.5. Under conditions of Theorem 3.4, if m =1, then

gas atb 1
(2&-1)S+1f( 2 >§b—a/af($)d$

< max{ aj;(i)l + ;B<s +1, i)f(b), iB<s +1, ;)f(a) + aé(?1 }

Remark 3.1. This paper is a corrected and revised version of the preprint [27].
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