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Abstract. The purpose of our paper is to study the existence of fixed point theorems
for generalized multivalued a-1y contraction of Ciric-Berinde type by using Hausdorff
distance in metric spaces and obtain stability of fixed point sets for such multivalued
contraction. Examples are providing to indicate the usefulness of our main result.
Moreover, an application to single value mapping is also given.
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1. Introduction and preliminaries

Stability of fixed points of set valued contractions was defined by Nadler [14]
and Markin [10]. The stability results for multivalued contractions have been
useful in the area of generalized differential equation, discrete and continuous
dynamical system. Stability of fixed points sets for multivalued mapping has
been considered in ([6], [11], [13], [15], [18]).

In 2012, Samet et al. [4] introduced the notion of a-1) contractive mappings
and a-admissible mappings in metric space and gave sufficient condition for the
existence of fixed points for the class of mappings. Many authors discussed the
fixed point results of a-admissible mappings and gave their generalization, ex-
tensions in several works like ([1, 2, 3], [5], [12], [16], [17]). Recently, Chaudury
and Bandyopadhyay [7] defined multivalued a-admissible mappings, multival-
ued -y contractions mappings and obtained some stability results for fixed
point sets associated with a sequence of multivalued mappings using Hausdorff
distance in metric space.

The purpose of this paper is to introduce the concept of generalized multival-
ued a-1 contraction of Ciric-Berinde type and to establish fixed point theorems
for such mappings which generalizes the results of ([7], [8]). We also show that
the fixed point sets of uniformly convergent sequences for the newly defined
generalized multivalued a-¢ contraction of Ciric-Berinde type which are also
a-admissible and h-upper semicontinuous are stable under certain condition.
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Lastly, we obtain fixed point results of single valued mappings by giving appli-
cations of our main results of multivalued mappings.

Let X and Y be non-empty sets. T is said to be a multivalued mapping
from X to Y if T is a function from X to the power set of Y. We denote a
multivalued mapping by T : X — 2¥. A point x € X is said to be a fixed point
of multivalued mapping 7" if z € Tx. We denote the set of fixed points of T" by
Fiz(T).

The following are the concepts from set valued analysis which we shall use
in this paper. Let (X, d) be a metric space. Then

N(X)={A: Ais a non-empty subset of X},

CL(X)={A: Ais a non-empty closed subset of X},

C(X) ={A: Ais anon-empty compact subset of X} and
CB(X)={A: Ais a non-empty closed and bounded subset of X}.

For A, B € CB(X), define the function H : CB(X) x CB(X) — R" by
H(A,B) =max{0(A,B),0(B,A)},
where
d(A, B) = sup{d(a, B),a € A}, §(B,A)=sup{d(b,A),bec B}
and
d(a,C) = inf{d(a,z),z € C}.

Note that H is called Hausdorff metric induced by the metric d.

Let a: X x X — [0,00) and ¥ : [0,00) — [0,00) be two functions such that
1 is a continuous and non-decreasing function with ®(¢t) = > 7 9" (t) < oo
and ®(t) — 0 as ¢ — 0, where 9" denotes nth iterate of the function . It is
well known that ¢(t) < ¢ for all ¢ > 0 and ¢(0) =0 for ¢ = 0.

Lemma 1.1 ([14]). Let (X,d) be a metric space and A, B € C(X). Let ¢ > 1.
Then for each x € A, there exists y € B such that d(x,y) < ¢H(A, B).

Lemma 1.2 ([8]). Let A and B be two non-empty compact subsets of a metric
space (X,d) and T : A — C(B) be a multivalued mapping. Let ¢ > 1. Then for
a,b € A and x € Ta, there exists y € Tb such that d(x,y) < ¢H(Ta,T)).

Definition 1.1 ([7],[12]). Let X be a non-empty set. A multivalued mapping
T:X — N(X) is said to be multivalued a-admissible with respect to a function
a: X x X —[0,00), if for z,y € X,

(1.1) a(z,y) > 1= afa,b) > 1, forallae Tz andbe Ty.

If T: X — X, a single-valued mapping then condition (1.1) of a-admissible
reduces to a(z,y) > 1= a(Tz,Ty) > 1 for z,y € X.
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Example 1.1 ([7]). Let X = R, a: RxR — [0,00). We define a(z,y) = 22+y2,
where z,y € R. Define T : R — N(X) by Tx = {\/|z|,—+v/|z|}. Then T is
multivalued a-admissible.

Definition 1.2 ([9]). Let (X,d) be a metric space and T : X — 2% be a
closed valued multifunction. We say that 7" is an a,-t contractive multifunction
whenever

(1.2) o (Tx, Ty)H(Tx, Ty) < (d(z,y)) for z,y € X,

where o, (Tz, Ty) = inf{a(a,b) : a € Tx,b € Ty}.

Definition 1.3 ([7]). Let (X,d) be a metric space. A multivalued mapping
T:X — C(X) is called multivalued a-1 contraction if

(1.3) alz,y)H(Tz,Ty) < p(d(z,y)) for z,y € X,

Remark 1.1 ([7]). In (1.3) of Definition 1.3, we have a(z, y) instead of o, (Tx, Ty)
which has been considered in (1.2) of Definition 1.2. a.(Tx,Ty) is defined as

ax(Tz, Ty) = inf{a(a,b) :a € Tx,b € Ty} for z,y € X.

From the definition it is clear that au(Tz, Ty) is not necessarily equal to a(z,y)
and also we cannot compare «(z,y) with a.(Tx,Ty). Therefore Definition 1.3
is independent of Definition 1.2.

Definition 1.4. Let (X,d) be a metric space. A self mapping T : X — X is
said to be h-upper semicontinuous if and only if, for each z € X and {z,} C X
with limy, e d(2n, x) = 0, we have lim,,_, o d(Tx,, Tx) = 0.

Definition 1.5 ([12], [17]). Let (X,d) be a metric space. A multivalued map-
ping T': X — C(X) is said to be h-upper semicontinuous if and only if, for each
x € X and {z,} C X with lim,_,o d(zy,z) = 0, we have lim,, o, §(Txy, Tx) =
0.

2. Main results

We introduce generalized multivalued - contraction of Ciric-Berinde type
which differs from Definition 1.2 and generalization of Definition 1.3.

Definition 2.1. Let (X, d) be a metric space. A multivalued mapping 7' : X —

C(X) is called a generalized multivalued a-1) contraction of Ciric-Berinde type
if
a(z,y)H(Txz, Ty) < (M (z,y))
(2.1) + Lmin{d(z,Tx),d(y, Ty), d(z, Ty),d(y,Tx)}
for all z,y € X with a(z,y) > 1, where L > 0 and
d(z, Tx)d(y, Ty) d(z,Ty) + d(y, Tx) }

M(z,y) = max {d(w,y), () , 5
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Theorem 2.1. Let (X,d) be a complete metric space and T : X — C(X) be
a generalized multivalued a-ip contraction of Ciric-Berinde type. Also suppose
that the following conditions are satisfied:

(i) T is multivalued a-admissible,

(i7) there exists xog € X and x1 € Tz such that o(xo, 1) > 1,
(#i7) T is h-upper semi continuous.
Then T has a fized point.

Proof. By the condition (ii) there exists zyp € X and z; € Tzo such that
a(zg,z1) > 1. Clearly if o = x1 or x; € Tz, we find that x; is a fixed point
of T and so, we can conclude the proof. Now, we assume that xg # x; and
x1 ¢ Tx; and hence d(x1,Tz1) > 0. By Lemma 1.2 for z; € Tz there exists
zo9 € Tzy such that

d(z1,22) < a(xo,z1)H(Txo, T21).
Applying (2.1) and using the monotone property of 1, we have

d(x1,x2) < axo,x1)H(Txo, Tx1)

<1 (max {d(xo, 2p), 20, Zi(ﬁ‘izd% Tay) d(zo, Ta) —; d(a1, Tao) })

+ L min{d(:po, Tl‘o), d(l‘l, Tl‘l), d(l‘o, Tl‘l), d(ZL‘l, T:L’o)}

cu <max {d(azo,x1), d(moélnglz;, l‘z)? d(zo, 72) —2F d(z1, 1) })

+ Lmin{d(xo,x1),d(z1,z2), d(x0, 2),d(x1,21)}
< <max {d($0,$1),d(:):1,m2), d(:1302,x2)}) '

Since

d(xo,x2) < d(xo,x1) + d(z1, 22)
2 - 2

it follow that

< max{d(xo, r1),d(z1,x2)},

d(z1,x2) < (max{d(xg,x1),d(x1,22)}),
if max{d(xo,x1),d(z1,22)} = d(x1,z2), then we have
0< d(l‘l,fEQ) < ¢(d($1, 1"2)) < d(l‘l, 132),

which is a contradiction. Thus max{d(zo,z1),d(x1,z2)} = d(x0, 1) and since
1) is strictly increasing, we have

(2.2) d(z1,z2) < ¢(d(z0, 21)).
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Since T is a-admissible, from condition (ii) and zo € T'z1, we have a(x1, z2) > 1.
If 9 € Txy then xg is a fixed point. Assume that xo ¢ Tz, that is d(xg, T'zo) >
0. By Lemma 1.2 for x5 € Tz there exists 3 € T'xs such that

d(xe,x3) < aw1,x9)H(Tx1, Tx2)
< ¢ ( max d(xl, 562), d(ibl, Tl‘l)d(l‘Q, T."L‘Q) ’ d(ZL‘l, TZL'Q) + d(l‘g, T$1)
d($1,$2) 2
+ L min{d(a:l, TiL'l), d(iL‘Q, TxQ), d(.%'l, T.Tg), d(l‘g, Tml)}

< (max {d(azl,xz), d(xlélfizflz;’ 9”3)7 d(z1,23) ;L d(x2, z2) })

+ Lmin{d(z1,x2),d(z2, x3),d(x1, x3),d(x2, T2)}
< <max {d(wl,wg),d(mg,xg), d(l’;:l?g)}) .

Since

d(l’l, 1:3) < d(l’l,mg) + d(xg,fl,’g)
2 - 2

< maX{d($17x2)7 d(x2:$3)}a

it follow that
d(w2,73) < (max{d(x1, x2),d(z2,23)}),

if max{d(x1,x2),d(z2,x3)} = d(x2,x3), then we have
0< d(IQ,ZCg) < ¢(d($2,$3)) < d($2,$3),

which is a contradiction.
Thus max{d(z1,x2),d(z2,z3)} = d(x1,x2) and since ¥ is strictly increasing,
we have

(2.3) d(zo,x3) < Y(d(x1,x2)) < ¢2(d($0,x1))

Since xo € Ty, x3 € Txo and a(z1,z2) > 1, the a-admissibility of T' implies
that a(xa,x3) > 1. Continuing this process, we construct a sequence {z, } such
that for all n > 0,

T & Ty, Xpi1 € Ty,
Ty, Tne1) > 1

and
(2.4) d(@p11, Tns2) < Y(d(@n, Tni1))-

By repeated application (2.4) and monotonic property of ¢, we have

d(2n11, Tny2) < Y(Ad(@n, Tnr1)) < P (d(@n-1,20)) < - <P (d(20, 21)).
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Then by property of ¥, we have

> d(@n, ng1) <Y ¥™(d(z0, 71) = B(d(20,71)) < 00.

This shows that {z,,} is a Cauchy sequence in X. Hence, there exists z € X,
such that z, — z as n — oo, that is lim,_,c d(xy,,2) = 0.
Consider

(Z7 xn+1) + d(xn-i-l’ TZ)
(2.5) (z,2n41) + 0(Txp, Tz).

Since limy, 00 d(z, 5 +1) = 0 and by using h-upper semicontinuity of 7" we have
lim,, o0 6(T'xy, Tz) = 0. By letting n — oo in the inequality (2.5), we obtain
d(z,Tz) = 0. Since Tz is compact and hence Tz is closed, that is, Tz = Tz,
where Tz denotes the closure of Tz. Now d(z,Tz) = 0 implies that z € Tz = Tz,
that is, z is a fixed point of T'. O

Notice that one can relax the h-upper semicontinuity hypothesis on T', by
introducing another regularity condition as shown in next theorem.

Theorem 2.2. Let (X,d) be a complete metric space and T : X — C(X) be
a generalized multivalued -1y contraction of Ciric-Berinde type. Also suppose
that the following conditions are satisfied:

(1) T is multivalued a-admissible,
(13) there exists xo € X and x1 € T'xy such that oo, x1) > 1,

(7i1) if {xn} is a sequence in X such that a(xn,xny1) > 1 for all n, where
ZTpt1 € Txy, and xy, — x as n — 00, then axy,x) > 1 for all n.

Then T has a fixed point.

Proof. By the condition (ii) there exists zp € X and x; € Txy such that
a(xg, 1) > 1. Following the proof of Theorem 2.1, we obtain a sequence {x,} C
X with lim,, 00 d(xy, 2) = 0 for some z € X such that z, ¢ Tz, xn11 € Ty
and a(zy, Tp+1) > 1 for all n. By condition (iii), there exists a sequence {x,}
such that a(x,,z) > 1 for all n. Now we prove that z € Tz. We have

— max d d(x d(xp, Txp)d(2,Tz) d(xn,Tz) + d(z, Txy)
e G S e 2 |
d(xn, Tnt1)d(z,T2) d(zn, Tz) + d(z, Tpt1)
R e 2 }
d(xp, Tpni1)d(z,T2) [d(xzp, 2)+d(z, T2)|+d(z, Tni1)
< el ), 2GR, 2 )
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From x,, — z, we deduce that

lim M(zy,z) =d(z,Tz).

n—oo

Since T' is generalized multivalued a-i contraction of Ciric-Berinde type, for all
n we have

d(z,Tz) <d(z,zp41) + d(@pns1,T2) < d(z,2p41) + H(T2p, T2)
< d(z2np1) + (M (20, 2))
+ Lmin{d(z,, Tzy),d(z,Tz),d(xn, Tz),d(z, Tzy,)}
< d(z,2n41) + (M (20, 2))
+ L min{d(xn, Tp+1),d(2, Tz),d(xn, T2),d(z, xni1)}-

Letting n — oo in the above inequality and (t) < ¢, we have
d(z,Tz) < (d(2,Tz)) < d(z,Tz)

which implies d(z,Tz) = 0. Since T'z is compact and hence T'z is closed, that is,
Tz = Tz, where Tz denotes the closure of Tz. Now d(z,Tz) = 0 implies that
2 € Tz =Tz, that is, z is a fixed point of 7. O

Remark 2.1. By taking L = 0 in Theorem 2.2, replacing M (z,y) by d(z,y),
Theorem 2.2 reduces to [7, Theorem 2.1] which is as follows:

Corollary 2.1 ([7]). Let (X, d) be a complete metric space and T : X — CL(X)
be a multivalued -1y contraction. Also suppose that the following conditions are
satisfied:

(i) T is multivalued a-admissible,
(13) there exists xo € X and x1 € T'xy such that oo, x1) > 1,

(1it) if {zn} is a sequence in X such that a(xy,,Tp+1) > 1 for all n, where
Tnt1 € Txp and x, — x as n — oo, then a(x,,x) > 1 for all n.

Then T has a fixed point.

Example 2.1. Let X = [0,00) and d(x,y) = |x —y|. Let define the multivalued
mapping 7 : X — C(X) as

Ty — {1,£}, ifz>1,
{0,2}, ifo<z<L

Now we define the functions o : X x X — [0,00) and # : [0,00) — [0,00) as

follows:
2, ifx,ye(0,1], 1
alx,y) = and t) = —t.
(@) {0, otherwise, Vi) 2
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Obviously, conditions (ii) of Theorem is satisfied with zg = % and T is mul-

tivalued a-admissible. Now we show that T is generalized multivalued a-v
contraction of Ciric-Berinde type.

Taking for x,y € [0, 1], we have

d(0, Ty) = inf 0,%}:0,

x _ x| |x Yy
)= {b-2] -2
d(8 y)=mi0=3h 15 73
d(0,Tx) = inf o,%}:o,

y . T |z oy
o) {p-3] -3
d(S T inf 4|0 31715 g

Then we have

zeTx yeTy

:max{inf{‘g %7% },inf{‘%

H(Txz,Ty) = max{ sup d(z,Ty), sup d(y,T;r)}

)

Y 9

_‘f Y
18 8
Now,
— Ly
< 1; |
g —
_2 y
= Y(d(z,y)

< Y(M(z,y)) + Lmin{d(xz,Tz),d(y, Ty),d(x,Ty),d(y, Tz)}.

Thus condition (2.1) is satisfied.
Hence all the conditions of Theorems 2.1 and 2.2 are satisfied and T has a
fixed point at z = 0.

3. Stability of fixed point sets

Stability is a concept associated with the limiting behavior of a system. The
study of the relationship between the convergence of a sequence of mappings
and their fixed points, known as the stability of fixed points. A sequence of
fixed point sets is said to be stable when it converges to the corresponding fixed
point sets of the limiting function in the Hausdorff metric. Multivalued maps
often have more fixed points than single valued maps. Therefore, the set of fixed
points of multivalued mappings becomes larger and hence more interesting for
study of stability.
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In this section, we consider the stability of fixed point sets of the multivalued
contractions mentioned in section 2.

Theorem 3.1. Let (X, d) be a complete metric space, and F(T1), F(Ts) are the
fized point sets of Th and Ty respectively, where T; : X — C(X), i = 1,2. Each
T; is generalized multivalued a-1p contraction of Ciric-Berinde type as defined
in Definition 2.1 with the same «, ¥ and L. Also each T; satisfies the following
conditions:

(i) each T; is multivalued a-admissible,
(13) each T; is h-upper semi continuous,

(7i7) for any x € F(T1), we have a(x,y) > 1 whenever y € Tox and for any
x € F(T), we have az,y) > 1 whenever y € Tx.

Then H(F(Ty), F (1)) < ®(k), where k = sup,cx H(T1z, Thx).

Proof. From Theorem 2.1, the set of fixed points of T; (¢ = 1,2) are non-
empty, that is F(T;) # ¢, for i = 1,2. Let g € F(11), that is 9 € T1zp. Then
by Lemma 1.1, there exists x1 € Toxg such that

d(l‘o, xl) S H(Tll‘o, T2$0).

Since xg € F(T1) and x; € Tyxp, by condition(iii) of the theorem, we have
a(zp,z1) > 1. By Lemma 1.2, for x1 € Thxzg there exists x9 € Thx such that

d(z1,x2) < a(xo, z1)H(Texo, Toz).

Then, arguing similarly as in the proof of Theorem 2.1, we construct a sequence
{zy,} such that for all n > 0,

Tntl € TQ.%'n,
Oa(xn,an) > 17
d(@ny1, Tng2) < Y(d(Tn, Tpy1))

and

A(@nt1; Tnya) < Y(A(@n, Tni1)) < PP (d(@p-1,20)) < .o <P (d(20,21)).

Then by property of ¥, we have

> d(@n, wni1) <Y ™(d(wo,21)) = D(d(x0,71)) < 00.

This shows that {x,,} is a Cauchy sequence in X. Since (X, d) is complete, there
exists z € X such that z, — z as n — oo.
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Now, we prove that z € Tbz. For all n > 0, 11 € Tbx,. Suppose that T
is h-upper semicontinuous. We have

d(z,Tyz) < d(z,xp41) + d(xpt1,T22)

< d(z,zp41) + 0(Toxy, Toz).
Since limy, 00 d(2, Tny1) = limy, 00 6(Toxy, Toz) = 0, by letting n — oo in the
above inequality, we obtain d(z,T2z) = 0. Thus z € Thz, that is, z is a fixed

point of T5.
Using d(xg,x1) < H(T1x0,Tozp) and the definition of k, we have

d(.r(), xl) S H(Tlmo, Tgl’o) S k= sup H(Tll‘, TQ.T).
zeX

Now using triangular inequality,

-

d(zo,2) < ) (d(ws it1)) + d(wni1,2)

Thus, given arbitrary xo € F(11), we can find z € F(T) for which d(xzg, z) <
® (k). Reversing the roles of T7 and T, we also conclude that for each yy € F(1?)
there exists w € F(T1) such that d(yp,w) < ®(k). Hence H(F(T1), F(T3)) <
(k). O

Theorem 3.2. Let (X, d) be a complete metric space, and F(T1), F(Ts) are the
fized point sets of Ty and Ty respectively, where T; : X — C(X), i =1,2. Each
T; is generalized multivalued a1 contraction of Ciric-Berinde type as defined
in Definition 2.1 with the same «, ¥ and L. Also each T; satisfies the following
conditions:

(i) for any x € F(T1), we have a(x,y) > 1 whenever y € Thx and for any
x € F(Ty), we have a(z,y) > 1 whenever y € Tix.

(17) each T; is multivalued c-admissible,

(7i1) if {xn} is a sequence in X such that a(xn,xny1) > 1 for all n, where
Tpy1 € Tixp, i = 1,2 and x, — © as n — oo, then axy,x) > 1 for all n.

Then H(F(Ty), F (1)) < ®(m), where m = sup,ex H(T\z, Tox).
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Proof. From Theorem 2.2, the set of fixed points of T; (i = 1,2) are non empty,
that is F(T;) # ¢, for i = 1,2. Let 9 € F(T1), that is g € Tixo. Arguing
similarly as in the proof of Theorem 3.1, we prove that {z,} is a Cauchy sequence
in X. Since (X, d) is complete, there exist z € X such that x,, — z as n — oc.

Now, we prove that z € Toz. For all n > 0, x,41 € Tox,. Therefore
d(xny1, Toz) < H(Thxy,Thz). By (iii), a(xy, z) > 1 for all n. Hence we have for
all n,

d(xn41,T2z) < alzy, 2)H(Toxn, Taz).

Letting n — oo in the above inequality and ¥ (t) < t, we have
d(z,Tez) < Y(d(z,Taz)) < d(z,Tz),

which implies that d(z,T>z) = 0. Thus z € Tz, that is, z is a fixed point of T5.
Using d(zo,x1) < H(T1x0,Tox0) and the definition of k, we have

d(zo,x1) < H(Tyx0, Towg) < m = sup H(Tix, Trx).
zeX

Now using triangular inequality,
n
d(w0,2) <Y (d(xs,2111)) + d(Tn i1, 2)

(d(zi, zi11))

o,

Thus, given arbitrary z¢o € F(T1), we can find z € F(T3) for which
d(xo,2z) < ®(m). Reversing the role of T} and T, we also conclude that for
each yo € F(T3) there exists w € F(T}) such that d(yo,w) < ®(m). Hence
H(F(Th),F(Tz)) < ®(m). O

Lemma 3.1 ([7]). Let (X,d) be a complete metric space. If {T;, : X — C(X):
n € N} be a sequence of multivalued a-admissible with the same o and which
is uniformly convergent to a multivalued mapping T : X — C(X), then T is
multivalued a-admissible if the following condition is satisfied:

(3.1) a(Tp,yn) > 1, for everyn € N= a(a,b) > 1,

where x, — a and y, — b as n — oo.
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Proof. Let a(z,y) > 1, for some z,y € X. Suppose a € Tz and b € Ty be
arbitrary. Since 7,, — T uniformly, there exist two sequences {x,} in {T,,x}
and {y,} in {T,,y}, such that z,, — a and y,, — b as n — oco. Since a(z,y) > 1
and T, is multivalued a-admissible for each n € N, it follows that a(z,,y,) > 1
for each n € N. Thus by (3.1), it follows that «(a,b) > 1. Thus for z,y € X,
we have

a(x,y) > 1= ala,b) > 1, where a € Tx and b € Ty.
Hence T is multivalued a-admissible. O

Lemma 3.2. Let (X, d) be a complete metric space. If {T,,: X — C(X):n €
N} be a sequence of generalized multivalued a-p contraction of Cliric-Berinde
type which is uniformly convergent to a multivalued mapping T : X — C(X),
then T is generalized multivalued a-1p contraction of Cliric-Berinde type.

Proof. Since each T, is generalized multivalued a-1 contraction of Ciric-Berinde
type for every n € N, therefore

a(z,y)H(Thz, Thy)

. <max {d(m)’ d(x,Tzzfzz(/g)j,Tny)’ d(z, T,y) -; d(y, Tox) })

+ Lmin{d(z, T,x),d(y, Thy), d(x, T,y), d(y, Thz)}.

Since the sequence {7}, } is uniformly convergent to 7" and v is continuous, taking
limit n — oo in the above inequality, we get

a(x,y)H(Tz, Ty) < (max {d(x,y), d(:c,zz(cm)fl;gj,fl’y)’ d(z,Ty) —;—d(y,Tx) })

+ Lmin{d(z, Tz),d(y, Ty), d(z, Ty),d(y, Tz)},

for all x,y € X. Hence T is generalized multivalued a-y contraction of Ciric-
Berinde type. O

Lemma 3.3. Let (X,d) be a complete metric space. If {T,, : X — C(X) :
n €N} be a sequence of h-upper semicontinuous which is uniformly convergent
to a multivalued mapping T : X — C(X), then T is h-upper semicontinuous

mapping.

Proof. Since each T, is h-upper semicontinuous for all n > 1. Then by def-
inition of h-upper semicontinuous mapping for each z € X and x, C X with
lim,, o0 d(zy, ) =0, we have

lim §(T,(zn), Tn(x)) = 0.

n—oo
Since T,, — T uniformly, letting n — oo, we have for each z € X and z,, C X
with limy, o d(zy, ) = 0, we have lim,, o0 §(Txy, Tx) = 0, which implies that
T is h-upper semicontinuous mapping. ]
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Theorem 3.3. Let (X, d) be a complete metric space. Let {T,,: X —-C(X):ne
N} be a sequence of generalized multivalued - contraction of Cliric-Berinde
type which are also multivalued a-admissible and h-upper semicontinuous with

the same «, 1 and L is uniformly convergent to a multivalued mapping T : X —
C(X). Also suppose that the following hold:

(0) if {zn} and {yn} are two sequences in X with x, — a and y, — b as
n — 00, then a(xy,yn) > 1, for every n € N = a(a,b) > 1,

(13) for every n € N, for any x € F{T,}, we have a(x,y) > 1 whenever
y € Tz, and for any x € F(T), we have o(x,y) > 1 whenever y € T,x.

Then H(F(T,),F(T)) — 0 as n — oo, that is, the fixed point of T,, are stable.

Proof. By Lammas 3.1, 3.2 and 3.3, it follows that T is generalized multivalued
-1 contraction of Ciric-Berinde type, multivalued a-admissible and h-upper
semicontinuous. Let k, = sup,cy H(T,x,Tx). Since the sequence {T),} is
uniformly convergent to 7" on X. Therefore

lim k, = lim sup H(T,z,Tz) = 0.

n—yoo N0 e x
Using Theorem 3.1, we get
H(F(T,),F(T)) < ®(k,), forevery n € N.
Since 9 is continuous and ®(t) — 0 as t — 0, we have

lim H(F(T,), F(T)) < lim ®(ky) =0,

n—oo n—o0

that is lim,, oo H(F(Ty), F(T)) = 0. Hence the proof is complete. O

Theorem 3.4. Let (X,d) be a complete metric space. Let {T,,: X — C(X):
n € N} be a sequence of generalized multivalued a-ip contraction of Ciric type
which are also multivalued a-admissible with the same o, ¥ and L is uniformly

convergent to a multivalued mapping T : X — C(X). Also suppose that the
following hold:

(0) if {zn} and {yn} are two sequences in X with v, — a and y, — b as
n — 00, then a(xy,,yn) > 1, for every n € N = a(a,b) > 1,

(ii) for everymn € N, for any x € F{T,}, we have a(x,y) > 1 whenevery € Tz
and for any x € F(T), we have a(x,y) > 1 whenever y € T,,x.

Then H(F(Ty,),F(T)) — 0 as n — oo, that is, the fized point of T,, are stable.
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Proof. By Lammas 3.1 and 3.2, it follows that T is generalized multivalued
-1 contraction of Ciric-Berinde type and multivalued a-admissible.

Let my, = sup,cx H(Tpz,Tx). Since the sequence {T,} is uniformly convergent
to T on X. Therefore

lim m, = lim sup H(T,z,Tz) = 0.

n—yco N0 pex
Using Theorem 3.2, we get
H(F(T,),F(T)) < ®(m,), forevery nc N.
Since % is continuous and ®(¢) — 0 as t — 0, we have
Jim H(F(Ty), F(T)) < lim &(m,) =0,
that is lim,, oo H(F(T,), F(T)) = 0. Hence the proof is complete. O

Example 3.1. Let X = [0,00) and d(x,y) = |x —y|. Let define the multivalued
mappings T : X — CL(X) as

{1+i L +1b ifa>1,

Tox={ {2 1+2}, if0<ax<1,
{0}, if x =0.

Now we define the functions o : X x X — [0,00) and ¢ : [0,00) — [0,00) as

follows:
2, ifx,ye(0,1], 1
alx,y) = and t) = —t.
(@) {0, otherwise, Vi) 2

Fach T, is multivalued a-admissible. T,, — T as n — co. Then T is define by

T — {1,£}, ifz>1,
{0,2}, ifo<z<l

Each T, is generalized multivalued a-1 contraction of Ciric-Berinde type and T’
is also. Let z,y € (0,1],

H(T,z,T,y) = max { sup d(z,Ty), sup d(y, Tx)}
z€Tx yeTy

:max{inf{‘% %—% },inf{‘%

) 9

)

Therefore,
a(z,y)H(Thr, Thy) < (M(x,y))+Lmin{d(z, Tz),d(y, Ty), d(z,Ty), d(y, Tz)}.

Thus conditions of Theorem 3.3 and Theorem 3.4 are satisfied. F'(71) = {0,1}
and F(T,,) = {0} for n > 2. Hence H(F(T,), F(T)) — 0 as n — oo.
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4. Application to single valued mappings

In this section we obtain some fixed point results for single valued mappings by
an application of the corresponding results of section 2.

Theorem 4.1. Let (X,d) be a complete metric space and T : X — X be a
single valued mapping. Suppose that for all x,y € X,

alz,y)d(Tz, Ty) < <max {d(w,y), d(z, Z?Zl;‘?);’ Ty)’ d(z, Ty) —;—d(y,Ta:) })

(4.1) + Lmin{d(z,Tx),d(y, Ty),d(z, Ty),d(y, Tx)}

where the conditions «, 1 and L are same as in Definition 2.1. Also suppose
that the following conditions are satisfied:

(1) T is a-admissible,

(13) there exists xo € X such that a(xo, Txo) > 1,
(7i7) T is h-upper semi continuous.
Then T has a fized point.

Proof. We know that for every z € X, {z} is compact in X. Now, we define
multivalued mapping F : X — C(X) as Fo = {Tz}, for z € X. Let zg,yo € X
such that a(zo,yo) > 1. Then by a-admissible of T', we have a(T'xq, T'yo) > 1,
that is, a(z1,y1) > 1, where z; € Fxg = {Txo} and y1 € Fyo = {Tyo}.
Therefore, for xg,yo € X,

a(zo,y0) > 1= a(z1,y1) > 1, where x1 € Fxg and y; € Fyj,

that is, F' is a multivalued a-admissible mapping.
Let 2,y € X. Then by using (4.1), we have

a(z,y)H(Fz, Fy) = a(z,y)d(Tz,Ty)
d(z, Tx)d(y,Ty) d(z,Ty)+ d(y,Tz)
O e e R )
+ Lmin{d(z,Tz),d(y,Ty),d(x,Ty),d(y, Tz)}

. (max {d(x’ N d(z, szg Fy)7 d(z, Fy) —; d(y, Fx) })

+ Lmin{d(z, Fz),d(y, Fy),d(z, Fy),d(y, Fx)},

that is, F satisfy condition (2.1). Therefore, F' is a generalized multivalued a-1)
contraction of Ciric-Berinde type of the Theorem 2.1.

Suppose there exists 9 € X such that a(xg,Txg) > 1. Let 21 € Frxy =
{Tzo}. Then a(xg,Tzp) > 1 means a(xg,z1) > 1. Therefore, there exists
xg € X and x; € Fxg such that a(zg,z1) > 1.
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Then by h-upper semi continuity of 7' for x € X and {z,} C X with
lim,, 00 d(zp, ) = 0, we have lim;,, o0 d(Txy, Tx) = 0 = limy, 00 6(Fxy, Fx) =
0, where Fx,, = {Tx,}. Therefore for x € X and {x,,} C X with lim,_,~ d(zp, )
= 0, we have lim,,_,o, 0(Fx,, Fx) = 0, that is F' is h-upper semi continuous. So,
all the conditions of Theorem 2.1 are satisfied and hence F' has a fixed point z
in X. Then z € Fz = {Tz}, that is, z = T'z. Hence z is a fixed point of T in
X. O]

Theorem 4.2. Let (X,d) be a complete metric space and T : X — X be a
single valued mapping. Suppose that (4.1) is satisfied, where the conditions o, v
and L are same as in Definition 2.1. Also suppose that the following conditions
are satisfied:

(i) T is a-admissible,
(13) there exists xy € X such that a(xo, Txg) > 1,

(7i1) if {xn} is a sequence in X such that a(xy, xpy1) > 1 for all n, where
Tni1 € Ty and x, — x as n — oo, then a(x,,x) > 1 for all n.

Then T has a fixed point.

Proof. Similarly as in the proof of Theorem 4.1, we define the multivalued
mapping F' : X — C(X) as Foz = {Tx}, for z € X and we prove that there
exists z9 € X and z7 € Fxg such that a(zg,z1) > 1, also prove that F is a
multivalued a-admissible mapping, which satisfies (2.1). So all the conditions
of Theorem 2.2 are satisfied and hence F has a fixed point z in X. Then
z € Fz={Tz}, that is, z = Tz. Hence z is a fixed point of T" in X. O

5. Conclusion

In fixed point theory, most of works have been derived for a-1) contractions and
a-admissible conditions for different mappings defined on various spaces. A mul-
tivalued version of a-1) contractions and a-admissible mapping was introduced
in [4]. We introduce generalized multivalued a-1) contraction of Ciric-Berinde
type which is different from other mentioned contractions. This paper deals with
fixed point theorems and stability of fixed point sets associated with a sequence
of multivalued mappings.

Acknowledgement

The second author sincerely acknowledges the University Grants Commission,
Government of India for awarding fellowship to conduct the research work.



STABILITY OF FIXED POINT SETS OF GENERALIZED MULTIVALUED a-4 ... 669

References

1]

2]

[10]

[11]

[12]

[13]

A. Farajzadeh, Salahuddin and B. S. Lee, On PPF dependent fized point
theorems and applications, Journal of Concrete and Applicable Mathemat-
ics, 13 (2015), 69-75.

A. Farajzadeh, A. Kaewcharoen and P. Lohawech, On fized point theorems
for (§&,a,m) expansive mappings in complete metric spaces, International
Journal of Pure and Applied Mathematics, 102 (2015), 129-146.

A. Farajzadeh, P. Chuasuk, A. Kaewcharoen and M. Mursaleen, An iter-
ative process for a hybrid pair of gemeralized asymptotically nonerpansive
single valued mappings and gener-alizednonexpansive multi valued mappings
in Banach spaces, Carpathian Journal of Mathematics, 34 (2018), 31-45.

B. Samet, C. Vetro and P. Vetro, Fized point theorems for a- contractive
type mappings, Nonlinear Anal., 75 (2012), 2154-2165.

B. Mohammadi, S. Rezapour and N. Shahzad, Some results on fized points
of a-p Cliric generalized multifunctions, Fixed Point Theory Appl., 24
(2013), 1-10.

B. S. Choudhury and C. Bandyopadhyay, Stability of fixed point sets of a
class of multivalued nonlinear contractions, Journal of Mathematics, 2015,
1-4.

B. S. Choudhury and C. Bandyopadhyay, A new multivalued contraction
and stability of its fived point sets, Journal of the Egyptian Mathematical
Society, 23 (2015), 321-325.

B. S. Choudhury, N. Metiya, T. Som and C. Bandyopadhyay, Multivalued
fized points results and stability of fixed point sets in metric spaces, Facta
Universitatis Series: Mathematics and Informatics, 30 (2015), 501-512.

J. H. Asl, S. Rejapour and N. Shahzad, On fixed points of a-1p contractive
multifunctions, Fixed Point Theory Appl., 2012, 1-6.

J. T. Markin, Continuous dependence of fized point sets, Proc. Amer. Math.
Soc., 38 (1973), 545-547.

J. T. Markin, A fized point stability theorem for non expansive set valued
mappings, J. Math. Anal. Appl., 54 (1976), 441-443.

M. Jleli, B. Samet, C. Vetro and F. Vetro, Fized points for multivalued
mappings in b-metric spaces, Abstract and Applied Analysis, (2015), 1-7.

R. K. Bose and R. N. Mukherjee, Stability of fized point sets and common
fized points of families of mappings, Indian J. Pure Appl. Math., 9 (1980),
1130-1138.



670 ANJU PANWAR ANITA

[14] S. B. Nadler, Multivalued contraction mappings, Pacific J. Math., 30 (1969),
475-488.

[15] S. L. Singh, S. N. Mishra and W. Sinkala, A note on fized point stability
for generalized multivalued contractions, Applied Mathematics Letters, 25
(2012), 1708-1710.

[16] S. H. Cho, A fized point theorem for weakly ca-contractive mappings with
application, Appl. Math. Sci., 7 (2013), 2953-2965.

[17] S. H. Cho, Fized point for multivalued mappings in b-metric spaces, Appl.
Math. Sci., 10 (2016), 2927-2944.

[18] T. C. Lim, On fixed point stability for set valued contractive mappings with
applications to generalized differential equations, J. Math. Anal. Appl., 110
(1985), 436-441.

Accepted: 28.12.2018



