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1. Preliminaries

1.1 Semirings. A semiring is an algebraic structure possesing two associative
binary operations (addition and multiplication), where the addition is commu-
tative and the multiplication distributes over the addition.

Let S be a semiring. A non-empty subset I of S is called

- a left (right) ideal if (I +I1)USICI ((I+I1)UISCI);
- an ideal if (I +1)USTUIS C I;
- a bi-ideal if (S+I)USIUIS C 1.

A (left, right, bi-) ideal I is called minimal if |I| > 2 and K = I whenever K is
a (left, right, bi-) ideal such that K C I and |K| > 2. The semiring S is called
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(left-, right-, bi-) ideal-simple if it is non-trivial and has no proper non-trivial
(left, right, bi-) ideal.

1.2 Semilattices. A semilattice M (= M(+)) is a commutative idempotent
semigroup. A non-empty subset A of M is an ideal if M + A = A. Such an ideal
is called prime if the set M \ A is a subsemilattice of M. We have the basic
order on M defined by a < biff a +b="0.

An element w € M is neutral (absorbing) if x4+ w = z (z +w = w) for every
x € M. Such an element is unique (provided that it exists - this fact is denoted
by Opr € M (opr € M)) and is denoted by 0 = 0y (0 = opr) in the sequel. The
fact that no such element exists is denoted by Oxr ¢ M (opr ¢ M).

1.3 Semimodules. Let S be a semiring. A (left S—) semimodule is a commuta-
tive semigroup M (= M (+)) together with a scalar multiplication S x M — M.
The semimodule M is called

- minimal if |M| > 2 and N = M whenever N is a non-trivial subsemimod-
ule of M;

- simple if it has just two congruence relations;

- faithful if for all a,b € S, a # b, there is at least one x € M with ax # bx.

1.4 Endomorphism semirings. Let M (= M(+)) be a commutative semi-
group. The set £ = E(M) = End(M) of endomorphisms of M is a semiring via
(f+9)(x) = f(x)+g(x) and (fg)(x) = f(g(x)) for all f,g € E and z € M. The
semiring E is unitary and the multiplicatively neutral element is the identity
automorphism id; of M.

2. O-preserving endomorphisms

Let M be a non-trivial semilattice such that 05y € M. The set E, = { f €
E | f(0pr) = 0pr } is a unitary subsemiring of E and the constant endomorphism
€, &(M) = {0ps}, is the zero element of the semiring E,. For all u,v € M, we
have ¢, € Ey, where gy (z) = 057 for 2 < w and gy (y) = v for y £ u. Thus
Quow(M) = {0pr,v} for u # onr, oy 0 =& (if oar € M) and gy 0,, = &.

Now, let E¥ be a subsemiring of F such that ¢,, € E for all u,v € M. For
every u € N = M \ {onp}, put Ty = { quv|v € M }. The following observations
are quite easy.

Lemma 2.1. (i) quu; + Quws = Guvi+vs-
(i) fqup = Qu,f) for every f € Ey.
(iii) Qu,v14PU, V2 = & for vy < u.
Qu,v1 Qu,ws = Qu,vy fOT Vo f u.
(V) QupQuy = & forv < u.
(Vi) QuoQu,w = Quv forv f U. O
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Proposition 2.2. The set T, is a minimal left ideal of the semiring E for every
u € N. The mapping v — Gy, 5 an isomorphism of the semimodule g M onto
the semimodule gT,,.

Proof. It follows immediately from 2.1 that T, is a left ideal of £ and that the
map v — Gy, is an isomorphism of the semimodules. Furthermore, if v # 0y

then qo,; 01 Qu,w = Qu, for every vi € M. Now, it is clear that T3, is a minimal
left ideal of E. ]

Proposition 2.3. (i) Tyquv = {&} for v <u.
(i1) TuGuop = Ty for v £ u.

Proof. Use 2.1(iii),(iv). O

Proposition 2.4. (i) The set {qu,|v < u} is an ideal of the semiring T, and
it is the greatest proper ideal of that semiring.
(ii) The {quqo|v £ u} U{E} is just the set of the multiplicative idempotents

of Tu (§ = qu,oy)-
(iii) The semiring Ty, is multiplicatively idempotent iff u = Opy.
(iv) The semiring Ty, is (left-) ideal-simple iff w = 0py.

Proof. It is easy. O
Proposition 2.5. The semimodule g1, is simple.

Proof. Let o # id be a congruence of T,. Then (qy v, , Gu.v,) € a for some vy

<
V2, a'nd hence (67 QU,’UQ) = (Qvl,UQQu,vpqu,vqu,vg) € Q. ConsequentIY7 (éa QU,vg) =
(904 w3E5 QOpsvsQuy) € ¢ for every vz € M. Thus o =T, x Ty,. O

Proposition 2.6. The semimodule T, is faithful.
Proof. Use 2.1(ii). O
Lemma 2.7. If I is a non-trivial ideal of E then |J,cnTu C 1.

Proof. We have IT, C I NT, and the latter set is a left ideal of E. If T,, € I
then IT, = INT, = {{} and it means that g, s = fqu, = £ for every f € I
and v € M. Since u # oy, we get f(v) = Oy and f = £ Thus I = {&},
a contradiction. ]

Corollary 2.8. The set { qu, v, fi+ -+ quponfn|n>1,u; € Nyv; € M, fi € E'}
is just the smallest non-trivial ideal of the semiring E. 0

2.9 Let K be a minimal left ideal of the semiring F such that K # T, for every
uec N.
Lemma 2.9.1. KNT, ={{} for every u € N.

Proof. It is obvious. O
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Lemma 2.9.2. Ef = K for every f € K \ {{}.

Proof. The set K} = {f € K|Ef = {£} } is a left ideal of E. If K = K
then EK = {{} and K = {§, fo} is two-element. Now, qo,, »fo = £, and hence
fo = &, a contradiction. It follows that K7 = {{} and Ef = K, since Ef is a
left ideal of E. O

Lemma 2.9.3. There are subsemilattices A and B of M such that:

(i) AUB=M and ANB = 0.

(i) A={x e M| f(x) #0p} and B = {x € M| f(z) = 0rpr } for every
e\ €}

(iii) A+ M = A (i.e., A is a prime ideal of the semilattice M ).

(iv) op ¢ B (i.e., the prime ideal A is not principal).

Proof. If f,g € K\ {¢} then g = hf for some h € E by 2.9.2 and we see
that g(x) # 0p implies f(z) # Opr. Clearlyy A+ M = A and B+ B = B.
We have Opy € B and A # 0, since f # £ If u = og € B then u # oy and
Q0y0f = quo € K for every v € M, a contradiction. O

Lemma 2.94. If f € K\ {¢} and v € M then qo,vf = qan € K, where
qav(B) = {0} and ga(A) = {v}.

Proof. It is obvious. O

Proposition 2.9.5. (i) K = {qa,|ve M}.

(ii) The mapping v — qa, is an isomorphism of the semimodule g M onto
the semimodule K.

(ili) Kqan = {&} for every v € B.

(iv) Kqa, = K for every v € A.

(v) The set { qan|v € B} is an ideal of the semiring K and it is the greatest
proper left ideal of that semiring.

(vi) The set { qan|v e A}YU{E} is just the set of the multiplicative idempo-
tents of K (£ = qa,0,,)-

(vil) The semiring K is neither multiplicatively idempotent nor ideal-simple.

Proof. According to 2.9.4, Ty = {qa|v € M} C K. The rest is clear (see
2.2, 2.4 and 2.4). O

Theorem 2.10. (i) The set T, = { quv |v € M } is a minimal left ideal of the
semiring E for every u € N.

(ii) If K is a minimal left ideal of E such that K # T, for every u € N then
there is a non-principal prime ideal A of the semilattice M such that K = T4 =
{qanlve M},

(iii) If A is a non-principal prime ideal of M such that Qa. € E for at least
one v € M\ {0n} then Tg4 C E and T4 is a minimal left ideal of E such that
Ty # T, for everyu € N.
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(iv) If K is a minimal left ideal of E then pK is a faithful, simple and
minimal (left E-) semimodule and the semimodules g K and g M are isomorphic.

(v) If K is a minimal left ideal of E then the semiring K is multiplicatively
idempotent if and only if K =Ty,,.

Proof. Combine the foregoing results. O

Corollary 2.11. Denote by A the set of prime ideals A of M such that Ty C E
(see 2.10(ii),(iii)). Then:

(i) {Tala € A} is just the set of (pairwise distinct) minimal left ideals of
the semiring E.

(i) Ay={zeM|xzLu} €A for everyu € N.

(iii) The set Y Ta, A € A, is just the smallest non-trivial ideal of the semir-
ing E. 0

3. 1l-preserving endomorphisms (a)

Let M be a non-trivial semilattice such that opy € M. The set £, = E{(M) =
{f € E|flom) = on } is a unitary subsemiring of £ and the constant endo-
morphism ¢ = (ur, (M) = {oap}, is the bi-absorbing element of the semiring
E,. For all u,v € M, u # oy, we have p,, € E;, where p, (z) = v for z < u
and pu,v(y) = oy for y f u. Thus pu,v(M) = {U7 OM} and Pu,opr = ¢

Now, let F' be a subsemiring of F; such that p,, € F for all u,v € M,
u # op. For every u € N = M\ {om}, put Vi, = {puo|ve M}

The following observations are quite easy.
Lemma 3.1. (i) puv, + Puwe = Pu,vi+uvs-

(i) fPuw = Pu,f(v) for every f € Ey.

(iii) PuviPuvs = ¢ for vo f u.

(iV) DPu,v1 Pu,vs = Pu,vy for vg <.

(V) PupPuy = ¢ forw ﬁ u.

(Vi) puwPuv = Puw for v < u. O

Proposition 3.2. The set V,, is a minimal left ideal of the semiring F' for every
u € N. The mapping v — Dy is an isomorphism of the semimodule pM onto
the semimodule gV,.

Proof. It follows immediately from 3.1 that V,, is a left ideal of F' and the map
U > Py is an isomorphism of the semimodules. Furthermore, if v # ops then
DPvviPup = Puw, fOr every vy € M. Now, it is clear that V,, is a minimal left
ideal of F'. ]

Proposition 3.3.(1) Vypu, = {¢} for v £ u.
(11) Vupu,v = Vu f07“ v < u.

Proof. Use 3.1 (iii), (iv). O
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Proposition 3.4. (i) The set {puy|v £ u} is a bi-ideal of the semiring V,
and it is the greatest proper left ideal of that semiring.
(ii) The set {puw|v < u}U{C} is just the set of multiplive idempotents of

Vu (C = pu,oM)-
(iii) The semiring Vi, is multiplicatively idempotent iff u = on € N.
(iv) The semiring V, is (left-) ideal-simple iff w = on € N.

Proof. It is easy. O
Proposition 3.5. The semimodule gV, is simple.

Proof. Let o # id be a congruence of pV,. Then (py v, ,Puw,) € a for some
v1 < vz, and hence (Puwy;C) = (PoyvoPuyvr> PorwsPuws) € a. Consequently,

(pu,vpC) € o and, ﬁnally, (pu,vgv C) = (pvl,vgpu,vlvpvl,vgg) € o for every vg € M.
Thus a =V, x V,,. ]

Proposition 3.6. The semimodule rVy is faithful.

Proof. Use 3.1(ii). O
Lemma 3.7. If I is a non-trivial ideal of F then |J,cny Vu C 1.

Proof. We can proceed similarly as in the proof of 2.7. ]

Corollary 3.8. The set { pu, v, fi+ .- Duponfn|n>1,u; € Nyv; e M, fi € F'}
is just the smallest non-trivial ideal of the semiring F'. Ol

3.9 Let K be a minimal left ideal of the semiring F' such that K # V,, for every
u € N.

Lemma 3.9.1. KNV, = {C} for every u € N.
Proof. It is obvious. O
Lemma 3.9.2. Ff = K for every f € K\ {(}.

Proof. If f € F'\ {(} then f(v) # on for at least one v € N and py(y) . # ¢
Now, we can proceed similarly as in the proof of 2.9.2. ]

Lemma 3.9.3. There is a proper ideal A of the semilattice M such that A =
{xeM|f(x)=o0nrm} for every f € K\ {C} and we put B= M \ A.

Proof. Use 3.9.2. O

Lemma 3.9.4. Let f € K\, v € M, and let o, # w € f(M). Then
Pwof =pay € K, where pg,(B) = {v} and pa(A) = {om}-

Proof. We have g = pyf € K and, by 393, A={z € M|g(x) =om} =

{reM|f(z) £w}. Thus B={ye€ M|gly) #om}={yeM|fly) <w}
and g(B) = {v}. O
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Proposition 3.9.5. (i) A is a prime ideal of M, op ¢ B and K = {pay|v €
M} =Vy.

(ii) The mapping v — pa, is an isomorphism of the semimodule pM onto
the semimodule p K.

(ili) Kpa, = {¢} forv e A.

(iv) Kpay = K forv e B.

(v) The set {pan|v € A} is a bi-ideal of the semiring K and it is the
greatest proper left ideal of that semiring.

(vi) The set {pan|v € B}U{C} is just the set of multiplicative idempotents
of K ((= pA,oM)'

(vii) The semiring K is neither multiplicatively idempotent nor bi-ideal-
simple.

Proof. According to 3.9.4, V4 = {pa,|v € M} C K. The rest is clear (see
3.2, 3.3 and 3.4) 0

Theorem 3.10. (i) The set Vi, = {pyp|v € M } is a minimal left ideal of the
semiring F' for every u € N.

(ii) If K is a minimal left ideal of F' such that K # V,, for every u € N then
there is a non-principal prime ideal A of the semilattice M such that K = V4 =
{panlveM}.

(iii) If A is a non-principal prime ideal of M such that pa, € F for at least
onev € M\ {oyp} then V4 C F and V4 is a minimal left ideal of F such that
Va # V,, for every u € N.

(iv) If K is a minimal left ideal of F then pK is a faithful, simple and
minimal F-semimodule and the semimodules p K and pM are isomorphic.

(v) If K is a minimal left ideal of F' then the semiring K is multiplicatively
idempotent if and only if oy € N and K = V.

Proof. See the foregoing results. O

Corollary 3.11. Denote by B the set of prime ideals A of M such that V4 C F
(see 3.10(ii),(iii)). Then:

(i) {Va|A € B} is just the set of (pair-wise distinct) minimal left ideals of
the semiring F'.

(i) Ay, ={ze M|z £u}€B for everyu € N.

(iii) The set|JVa, A € B, is just the smallest non-trivial ideal of the semir-
ing F. O

4. 1-preserving endomorphisms (b)

Let M be an antichain, i.e., a semilattice containing at least three elements such
that opy € M and z +y = oy for all z,y € M, x # y, and put N = M \ {oum}.
Now, a transformation f of M belongs to E; iff f(opr) = opr and f(x) # f(y)
for all x,y € M such that  # y and f(x) # op.
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Proposition 4.1. Let E be a subsemiring of of E; such that ( € E. The
following conditions are equivalent:

(i

) The semimodule g M is minimal.

(i) NCE(@@)={f(z)|feE} for everyx € N.
)
)

(iii) E(x) = M for every x € N.
(iv
Proof. Clearly, the first three conditions are equivalent. Now, let o be a con-
gruence of pM and P = {xz € M |(x,op) € a}. Then P is a subsemimodule of
M and if M is minimal then P = {ops}. On the other hand, if (z,y) € o, x # v,
then (z,op) = (x +x,x 4+ y) € a and € P. Thus (i) implies (iv). Conversely,
for every x € M, the relation o, = (E(x) x E(z)) Uidys is a congruence of
M. If &« = M x M then E(x) = M. If a, = idp; then E(x) = {op} and
x €@ ={y e M|F(y) = {om}}. Of course, Q is a subsemimodule of gM
and f = (Q x Q) Uidys is a congruence of gpM. If § = idys then z = oy, If
B =M x M then Q = M, E(M) = {op} and gM is not simple. Thus (iv)
implies (iii). O

The semimodule g M 1is simple.

Lemma 4.2. Let f,g € E;. Then f + g = C iff f(x) = oy whenever x € M is
such that f(x) = g(x).

Proof. It is obvious. O

In the remaining part of this section, let E be a non-trivial subsemiring of
E, satisfying the equivalent conditions of 4.1 and let K be a left ideal of F.

Lemma 4.3. Let w € M. The mapping 7y : f — f(w) is a homomorphism of
the semimodule g K into the semimodule M. If K (w) # {oa} then 7(K) = M.

Proof. It is easy. O

Proposition 4.4. If the semimodule g K is simple then K is a minimal left
ideal of E and the semimodules g K and gM are isomorphic.

Proof. Since pK is simple, the left ideal K is non-trivial and, taking f €
K\ {om}, we find w € M with f(w) # op. Then K(w) = M and 7, is an
isomorphism of the semimodules (use 4.3). O

Lemma 4.5. For every w € M, the set L, = {f € E| f(w) = o } is a left
ideal of the semiring E.

Proof. It is obvious. O

Lemma 4.6. Let w € M be such that KN Ly, = {¢} (e.g., if K is minimal and
K ¢ Ly). If f,g € K are such that f(w) # g(w) then f+g= (.
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Proof. We have f+ g € KN Ly,. O
Lemma 4.7. If K is minimal then f+g=( forall f,ge K, f #g.

Proof. Since f # g, there is w € M with f(w) # g(w). Clearly, K ¢ L,, and
4.6 applies. O

Theorem 4.8. If K is a minimal left ideal of the semiring E then the semi-
modules g K and gM are isomorphic.

Proof. Since K is non-trivial, there is w € M with K(w) # {oam}. Then
KnNL, = {¢} and, in view of 4.3, we have to show that kerr, = idg. If
f,g € K are such that f(w) = g(w) then f(w) = (f + g)(w) = g(w) and either
f(w) =om =g(w) and f = (=g, or (f+9)(w) # om, f+9# (and f=gby
4.7. O

Remark 4.9. Assume that K is a minimal left ideal and let w € M be such that
K(w) = M (equivalently, K ¢ Ly,). If f € K then K f = {C} iff K C Ly(,,). On
the other hand, if K f # {¢} then Kf = K, K(f(w)) = M and KN Ly, = {(}.

Lemma 4.10. If f € E; is such that f?> = f then f(x) € {x,on} for every
ze M.

Proof. It is obvious. O

Lemma 4.11. Let K be a minimal left ideal, A= {w € N|K C Ly } and let
f € K be such that f?> = f # . Then:

(i) f(z) =z for every x € M \ A.

(ii) f is right multiplicatively neutral in K.

(i) If A= 0 then f =idpy and K = E.

(iv) If A# 0 then K = Ly, w € A.

Proof. (i) This follows from 4.10.

(ii)) If g € K then gf(x) = g(z) for every z € M \ A and gf(y) = onr = 9(y)
for every y € A. Thus gf = g.

(ifi) By (i), f = ida.

(iv) If g € () Ly then gf = g. O

Corollary 4.12. Let K be a minimal left ideal of EE. Then:
(i) K contains at most two multiplicatively idempotent elements.
(ii) K is not multiplicatively idempotent. O
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5. 1-preserving endomorphisms (c)

Let K and L be semilattices containing at least three elements and such that
ok € K and o, € L. The set Q = ({ox} x L) U (K x {or}) is an ideal of the
cartesian product K x L and we put M = (K x L)/Q = {opm} U (K’ x L'),
K'=K\{ok}, L' =L\ {or}. Clearly, |[M| > 5.

If fe E{(K)and g € E{(L) then (f x ¢)(Q) C Q and we put f*g = (f x
9)/Q € E\(M). Thus (f1xg1)+(f2xg2) = (f1+f2)*(91+g2), (f1*91)(fa*g2) =
fif2 % g1g2, and hence E(K) * E{(L) is a subsemiring of E,(M). In fact, if
E is a subsemiring of E(K) and F is a subsemiring of E,(L) then FE x F is a
subsemiring of E,(M).

In the remaining part of this section, assume that L is an antichain and
take a non-trivial subgroup G of Aut(L) such that f(x) # g(z) for all z € L',
fig € G, f # g. Let S be a subsemiring of E,(K) * (G U {(y}) such that
puv*g € Sforallu e K',ve K and g € G (see the preceding two sections).
One checks easily that og = (y = puox * g € S is the bi-absorbing element of
S and AA C A, where A = {f € E|(K)|fx*g € S,g € G},. Furthermore,
SCE|(K)xGand B={fe€ E{(K)|f=*idy € S} is a subsemiring of E;(K)
such that p,, € B for all u € K’ and v € K.

Lemma 5.1. Let u € K', vi,v3 € K and g1,92 € G. Then:
(i) If g1 = g2 then (Puw, * 91) + (Puyvs * 92) = Duyvr+vs * 91-
(ii) If g1 # g2 then (Pu.v, * 91) + (Puws * g2) = Car-

Proof. We have (pu,m * .91) + (pu,vz * 92) = (pu,v1+vz * (91 + 92))' 0

Lemma 5.2. Letue K', ve K, g€ G and let f € E;(K) and h € G be such
that f+h € S. Then (f * h)(Puw * §) = Pu,f(v)) * (hg)-

Proof. It is obvious. O

Proposition 5.3. For every u € K', the set W, = {pyp*xg|v e K, g€ G} is
a minimal left ideal of the semiring S.

Proof. According to 5.1 and 5.2, the set W, is a left ideal of S. If v € K/, w € K
and g,h € S then py. * hg™ 1) (Puy * ) = Puw * h. Thus S(puy, * g) = Wy. O

Lemma 5.4. Let fi, fo € E{(K) and g1,92 € G be such that fi x g1 = fa * go.
Then f1 = fg and if f1 75 CK then g1 = g2.

Proof. Let 29 € K besuch that f1(xg) # fa(zo). Thenxzg € K', (f1(x0),91(y)) €

Q and (fa2(z0),92(y)) € Q for every y € L. If fi(wo) # ok then gi(y) = op,
a contradiction. Thus fi(z¢) = ox and, similarly, fo(zo) = ox. It follows that

1 = f9. The rest is clear. ]
fi=f

Lemma 5.5. Let u € K/, vi,v3 € K and g1,92 € G. Then Du,vr * 91 = Puvs * 92
iff v1 = vo and either g1 = g9 or v1 = ok
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Proof. This follows from 5.4. O

Proposition 5.6. Let u € K’ and z € L'. Define a mapping vy, , : Wy, — M by
Vuz(Pupw*9) = (v,9(2)) forve K' and v, .(0g) = op (see 5.5). Then v, , is an
injective homomorphism of the semimodule sW,, into the semimodule gM. The
homomorphism v, is an isomorphism of the semimodules iff G(z) = L' (i.e.,
the group G operates transitively on L').

Proof. Use 5.1,...,5.5. O

Proposition 5.7. Let u € K'. The semimodule sW,, is simple, minimal and
faithful.

Proof. The semimodule is minimal due to 5.3. By 5.2, (f * h)(pu, *idr) =
Pu,f(v) * b and, using 5.5, we conclude easily the our semimodule is faithful as
well.

It remains to show that ¢W,, is simple. For, let o # id be a congruence of the
semimodule. Then (py v, * g1, Du,vs * g2) € @, Where py 4, * g1 # Puvs * g2 and we
can assume that vy € K'. If g1 # g2 then (py., * g1,¢) € « follows from 5.1(ii).
But S(pu,v, ¥*91) = Wy, by 5.3, and hence o = W, x W,,. Assume, therefore, that
g1 = g2 = g and vy £ v1. Then (pya, * g, Puvs *g) € a, where v1 < v3 = v + Va.
From this, (pus * 9,C) = (Por,vs * 9)(Pu,vr * 9)s (Por,vbs * ) (Pugws * g)) € a for
every vy € K. Thus a = W, x W,. O

Remark 5.8. S is a subsemiring of E,(M), and so the (left S-) semimodule
sM is faithful. In view of 5.6, the semimodule ¢M is minimal iff G operates
transitively on L', and then the semimodules M and W, are isomorphic, so
that M is simple by 5.7. If y € L' then R = (K’ x G(y)) U {oa} is an ideal of
the semimodule gM and (R x R) Uidy is a congruence of gM. If 7= M x M
(e.g., if gM is simple) then R = M and G operates transitively on L'.

Proposition 5.9. (i) Wy(puw * g) = {¢} forv ﬁ .
(ii) Wy(puw * g) = Wy, for v < u.

Proof. It is easy. O

Proposition 5.10. (i) The set {puyv * g|v € u} is a bi-ideal of the semiring
W, and it is the greatest proper left ideal of that semiring.

(ii) The set { pyy *idp |v < u} U{C} is just the set of multiplicative idem-
potents of W,.

(iii) The semiring W,, is not multiplicatively idempotent.

(iv) The semiring W, is not bi-ideal-simple.

Proof. Easy. O
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5.11 Let R be a minimal left ideal of the semiring S such that R # W, for
every u € N.

Lemma 5.11.1. RNW, = {(}.
Proof. It is obvious. O
Lemma 5.11.2. S(f*g) = R for every fxg € R\ {(}.

Proof. We have f € E,(K)\{Ck}, and hence f(v) # ok for at least one v € N

and (pf(y)0 *1dn ) (f * g) = ()0 f * 9) # ¢. Now, we can proceed similarly as
in the proof of 2.9.2. O

Lemma 5.11.3. There is a proper ideal A of the semilattice K such that A =
{z € K[ f(z)# ok} for every f+g € R\ {(}.

Proof. Use 5.11.2. O

Lemma 5.11.4. Let fxg € R\ {(}, v € M and let ox # w € f(K). Then
Pwpf*g=pav*g € K, where B =K\ A, pay(B) = {v} and pan(A) = {ox}

Proof. We have pyf * g = (pwo *1dr)(f * g) € R and, by 5.11.3, A = {z €
K|puuf(x) =ox}={x € K|f(x) £w} Thus B={y € K|f(z) #ox } =
{ye K[ f(y) <w}and puof(B) = {v}. -

Proposition 5.11.5. (i) A is a prime ideal of the semilattice K, op ¢ B and
Wa = {pA,v*g|v €K, g€ G} =R

(ii) The mappingva , : R — M, where z € L' andva ,(pay*g) = (v,9(2))/Q
is an injective homomorphism of the semimodule sR into the semimodule sM .
This homomorphism is an isomorphism of the semimodules iff G operates tran-
sitively on L.

(iii) R(paw*g) = {C} forv e A.

(iv) R(pay*g) = R forv e B.

(v) The set {pay*g|ve A ge G} is a bi-ideal of the semiring R and it is
the greatest proper left ideal of that semiring.

(vi) The set {pay *idr |v € B} U{C} is just the set of multiplicative idem-
potents of R.

(vil) The semiring R is neither multiplicatively idempotent nor bi-ideal-
stmple.

Proof. (i) First, take fxg € R\ {(}. By 5.11, we get pa, *x g € R for every
veE K. Ifve K and h € G then pay xh = (pay * hg™')(pav * g) € R. Thus
W4 C R. On the other hand, Wy is a non-trivial left ideal of S and, R being
minimal, we find that R = W4.

(ii) We can proceed similarly as in the proof of 5.6.

The remaining assertions are easy to check. O



400 BARBORA BATIKOVA, TOMAS KEPKA AND PETR NEMEC

Theorem 5.12. (i) The set Wy, = {puy *xg|v € K,g € G} is a minimal left
ideal of the semiring S for every u € K'.

(ii) if R is a minimal left ideal of S such that R # W,, for every u € K' then
there is a non-principal prime ideal A of the semilattice K such that R = W4 =
{pacv*g|lve K,ge G}, where pa,(A) = {okx} and pa,(K \ A) = {v}.

(iii) If A is a non-principal prime ideal of K such that pa, g € S for at
least one v € K' and at least one g € G then W4 C S and W4 is aminimal left
ideal of S such that W4 # Wy, for every u € K'.

(iv) If P is a minimal left ideal of S then gP is a faithful, simple and
minimal (left S-) semimodule. Besides, if z € L' then gP is isomorphic to the
subsemimodule s(K x G(z))/Q of sM.

(v) If Py and Py are minimal left ideals of S then the semimodules s Py and
sPs are isomorphic.

(vi) If P is a minimal left ideal of S then the semiring P is neither multi-
plicatively idempotent nor bi-ideal-simple.

Proof. Combine the foregoing results. O

Corollary 5.13. Denote by C the set of prime ideals A of K such that W4 C S.
Then:

(i) The set {Wa| A € C} is just the set of (pair-wise distinct) minimal left
ideals of the semiring S.

(i) Ay={ze K|z Lu}eC for every u € K'.

(iii) The set |JWa, A € C, is just the smallest non-trivial ideal of the
semiring S. O

Proposition 5.14. The following conditions are equivalent:
(i) There is a minimal left ideal R of S such that R(+) is an antichain.

(ii) For every minimal left ideal P of the semiring S, the semklattice P(+) is
an antichain.

(iii) The semilattice K is an antichain.
(iv) The semilattice M is an antichain.

Proof. It is easy. O

Lemma 5.15. The following conditions are equivalent for a minimal left ideal
P of S:

(i) The set P\ {C} is a subsemigroup of the multiplicative semigroup of P.
(ii) K'+ K' =K' and P = W4, where A = {ox}.

Proof. It is easy. O
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6. 0,1-preserving endomorphisms

Let M be a non-trivial semilattice such that Oyr,ons € M. The set Ey, =
{f € E|f(Or) = 0n, f(onr) = opr } is a unitary subsemiring of E. For every
u € N\ {onm}, we have r, € Ey;, where ry(x) = 0y for z < w and 7y (y) = oy
for y £ u. Clearly, ro,, is additively absorbing.

Now, let E be a subsemiring of E; such that r, € E for every u € N. For
every pair (u,v) € N x N, u < v, the set X(, ) = {ru, 7} is a minimal left ideal
of E.

6.1 Let K be a minimal left ideal of E' such that K # X, for all u,v € N,
u < 0.

Lemma 6.1.1. Letue N, fe K and A=Ay, ={xz e M| f(z) £ u}. Then:
(i) A is a prime ideal of M.
(ii) rof =ra € K, where ra(A) = {opm} and ra(B) = {0nm}, B=M \ A.
(iii) If u=o0p € B thenry =ry.

Proof. It is easy. O

Lemma 6.1.2. Let Ay, Ay be prime ideals of M such that ra,,ra, € K. Then
etther A1 C Ay or Ay C A;.

Proof. Let, on the contrary, Ay ¢ Ay ¢ A;. The set A3 = A; U Ay is a
prime ideal and ra, = 74, + 74, € K. Now, the sets K; = {ra,,ra,} and
Ky = {ra,,ra,} are two-element left ideals contained in K. Consequently,
Ki =Ky=K,rq =ra, and A; = Ay, a contradiction. O

Corollary 6.1.3. Let A, Ay be two different prime ideals such that r4,,74, €
K. Then K = {ra,,ra,} and either Ay C Az or As C Aj. O

Now, assume that r4 € K for exactly one prime ideal A and put B = M\ A
(see 6.1.1).

Lemma 6.1.4. f(A) = {on} for every f € K.

Proof. We have A = {z € M| f(z) £ u} for every u € N (use 6.1.1). Thus
f(A) = {owm}. ]

Lemma 6.1.5. f(B) = {0x} for every f € K.
Proof. We have B=M\A={ye M| f(y) <0} O

Corollary 6.1.6. K = {ra}. O

Theorem 6.2. (i) For all u,v € N, u < v, the set {ry,ry} is a minimal left
ideal of F.

(i1) If K is a minimal left ideal of E then there are prime ideals Ay, As of
M such that Ay C Az and K = {ra,,ra,}.
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Proof. See 6.1. O

Theorem 6.3. Denote by D the set of prime ideals of M such that ry € E (see
6.1). Then:

(1) Minimal left ideals of the semiring E are just the two-element sets {ra,,ra,},
Al,AQ e D, A C As.

(ii)) A, ={zeM|zLu} €D for everyu € N.

(ili) P= M\ {0p} € D and rp = rg,,.

(iv) For every A € D, A # P, the two-element set {ra,ro,,} is a minimal
left ideal of E.

(v) {ra|Ae D} is an ideal and it is the smallest right ideal of E.

Proof. It is easy (use 6.2). O

7. Non-preserving endomorphisms

Let M be a non-trivial semilattice and let E' be a subsemiring of E(M) con-
taining all constant endomorphisms pi,, (M) = {u}, v € M. Now, the set
Q = {pw|u € M} is an ideal and, in fact, it is the smallest left ideal of the
semiring F. The two-element sets {fu, tty}, where v < v, are minimal right
ideals and there are no more. The semimodules p M and Q@ are isomorphic via
U > Ly
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