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Abstract. In this paper, a system of parabolic quasi-variational inequalities relevant
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1. Introduction

In this paper, we are concerned with the numerical approximation in the L*
norm for the following problem: find w such that

ou ; N -

EJrlgg}}(Au—f)—Om Qr :=Qx10, TJ,
(1.1) U’_ = up, in €2,

u=01in > ,:=]0, T[x T,

u >0,

where € is a smooth bounded domain of R? d > 1, with smooth boundary
I', A" are J-second-order, uniformly elliptic operators of the form

i i 0 i 9
(12) A= D) g Y @) g b @),
Ji:k=1 7j=1
f is a regular function satisfies
(1.3) feL*0,T,L°(Q)nC (0,7, H ().

It is known (see. [3-5], [9-12]) that the problem (1.1) can be approximated by
the following weakly coupled system of parabolic quasi-variational inequalities
(QVIs): find a vector U = (ul, u?, ..., uJ) € (L2 (0, T; H} (Q)))J such that

%( (1), v—u'() +al(W(t), v —u'(t) = (f, v—u'(t)),
(1.4) Yo € HO( )
ui < (MUY, v < (MUY, i=1, 2,..., J,
u' >0,

where o’ (., .) are J-elliptic continuous and noncoercive bilinear forms associated
A* defined as:

d

(1.5) a'(u,v) = E ( Ou dv E b ( U—I-ao( Juv | dz,
8m 8xk
k=1

where Vi = 1, ..., J, aé-k (), bé» (), ab(.) € C? (Q), x €O 1<j k<dare
sufficiently smooth coefficients and satisfy the following conditions:

16) {a;k@:) = aj, (),
o

ap(x) > B >0, B is a constant



L>*-ASYMPTOTIC BEHAVIOR FOR A FINITE ELEMENT APPROXIMATION ... 303

n

(1.7) > ah(@)€& = lE% EERY, v >0, z€Q
7,k=1

In the case studied here, (MU )Z represents a “cost function” and the proto-
type encountered is

(1.8) (MU)" = p+ iI;éfu“, i=1,.., J.
WFL

In (1.8), p represents the switching cost. It is positive when the unit is
“turned on” and equal to zero when the unit is “turned off’. Note also that
operator M provides the coupling between the unknowns u!, . . . , u’ (see. e.g.
[1], [2] and the references therein).

In the stationary case M. Boulbrachen in [7] studied a particular class of
problems related to the management of energy production problems and pre-
sented a study of the complete numerical analysis; his approach is based on the
concept of subsolutions.

The aim of the present paper is to study the corresponding evolution case
and to obtain a quasi-optimal L®°-asymptotic behavior for a finite element ap-
proximation to parabolic quasi-variational inequalities.

The rest of the manuscript is structured as follows. In Section 2, we present
the continuous problem. The discrete problem is proposed in Section 3. Then,
in Section 4, we prove an error estimate on the uniform norm of the presented
problem.

2. Statement of the continuous problem

2.1 The continuous system
2.1.1 Full discretization

In order to obtain a full discretization of (1.4), we consider a uniform mesh for
the time variable ¢ and define

(2.1) th =n At, n=0,1,...,.N,

At > 0 being the time-step, and N = [%] , the integral part of %.
Next, we replace the time derivative by means of suitable difference quo-
tients, thus constructing a sequence u*" € H} (Q) that approaches u® (t,, ).
For simplicity, we confine ourselves to the so-called semi-implicit scheme,
which consists of replacing (1.4) by the following scheme: find a vector U" =
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(ubm, . ™) € (H) (Q))J such that

E(uz,n _ uz,n—l7 v — uz,n) + az(uz,n’ v — uz,n) > (fz,n’ v — uz,n)7
(2.2) Vv € HY(Q),
uh < p+ 1nfu‘“"”, v<p+infur”, n=1,..,N-1,
' B pF
\uz(o) - u07
where
T
At = —.
N

By adding (%, v — ub™) to both parties of the scheme (2.3), we get
i,n v—u )_i_i(,n v_u’i,n)

9 At )

<fzn+u —1 Q]_ui,n>

infut”, v < p+ infut",
=rt pFi P pFi

(2.3)

The bilinear form a’(., .), is a noncoercive in H} (Q), and satisfies the
following condition: for all ¢ € H} (Q) there exists v > 0, such that

(2.4) 0" (00 @)+ Ml = 7 el
Set
(2.5) b (u, v) =a (u, v)+ \(u, v).

Thanks to [7] the bilinear b° (., .) is strongly coercive and (2.3) can be trans-
formed into the following continuous system of elliptic quasi-variational inequal-
ities (QVIs): find a vector U = (ub",...,u’") € (H (Q))J such that

b (ui’", v — u’") > (f”‘ + Aty — u’") , Yo € H} (Q),

(2.6) ub™ < p+ infur, v < p+ infur, n=1,... N -1,
HF i
where
@7 b (u’”;, vfu“”) =a’ (ui’", v —ub )+)\( oy —ub ),
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2.2 Existence and uniqueness

Next, using the preceding assumptions, we shall prove the existence and unique-
ness of a continuous solution for problem (2.6) by means of Banach’s fixed point
theorem.

Let HF = [[L,L2(Q) = {W = (w',..,w”’) such that w' € LL(Q)},
equipped with the norm

(2.8) IWlloo = max o] o)

where LS° () is the positive cone of L* (2).

2.2.1 A fixed point mapping associated with the system (2.6)

We consider the following mapping:

(2.9) T : Hf — HT,
W — TW = (" = (¢"", ..., ¢7"),

where (4" = 09 ( fom, p) € H} (Q) is a solution to following continuous QVls:

bi (Ci,n’v _ Cz,n) > (fz 4 )\wi’ v — Cz,n) ,

(2.10) ¢ < p 4 inf¢hn, v < p 4 inf¢E, n=1,., N1
pi p

The problem (2.10) being a coercive QVIs, thanks to [6], [13] has one and
only one solution.

Theorem 1. Under the preceding hypotheses and notations, the mapping T is
a contraction in HT with a contraction constant ﬁ. Therefore, T admits a
unique fized point which coincides with the solution of problem (2.6).

Proof. We adapt [4]. O

The mapping T generates the following continuous algorithm.

2.3 A continuous algorithm

Starting from U° = Uy = (u(l), ou’ ) the solution of the following equation:

(2.11) b (uh,v) = (f + Aub,v), Yo € H} (Q).
we define
(2.12) u =Tu" n=1,... ,N—-1,

where u*" is solution to (2.6).
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Proposition 1. Under the conditions of Theorem 1, we have:

. . 1 n . .
e -l ()

where uv> is the asymptotic solution of the continuous system of QVIs: find a
vector U™ = (ub>, .., u’*>) € (H} (Q))J such that

bi (ui,oo7 v — ui,oo) > (fz 4 )\ui,oo’ v — ui,oo) ,

ub>® < p + infur>®, v < p+ infute.
n W

(23)

Proof. We adapt [4]. O

3. Statement of the discrete problem

Let 2 be decomposed into triangles and let 7, denote the set of all those elements;
h > 0 is the mesh size. We assume that the family 7, is regular and quasi-
uniform. We consider ¢;,l = 1,2,...,m (h), the usual basis of affine functions
defined by ¢; (M) = 0;, s where Mj is a vertex of the considered triangulation.

Let us V}, denote the standard piecewise linear finite element space such that

(3.1) \Y2 { vy, € CY (), vy = 0 on 9N such that: }
. h pr—

vp ki € Pr, K € 7,00 < a0, vp (1, 0) = vop, in €2

Let also r;, be the usual interpolation operator defined by

m(h)

(3:2) vp € L2 ([0,T); Hy () NC([0,T]; Hy (), rnon =Y v (M) (x),
=1

and B, 1 <1i < J be the matrix with generic entries

(3.3) (]B%i)l’ L=V (1, bs) =a’ (1, bs) + )\/ b s dz, 1 <1,5 <m(h).
Q

In the sequel of the paper, we shall use the discrete maximum assumption
(d.m.p.). In other words, we shall assume that the matrix B, 1<i<Jisan
M-matrix (cf. [14]).

Remark 1. Under the d.m.p., we shall achieve a similar study to that devoted
to the continuous problem, therefore the qualitative properties and results stated
in the continuous case are conserved in the discrete case.
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3.1 The discrete system

As in the continuous situation, one can tackle the discrete system by considering
the equivalent formulation: find a vector U}* = (u}ln, s uin) € (V)7 such that

b (uz’", vy — u;l”) > (fi’" + )\uﬁl’", v — u%”) ,for all vy, € Vp,

34) {
w" <y | p+inful™ ), vp < [ p+inful” ), n=1,.. N-1.
1= =

Existence and uniqueness of a solution of system (3.5) can be shown simi-
lar to that of the continuous case provided the discrete maximum principle is
satisfied.

3.2 Existence and uniqueness
3.2.1 A fixed point mapping associated with discrete problem (3.5)
We consider the following mapping:
(3.5) Ty = HY — (V3)7,
W ThW =G = (GGl

where (;L’n =0 ( for, p) € Vy, is a solution to following discrete coercive QVIs:
b (G on = G) = (£ o, = G v € Vi,
CZ’” <7 <p+ inf{h’"> o<y, <p+ inf@,‘j’") )

uFL BFL

Theorem 2. Under the d.m.p and the preceding hypotheses and notation, the
mapping Ty is a contraction in HT with a contraction constant p = ﬁ.
Therefore, Ty, admits a unique fized point which coincides with the solution of
system (3.5).

(3.6)

As in the continuous situation, one can define the following discrete iterative
scheme.

3.3 A discrete algorithm

Starting from U ,? =Uy, = (uéh, ey ugh) solution of the following equation:
(3.7) b (ubp,v) = (f' + Aufy,v) , Yoy, € V.

we define the sequences

(3.8) uzn = Thuz’”_l, n=1,..,N-1,

where u;l” is solution to (3.3).
Using the above result, we are able to establish the following geometric
convergence of sequence U;'.
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Proposition 2. Under the d.m.p and Theorem 2, we have

i

(3.9) max ‘

1<i<J

" 0
3 [e.9]
<6At+1> @%‘“ Hoo

where u%’oo s the asymptotic solution of the discrete system of QVlIs: find a
vector Up® = (u,lloo, u,‘{oo> € (V) such that

0 (6 o =) 2 (7N =),

(3.10) ~ . oo . 0o

uy - <rp | p+infuy’ ; Up < | p+ infuy’ .
pF HF

4. L*°-asymptotic behavior

This section is devoted to estimating the error in the L*°-norm between Uy, (T, .)
the discrete solution calculated at the moment T' = n At and U the asymptotic
solution of the continuous system of QVIs (2.14). To this end, we first recall
some known L™ -error estimates results, introduce an auxiliary discrete sequence
and prove a fundamental Theorem.

Theorem 3 ([15, 16]). Let u}y (respectively, ué,h), be the solution of problem
(2.11), (respectively (3.7)). Then, there exists a constant C' independent of h,
At and n such that

3
(4.1) Jnax, Huo h— uOH < Ch? [log h|2

We introduce the following auxiliary discrete sequences
(4.2) " =Tt n=1,..,N-1,

with v, is defined in (3.7) and for any n = 1,..,N'—1, 712’” is a solution to
following discrete system of variational inequality (V.I.):

b (@, v =) = (o e o -t ) v e HY (9),

(4.3)
@ <y (p + infu“’"1> , o< (p + infu“’"1> ,
i p#

Un = (ul’", ey uJ’") is the solution of the continuous problem (2.6).

Remark 2. We notice that ﬂﬁl’n represents the standard finite element approx-
imation of u»"

Therefore, adapting [13], we have the following

Proposition 3. There exists a constant C' independent of h, At and n such
that

44 g =
(4.4) 1r£1ia§xj uy u

< Ch?loghl*.
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Next, by using the above result, we introduce the following:

Lemma 1 ([8]).

3

(4.5) max Hu%" —ub" ay? —utP
1<i<J

< max ‘
o0 1<i<J
p=0

N

309

Remark 3. Lemma 1 given above plays a crucial role in proving the following

Theorem.

Theorem 4. There exists a constant C' independent of h, At and n such that

(4.6) ax Huzoo — ui’OOHOO < Ch?|loghl®.

Proof. By combining estimates (2.13), (3.9), and (4.5), we get

—Uu

z,ooH
00

‘ uh, - uz,oo‘ — ’ uh, — b b — uz,ooH
00 00
§ uh, _ uz,n 4 Huz,n _ uz,ooH
oo o9
1,00 4,n W an in _ ,5n Lo 4,00
< ||lup w4y U + [|u w4y U ‘
00 00
1,00 in in wn nwn i,n i,n
< up ™ —uy —i—’uh —u” —I—‘u’ — Uy +’uh
0 [e9) 9
< lu,™ —uy + 2 ’ u, —ut"|| + ) wy —ut"t Ut — u”’oH
00 00 00
< |lup ™ —uy + 3 ||uy” —ut" + Hu’” — u”ooH .
0 0 o0

Applying the previous results of Propositions 1, 2, Theorem 3 and Lemma 1,

we get

—\pAat+1 > = wllo + BAt+1 ‘
<\ garer) 7wl + ( Gar o7 ‘“

n
_i,0
i 3
o) =1

Uh u
< 1 " 2,00 i 1 "
= <6At+1) s “°H°o+(ﬁAt+1> ‘

3
+ Ch?|log h|2 +nCh?|log h|? .

i,00 _in wno o an
Uh ’U,h uh u”’

v =
o0

+3)

1,00 i
Up, = Upo

1,00

7
h —UhoH
o

+3 ] 0

71;7p J— ZJ’
i —
[e.9]

+ Huz,n o uz,ooH
0o 00

n
RO

=6 ip
(% U’

’ [e.o]
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Finally, taking h? = ( ﬁ)”, we obtain

max Hu;‘” - u°°H < Ch? [log h,
1<i<.J oo

which completes the proof. ]

Remark 4. It should be noted that the same result was obtained in [8].

Now guided by Propositions 2, Theorem 4, we are in a position to prove the
main result.

Theorem 5. There exists a constant C' independent of h, At and n such that

1 N
(@7 (T ) =U= Ols <© <h2 ot + (577 ) |

Proof. We have
w™ (x) = ul (t, x) for all t € J(n — 1).At, n.At],

thus
i, i
up” (x) = uyp, (T, z)

So,
o (@, 2) — = @), = |
Applying the previous results of Propositions 2 and Theorem 4, we get

7 1,00 1 N
[uh (T, ) =] < (MJFJ ’

1 N
21100 I3
C<h‘0gh‘+<BAt+l) ),

which completes the proof. O

up (@) = > (@)]|

N 7,00
oo

IN

uzoo — ui’ooH .
o

uﬁl’oo - u%OHOO + Ch? [log h?

IN
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