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Abstract. Let R be a commutative ring with identity and M be a unitary R-module.
Let S(M) be the set of all submodules ofM and ϕ : S(M) → S(M)∪{∅} be a function.
A proper submodule N of M is called (n − 1, n)-ϕ-prime, if r1 . . . rn−1x ∈ N \ ϕ(N)
where r1, . . . , rn−1 ∈ R and x ∈ M , then there exists i ∈ {1, ..., n − 1} such that
r1 . . . ri−1ri+1 . . . rn−1x ∈ N or r1 . . . rn−1 ∈ (N :M) (n ≥ 2). In this work, (n−1, n)-ϕ-
prime submodules are studied and some results are obtained. Also, the characterization
of (n− 1, n)-ϕ-prime submodules of a free multiplication module is given.

Keywords: ϕ-prime submodule, ϕ-prime ideal, (n−1, n)-ψ-prime ideal, multiplication
module, (n− 1, n)-almost prime, (n− 1, n)- ϕ-CP submodule, (n− 1, n)-ϕ-FCP module.

1. Introduction

Throughout the paper, all rings are commutative with identity and all modules
are unitary. LetM be an R-module and N be a submodule ofM . The ideal {r ∈
R|rM ⊆ N} will be denoted by (N :M). Let S(M) be the set of all submodules
of M and ϕ : S(M) → S(M) ∪ {∅} be a function. A proper submodule N of
M is said to be a (n − 1, n)-ϕ-prime, if r1...rn−1x ∈ N \ ϕ(N), r1, ..., rn−1 ∈ R
and x ∈ M (n > 2), then r1...ri−1ri+1...rn−1x ∈ N for some i ∈ {1, ..., n − 1}
or r1...rn−1 ∈ (N : M). Without loss of generality, throughout of the paper we
will assume ϕ(N) ⊆ N . If ϕ(N) = ∅ (resp. ϕ(N) = 0, ϕ(N) = (N : M)N ,
ϕ(N) = (N : M)m−1N and ϕ(N) = ∩∞

i=1(N : M)iN), then the submodule N
is called a (n − 1, n)- prime (resp. (n − 1, n)-weakly prime, (n − 1, n)-almost
prime, (n − 1, n)-m-almost prime and (n − 1, n)-ω -prime). Firstly, Anderson
and Bataineh in [4] introduced various generalizations of prime ideals. Let
ψ : I(R) → I(R) ∪ {∅} be a function where I(R) is the set of all ideals of R.
We call a proper ideal I of R a ψ-prime ideal if a, b ∈ R with ab ∈ I \ ψ(I),
then a ∈ I or b ∈ I. If ψ(I) = ∅ (resp. ψ(I) = 0, ψ(I) = I2, ψ(I) = Im and
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ψ(I) = ∩∞
m=1I

m), then ideal I is called a prime ideal (resp. weakly prime ideal,
almost prime ideal, m-almost prime ideal and ω-prime ideal). Zamani in [11]
used this concept for ϕ-prime submodule, in fact a proper submodule N of M is
a prime submodule relative to ϕ or ϕ-prime submodule if rx ∈ N \ ϕ(N) where
r ∈ R and x ∈ M , then x ∈ N or r ∈ (N : M). If ϕ(N) = ∅ (resp. ϕ(N) = 0,
ϕ(N) = (N :M)N , ϕ(N) = (N :M)m−1N and ϕ(N) = ∩∞

i=1(N :M)mN), then
a submodule N is a prime submodule (resp. weakly prime submodule, almost
prime submodule, m-almost prime submodule and ω-prime submodule). Some
properties of ϕ-prime submodules have been studied in [11]. Ebrahimpour and
Nekooei defined (n− 1, n)-ϕ-prime submodule and (n− 1, n)-ψ-prime ideal (see
[7]). A proper ideal I of R is (n − 1, n)-ψ-prime if r1 . . . rn ∈ I \ ψ(I) , then
r1 . . . ri−1ri+1 . . . rn ∈ I for some i ∈ {1, ..., n}. A number of results concerning
(n − 1, n)-ϕ- prime submodules have been established in [7]. Also some basic
properties of prime submodules have been studied in [1,3, 5, 6, 9].
In this work, we continue the above studies in a special case, by alternation of
n and ϕ. Again some other results lead us to conclude some corollaries and
propositions and theorems to concerning the properties of (n − 1, n)-ϕ-prime
submodules. Also, for a free multiplication module M , the results are given in
Section 4.

2. Some general results

The following propositions give some properties when we use the defintion (n−
1, n)-ϕ-prime submodule.

Proposition 2.1. Let R be a ring andM be an R-module. If N is a proper ϕ-
prime submodule of M ((1, 2)-ϕ-prime), then N is (n−1, n)-ϕ-prime submodule
(n > 2).

Proof. Let r1, . . . , rn−1 ∈ R and m ∈ M with r1 . . . rn−1m ∈ N \ ϕ(N).
Assume that r1 . . . rn−1 /∈ (N : M). Since N is a ϕ-prime submodule of M ,
hence m ∈ N , so r1 . . . ri−1ri+1 . . . rn−1m ∈ N for some i ∈ {1, ..., n− 1}.

Proposition 2.2. Let M be an R-module and ϕ1, ϕ2 : S(M) → S(M)∪{∅} be
two functions where S(M) is the set of all submodules of M with ϕ1 6 ϕ2 (i.e.,
for every submodule N of M , ϕ1(N) ⊆ ϕ2(N)). If N is (n − 1, n)-ϕ1-prime
submodule, then N is (n− 1, n)-ϕ2-prime.

Proof. It is clear.

Proposition 2.3. Suppose that N is a (n − 1, n)-ϕ-prime submodule of M ,
then N is a (n, n+ 1)-ϕ-prime submodule of M .

Proof. Let r1 . . . rnm ∈ N \ ϕ(N) where r1, ..., rn ∈ R and m ∈ M . Then
r1 . . . rn−1(rnm)∈N\ϕ(N), so r1. . .rn−1∈(N :M) or r1 . . . ri−1ri+1 . . . rn−1(rnm)
∈ N for some i ∈ {1, ..., n− 1}.
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Thus r1 . . . rn−1rn ∈ (N : M) or r1 . . . ri−1ri+1 . . . rnm ∈ N for some i ∈
{1, ..., n}.

Example 2.4. We know that if N is a prime submodule of M , then N is a
(n− 1, n)-prime submodule of M (n > 2) by Proposition 2.1. But the converse
of Proposition 2.1, is not true in general. For example, let M = Z⊕ Z be a Z-
module and N = ⟨(3, 0)⟩. Since (N : M) = 0 and 3(2, 0) ∈ N but 3 ̸∈ (N : M)
and (2, 0) ̸∈ N , therefore N is not a prime submodule. We show that N is
a (2, 3)- prime submodule. Suppose that r1, r2 ∈ Z, (m,n) ∈ Z ⊕ Z with
r1r2(m,n) ∈ N . We have (r1r2m, r1r2n) ∈ ⟨(3, 0)⟩. If r1 = 0 or r2 = 0, then
0 = r1r2 ∈ (N : Z⊕ Z), so N is a (2, 3)-prime submodule. Now, let r1 ̸= 0 and
r2 ̸= 0, hence 0 ̸= r1r2 /∈ (N : Z⊕ Z). Since (r1r2m, r1r2n) ∈ ⟨(3, 0)⟩, therefore
n = 0 and 3 | r1r2m. If 3 | m, then r1(m, 0) ∈ N and r2(m, 0) ∈ N . If 3 - m,
then 3 | r1r2. Hence 3 | r1 or 3 | r2. Thus r1(m, 0) ∈ N or r2(m, 0) ∈ N , as
required.

Proposition 2.5 Let M be an R-module and suppose that for every x ∈ M ,
Ann(x) = 0. If N is a (n − 1, n)-weakly prime submodule of M , then N is a
(n− 1, n)-prime submodule .

Proof. Let r1 . . . rn−1x ∈ N where r1, ..., rn−1 ∈ R, x ∈ M (n > 2), and
suppose that r1 . . . rn−1 ̸∈ (N : M). Since N is a (n − 1, n)-weakly prime
submodule, hence 0 ̸= r1...rn−1x ∈ N , implies that r1 . . . ri−1ri+1 . . . rn−1x ∈ N
for some i ∈ {1, ...n−1}. Hence N is a (n−1, n)-prime submodule. But if x ̸= 0
and r1 . . . rn−1x = 0, then r1 . . . rn−1 = 0, so 0 = r1 . . . rn−1 ∈ (N :M), this is a
contradiction.

Proposition 2.6 Let φ : R → S be a ring homomorphism and M be an S-
module. Suppose that N is a (n−1, n)-ϕ-prime submodule of S-module M , then
N is a (n− 1, n)-ϕ-prime submodule of R-module M .

Proof. Let r1 . . . rn−1x ∈ N \ ϕ(N) where r1, . . . , rn−1 ∈ R, x ∈ M (n > 2).
We know that r1 . . . rn−1x = φ(r1 . . . rn−1)x = φ(r1) . . . φ(rn−1)x ∈ N \ ϕ(N)
where φ(ri) ∈ S, for all i ∈ {1, ..., n− 1} and x ∈M (n > 2). It is clear that N
is a (n− 1, n)-ϕ-prime submodule of R-module M .

3. Main results

We state the following theorems and propositions which in the proofs of them,
we use the definition (n− 1, n)-ϕ-prime submodule.

The motivation of [7, Theorem 2.7], we introduce function ϕR/I . Let M be
an R-module and I be an ideal of R. Since I ⊆ AnnR(M/IM), so M/IM is an
R/I-module. We know that (r + I)(m+ IM) = rm+ IM where r + I ∈ R/I,
m + IM ∈ M/IM . Now, for a submodule N of M with IM ⊆ N , let ϕR/I :
S(M/IM) → S(M/IM)∪{∅} be defined by ϕR/I(N/IM) = (ϕ(N)+ IM)/IM
for IM ⊆ N and ϕ : S(M) → S(M) ∪ {∅} be a function.
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Theorem 3.1. Let M be an R-module , I be an ideal of R and N be a sub-
module of M with IM ⊆ N . If N is a (n − 1, n)-ϕ-prime submodule M , then
N/IM is a (n− 1, n)-ϕR/I-prime submodule of M/IM (n ≥ 2).

Proof. See [7, Theorem 2.7].

Theorem 3.2. Let M be an R-module, L and N be two submodules of M with
L ⊆ N ⊂ M . Let ϕL : S(M/L) → S(M/L) ∪ {∅} be defined by ϕL(N/L) =
(ϕ(N) + L)/L with L ⊆ ϕ(N). If N/L is a (n − 1, n)-ϕL-prime submodule of
M/L, then N is a (n− 1, n)-ϕ-prime submodule of M (n ≥ 2).

Proof. Let r1, . . . , rn−1 ∈ R, x ∈ M with r1 . . . rn−1x ∈ N \ ϕ(N) and
r1 . . . rn−1 ̸∈ (N : M). So r1 . . . rn−1x ∈ N and r1 . . . rn−1x ̸∈ ϕ(N). Hence
r1 . . . rn−1x + L ∈ N/L and r1 . . . rn−1x + L ̸∈ (ϕ(N) + L)/L. Since N/L is
a (n − 1, n)-ϕL-prime and r1 . . . rn−1 + L ̸∈ (N/L :R M/L), thus there exists
i ∈ {1, . . . , n − 1} such that r1 . . . ri−1ri+1 . . . rn−1x + L ∈ N/L. Therefore
r1 . . . ri−1ri+1 . . . rn−1x ∈ N and so N is a (n− 1, n)-ϕ-prime.

Corollary 3.4. Let ϕ : S(M) → S(M)∪ {∅} be a function and N be a proper
submodule of M . Then N is a (n − 1, n)-ϕ-prime submodule of M if and only
if N

ϕ(N) is a (n− 1, n)-weakly prime submodule of M
ϕ(N) .

Proof. It is straightforward.

Theorem 3.5. Let f : M → M ′ be an R-module epimorphism, ϕ : S(M) →
S(M)∪{∅} and ϕ′ : S(M ′) → S(M ′)∪{∅} be two functions. Then the following
conditions hold:

(1) If N is a (n − 1, n)-ϕ-prime submodule of M with kerf ⊆ N and
f(ϕ(N)) ⊆ ϕ′(f(N)), then f(N) is a (n− 1, n)-ϕ′-prime submodule of M ′.

(2) If L is a (n−1, n)-ϕ′-prime submodule ofM ′ and f−1(ϕ′(L)) ⊆ ϕ(f−1(L)),
then f−1(L) is a (n− 1, n)-ϕ-prime submodule of M .

Proof. (1) Let r1, . . . , rn−1 ∈ R and m′ ∈ M ′ with r1 . . . rn−1m
′ ∈ f(N) \

ϕ′(f(N)). There existsm ∈M such that f(m) = m′. We have r1 . . . rn−1f(m) ∈
f(N) and r1 . . . rn−1f(m) /∈ ϕ′(f(N)). It follows that r1 . . . rn−1m ∈ N and
r1 . . . rn−1m /∈ ϕ(N), because r1 . . . rn−1f(m) /∈ f(ϕ(N)). Thus r1 . . . rn−1m ∈
N \ ϕ(N), so r1 . . . rn−1 ∈ (N :M) or r1 . . . ri−1ri+1 . . . rn−1m ∈ N for some i ∈
{1, ..., n−1}. Therefore r1 . . . rn−1 ∈ (f(N) :M ′) or r1 . . . ri−1ri+1 . . . rn−1f(m) ∈
f(N) for some i ∈ {1, ..., n− 1}.

(2) Let r1 . . . rn−1m ∈ f−1(L) \ ϕ(f−1(L)) where r1, . . . , rn−1 ∈ R and m ∈
M . We have r1 . . . rn−1m ∈ f−1(L) and r1 . . . rn−1m /∈ ϕ(f−1(L)). It follows
that r1...rn−1f(m) ∈ L \ ϕ′(L). So r1 . . . rn−1 ∈ (L : M ′) or r1 . . . ri−1ri+1 . . .
rn−1f(m) ∈ L for some i ∈ {1, ..., n − 1}, because L is a (n − 1, n)-ϕ′-prime
submodule ofM ′. Thus r1 . . . rn−1 ∈ (f−1(L) :M) or r1 . . . ri−1ri+1 . . . rn−1m ∈
f−1(L) for some i ∈ {1, ..., n− 1}, as required.
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Theorem 3.6. Let M be a free R-module with a basis {mα}α∈Λ, ϕ : S(M) →
S(M)∪{∅} and ψ : I(R) → I(R)∪{∅} be two functions where I(R) is the set of
all ideals of R. If P is a (n− 1, n)-ψ-prime ideal of R with ψ(P )M ⊆ ϕ(PM),
then PM is a (n− 1, n)-ϕ-prime submodule of M and (PM :M) = P .

Proof. Since P is a proper ideal of R, so PM is a proper submodule of M .
Let r1, . . . , rn−1 ∈ R, x ∈ M with r1 . . . rn−1x ∈ PM \ ϕ(PM). Since M
is a free R-module with a basis {mα}α∈Λ, therefore PM = {

∑
f.s simi|si ∈

P,mi ∈ {mα}α∈Λ}. We have r1 . . . rn−1x ∈ PM and r1 . . . rn−1x ̸∈ ϕ(PM)
with x =

∑
f.s r

′
αmα (r′α ∈ R,mα ∈ {mα}α∈Λ). Thus

∑
f.s(r1 . . . rn−1r

′
α)mα =∑

f.s sαmα, so r1 . . . rn−1r
′
α = sα ∈ P for every α ∈ Λ. But r1 . . . rn−1r

′
α ̸∈

ψ(P ), otherwise r1 . . . rn−1r
′
α ∈ ψ(P ). Thus for every mα ∈ {mα}α∈Λ, we

have r1 . . . rn−1r
′
αmα ∈ ψ(P )mα. So for every α ∈ Λ, r1 . . . rn−1

∑
f.s r

′
αmα ∈

ψ(P )M . Since ψ(P )M ⊆ ϕ(PM), therefore r1 . . . rn−1
∑

f.s r
′
αmα ∈ ϕ(PM), so

r1 . . . rn−1x ∈ ϕ(PM). This is a contratiction. We showed that for every α ∈ Λ,
r1 . . . rn−1r

′
α ∈ P \ψ(P ). Since P is a (n−1, n)-ψ-prime ideal, so there exists i ̸=

α ∈ {1, . . . n − 1}, r1 . . . ri−1ri+1 . . . rn−1r
′
α ∈ P . For every mα ∈ {mα}α∈Λ, we

have r1 . . . ri−1ri+1 . . . rn−1r
′
αmα ∈ Pmα. Therefore r1 . . . ri−1ri+1 . . . rn−1x ∈

PM . But if i = α, we have r1 . . . rn−1 ∈ P , so r1 . . . rn−1 ∈ (PM : M). Thus
PM is (n− 1, n)-ϕ-prime submodule of M . It is clear that (PM :M) = P .

Now, the following corollary is given as a result of the above theorem. We
recall that an R-module M is a multiplication module if for every submodule N
of M , N = IM for some ideal I of R (see [2], [8], [10]).

Corollary 3.7. Let M be a free multiplication R-module and N be a proper
submodule of M . Let ψ : I(R) → I(R) ∪ {∅} be a function where I is the
set of all ideals of R and ϕ : S(M) → S(M) ∪ {∅} be a function with ψ(N :
M)M ⊆ ϕ((N : M)M). If (N : M) is (n− 1, n)-ψ-prime ideal of R, then N is
a (n− 1, n)-ϕ-prime submodule of M .

Proof. Since N = (N :M)M , by Theorem 3.6 the proof is clear.

Definition 3.8. A proper submodule P of an R-moduleM is called compactly
packed (or abbreviated by CP submodule) if for each family {Pα}α∈Λ of prime
submodules of M with P ⊆ ∪α∈ΛPα, then P ⊆ Pβ for some β ∈ Λ. Whenever
P ⊆ ∪α∈ΛPα implies that there exist α1 . . . αn ∈ Λ such that P ⊆n

i=1 Pαi , P is
said finitely compactly packed (or abbreviated by FCP ) submodule. A module
M is said to be CP (FCP ), if every proper submodule of M is a CP (FCP)
submodule. We will call a proper submodule N of M as ϕ-CP if for each family
{Nα}α∈Λ of ϕ-prime submodules of M with N ⊆ ∪α∈ΛNα, then N ⊆ Nβ for
some β ∈ Λ. Whenever N ⊆ ∪α∈ΛNα implies that there exist α1 . . . αn ∈ Λ such
that N ⊆n

i=1 Nαi , N is said ϕ-FCP submodule. A module M is said to be ϕ-CP
(ϕ-FCP) if every proper submodule is a ϕ-CP (ϕ-FCP).

Also, we call a proper submodule N of M as (n − 1, n)-ϕ-CP if for each
family {Nα}α∈Λ of (n − 1, n)-ϕ-prime submodules of M with N ⊆ ∪α∈ΛNα,
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then N ⊆ Nβ for some β ∈ Λ. Whenever N ⊆ ∪α∈ΛNα implies that there
exist α1 . . . αn ∈ Λ such that N ⊆n

i=1 Nαi , then N is called (n − 1, n)-ϕ-FCP
submodule. A module M is said to be (n − 1, n)-ϕ-CP ((n − 1, n)-ϕ-FCP) if
every proper submodule is a (n− 1, n)-ϕ-CP ((n− 1, n)-ϕ-FCP).

Proposition 3.9. Let M be an R-module, ϕ1 and ϕ2 : S(M) → S(M) ∪ {∅}
be two functions where S(M) is the set of all submodules of M with ϕ1 ≤ ϕ2
(i.e., for every submodule N , ϕ1(N) ⊆ ϕ2(N)). If M is a (n − 1, n)-ϕ2-CP
((n− 1, n)-ϕ2-FCP) module, then M is a (n− 1, n)-ϕ1-CP ((n− 1, n)-ϕ1-FCP)
module.

Proof. Let N be a proper submodule of M with N ⊆ ∪α∈ΛNα where Nα is a
(n− 1, n)-ϕ1-prime submodule of M . By proposition 2.2., Nα is a (n− 1, n)-ϕ2-
prime submodule of M , so N ⊆ Nβ for some β ∈ Λ, because M is a (n− 1, n)-
ϕ2-CP module. Since Nβ is a (n − 1, n)-ϕ1-prime submodule of M , so N is
a (n − 1, n)-ϕ1-CP submodule of M . Thus M is a (n − 1, n)-ϕ1-CP module.
Similarly, we can prove that M is a (n− 1, n)-ϕ1-FCP module.

Proposition 3.10. Every (n, n+1)-ϕ-CP (FCP) module is a (n− 1, n)-ϕ-CP
(FCP) module.

Proof. Apply Proposition 2.3.

Theorem 3.11. Let f : M → M ′ be an R-module epimorphism, ϕ : S(M) →
S(M)∪{∅} and ϕ′ : S(M ′) → S(M ′)∪{∅} be two functions. Then the following
conditions hold:

(i) If M is a (n−1, n)-ϕ-FCP (CP) module such that for every (n−1, n)-ϕ′-
prime submodule L of M ′ with f−1(ϕ′(L)) ⊆ ϕ(f−1(L)), then M ′ is a (n−1, n)-
ϕ′-FCP (CP) module.

(ii) If M ′ is a (n− 1, n)-ϕ′-FCP (CP) module such that every (n− 1, n)-ϕ-
prime submodule N of M with kerf ⊆ N and f(ϕ(N)) ⊆ ϕ′(f(N)), then M is
a (n− 1, n)-ϕ-FCP (CP) module.

Proof. (i) Let N ′ be a proper submodule of M ′ such that N ′ ⊆ ∪α∈ΛL
′
α,

where L′
α is a (n − 1, n)-ϕ′-prime submodule of M ′ for each α ∈ Λ. We have

f−1(N ′) ⊆ ∪α∈Λf
−1(L′

α). Since L
′
α is a (n−1, n)-ϕ′-prime submodule of M ′ for

each α ∈ Λ and f−1(ϕ′(L′
α) ⊆ ϕ(f−1(L′

α)), by Theorem 3.5. (2), f−1(L′
α) is a

(n−1, n)-ϕ-prime submodule ofM for each α ∈ Λ. ButM is a (n−1, n)-ϕ-FCP
module, thus there exist α1, . . . , αn ∈ Λ such that f−1(N ′) ⊆ ∪n

i=1f
−1(L′

αi
),

hence f−1(N ′) ⊆ f−1(∪n
i=1L

′
αi
). Since f is an epimorphism R-module, so N ′ ⊆

∪n
i=1L

′
αi
. Therefore we showed that N ′ is a (n− 1, n)-ϕ′-FCP submodule of M ′.

Thus M ′ is a (n − 1, n)-ϕ′-FCP module. Similarly, we can prove that N ′ is a
(n− 1, n)-ϕ′-CP submodule of M ′. So M ′ is a (n− 1, n)-ϕ′-CP module.

(ii) Assume that L is a proper submodule of M with L ⊆ ∪α∈ΛNα where
Nα is a (n − 1, n)-ϕ-prime submodule of M for each α ∈ Λ. We have f(L) ⊆
f(∪α∈ΛNα) = ∪α∈Λf(Nα). Since Nα is a (n − 1, n)-ϕ-prime submodule of M ,
f(ϕ(Nα)) ⊆ ϕ′(f(Nα)) and kerf ⊆ Nα for each α ∈ Λ, by Theorem 3.5. (1),
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f(Nα) is a (n−1, n)-ϕ′-prime submodule of M ′. Since M ′ is a (n−1, n)-ϕ′-FCP
module, so there exist α1, . . . , αn ∈ Λ such that f(L) ⊆ ∪n

i=1f(Nαi). Now, we
prove that L ⊆ ∪n

i=1Nαi .

Let x ∈ L, so f(x) ∈ f(∪n
i=1Nαi), hence f(x) = f(t) for some t ∈ ∪n

i=1Nαi .
So x − t ∈ kerf ⊆ Nαj and t ∈ Nαj for some αj ∈ {α1, . . . , αn}. Therefore
x ∈ Nαj , so x ∈ ∪n

i=1Nαi . It follows that L is a (n− 1, n)-ϕ-FCP submodule of
M . Thus M is a (n− 1, n)-ϕ-FCP module. Similarly, we can prove that L is a
(n− 1, n)-ϕ-CP submodule of M . So M is a (n− 1, n)-ϕ-CP module.

4. The generalization of prime submodules of free multiplication
modules

Let M be a free multiplicaton R-module. We study several relations between
various generalizations of (n−1, n)-ϕ-prime submodules among (n−1, n)-almost
prime submodules, (n− 1, n)-prime submodules and (n− 1, n)-m-almost prime
submodules.

Proposition 4.1. Let M be a free multiplication R-module and N be a proper
submodule of M . If N is a (n − 1, n)-almost prime submodule of M such that
(N :M)2 is a prime ideal of R, then N is a (n− 1, n)-prime submodule of M .

Proof. Let M be a free multiplication R-module with a basis {xα}α∈Λ and N
be a proper submodule ofM such that N is a (n−1, n)-almost prime submodule
with r1 . . . rn−1x ∈ N where r1, . . . , rn−1 ∈ R and x ∈M . If r1 . . . rn−1x ̸∈ (N :
M)N , we have r1 . . . rn−1x ∈ N \ (N : M)N , so r1 . . . rn−1 ∈ (N : M) or
r1 . . . ri−1ri+1 . . . rn−1x ∈ N for some i ∈ {1, ..., n− 1}. Thus N is a (n− 1, n)-
prime submodule of M . If r1 . . . rn−1x ∈ (N : M)N , because N = (N : M)M ,
hence r1 . . . rn−1x ∈ (N : M)2M . Suppose that r1 . . . rn−1 /∈ (N : M), we
prove that r1 . . . ri−1ri+1 . . . rn−1x ∈ N for some i ∈ {1, ..., n− 1}. On the other
hand, we have x =

∑
f.s rα

′xα that {xα}α∈Λ is a basis for M . Also, we get

r1 . . . rn−1x =
∑

f.s rα
′′xα with r′′α ∈ (N : M)2. Thus

∑
f.s(r1 . . . rn−1r

′
α)xα =∑

f.s r
′′
αxα, so r1 . . . rn−1r

′
α = r′′α, for all α ∈ Λ. Since M is a free module, so

r1 . . . rn−1rα
′ = r′′α for all α ∈ Λ. Thus r1 . . . rn−1rα

′ ∈ (N : M)2, because
r1 . . . rn−1 ̸∈ (N : M), hence r1 . . . rn−1 ̸∈ (N : M)2. But (N : M)2 is a prime
ideal of R, so rα

′ ∈ (N : M)2 for every α ∈ Λ. Therefore x =
∑

f.s rα
′xα ∈

(N : M)2M . Since (N : M)2M ⊆ (N : M)M = N , so x ∈ N and hence
r1 . . . ri−1ri+1 . . . rn−1x ∈ N for some i ∈ {1, . . . , n− 1}.

Corollary 4.2. Let M be a free multiplication R-module. If N is a (n− 1, n)-
m-almost prime submodule of M such that (N : M)m is a prime ideal of R,
then N is a (n− 1, n)-prime submodule of M .

Proof. The proof is similar to the proof of Proposition 4.1.

Corollary 4.3. Let M be a free multiplication R-module and I be a proper
ideal of R such that (IM : M)2 is a prime ideal of R. If IM is a (n − 1, n)-
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almost prime submodule of M , then IM is a (n − 1, n)-prime submodule of
M .

Proof. Apply Proposition 4.1.

Corollary 4.4. Let M be a free multiplication R-module and I be a proper
ideal of R such that (IM : M)m is a prime ideal of R. If IM is a (n − 1, n)-
m-almost prime submodule of M , then IM is a (n − 1, n)-prime submodule of
M .

Proof. Apply Corollary 4.2.

Proposition 4.5. Let M be a faithful finitely generated R-module with a basis
{xα}α∈Λ and I be a proper radical ideal of R such that I2 is a prime ideal of R.
If IM is a (n−1, n)-almost prime submodule ofM , then IM is a (n−1, n)-prime
submodule.

Proof. Since M is a faithful finitely generated R-module and I is a radical
ideal of R, so (IM :M) = I. Let r1 . . . rn−1x ∈ IM where r1, . . . , rn−1 ∈ R and
x ∈ M . If r1 . . . rn−1x ̸∈ (IM : M)IM , then r1 . . . rn−1x ∈ IM \ (IM : M)IM .
Hence r1 . . . rn−1 ∈ (IM : M) or r1 . . . ri−1ri+1 . . . rn−1x ∈ IM for some i ∈
{1, . . . , n− 1}. Now, assume that r1 . . . rn−1x ∈ (IM :M)IM and r1 . . . rn−1 ̸∈
(IM : M). Because (IM : M) = I, we have r1 . . . rn−1x ∈ I2M . On the
other hand we get x =

∑
f.s rα

′xα, since {xα}α∈Λ is a basis is for M . Therefore∑
f.s(r1 . . . rn−1rα

′)xα ∈ I2M , hence
∑

f.s(r1 . . . rn−1rα
′)xα =

∑
f.s r

′′
αxα where

r′′α ∈ I2 for all α ∈ Λ. Thus r1 . . . rn−1r
′
α = r′′α for all α ∈ Λ, hence r1 . . . rn−1r

′
α ∈

I2. Because r1 . . . rn−1 /∈ (IM :M) = I, so r1 . . . rn−1 /∈ I2. Since I2 is a prime
ideal of R, hence r′α ∈ I2 for all α ∈ Λ. Thus we proved that x =

∑
f.s r

′
αxα ∈

I2M . Therefore x ∈ IM and r1 . . . ri−1ri+1 . . . rn−1x ∈ IM .

Proposition 4.6. Let M be a free multiplication R-module and f : M → M ′

be an R-module epimorphism. Let N be a proper submodule ofM with kerf ⊆ N
and (N :M)2 be a prime ideal of R. If N is a (n−1, n)-almost prime submodule
of M , then f(N) is a (n− 1, n)-prime submodule of M ′.

Proof. Let N be a proper submodule of M , then f(N) is a proper submodule
of M ′. Suppose that r1 . . . rn−1m

′ ∈ f(N) where r1, . . . , rn−1 ∈ R and m′ ∈M ′.
Since f(M) =M ′, so f(m) = m′, for some m ∈M . So f(r1 . . . rn−1m) ∈ f(N).
Since ker(f) ⊆ N , hence r1 . . . rn−1m ∈ N . If r1 . . . rn−1m ̸∈ (N : M)N , then
r1 . . . rn−1m ∈ N \ (N : M)N . Since N is a (n − 1, n)-almost prime submod-
ule of M , so r1 . . . rn−1 ∈ (N : M) or r1 . . . ri−1ri+1 . . . rn−1m ∈ N for some i ∈
{1, ..., n−1}. Hence r1 . . . rn−1 ∈ (f(N) : f(M)) or r1 . . . ri−1ri+1 . . . rn−1f(m) ∈
f(N) for some i ∈ {1, ..., n − 1}. Thus f(N) is a (n − 1, n)-prime submodule
of M ′. Now, if r1 . . . rn−1m ∈ (N : M)N , so r1 . . . rn−1m ∈ (N : M)2M . As-
sume that r1 . . . rn−1 ̸∈ (N : M). Furthermore, since R-module M is free with
a basis {xi}i∈Λ, so m =

∑
f.s r

′
ixi, hence r1 . . . rn−1

∑
f.s r

′
ixi ∈ (N : M)2M .

Hence we have
∑

f.s r1 . . . rn−1r
′
ixi =

∑
f.s r

′′
i xi where r′′i ∈ (N : M)2. It
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follows that r1 . . . rn−1r
′
i = r′′i . Since (N : M)2 is a prime ideal of R, so

r′i ∈ (N : M)2 for every i ∈ Λ. Thus m =
∑

f.s r
′
ixi ∈ (N : M)2M , there-

fore m ∈ (N : M)M , because of (N : M)2M ⊆ (N : M)M . Thus m ∈ (N :
M)M = N , so r1 . . . ri−1ri+1 . . . rn−1m ∈ N for some i ∈ {1, . . . , n − 1}. So
r1 . . . ri−1ri+1 . . . rn−1f(m) ∈ f(N) for some i ∈ {1, . . . , n− 1} . Thus f(N) is a
(n− 1, n)-prime submodule of M ′.

Proposition 4.7. LetM be a free multiplication R-module and f :M →M ′ be
an R-module epimorphism. Let N be a proper submodule of M with kerf ⊆ N
and (N : M)m be a prime ideal of R. If N is a (n − 1, n)-m-almost prime
submodule of M , then f(N) is a (n− 1, n)- prime submodule of M ′.

Proof. The proof is similar to the proof of Proposition 4.6.

Theorem 4.8. Let M be a free multiplication R-module with a basis {xα}α∈Λ
and N be a proper submodule of M . If (N : M) is a (n − 1, n)-prime ideal of
R, then N is a (n− 1, n)-prime submodule of M .

Proof. Let r1, . . . , rn−1 ∈ R and x ∈ M with r1 . . . rn−1x ∈ N . Since
N = (N : M)M , so r1 . . . rn−1x ∈ (N : M)M . Because {xα}α∈Λ is a ba-
sis for M , so x =

∑
f.s r

′
αxα. Therefore

∑
f.s r1 . . . rn−1r

′
αxα ∈ (N : M)M ,

hence
∑

f.s r1 . . . rn−1r
′
αxα =

∑
f.s r

′′
αxα where r′′α ∈ (N : M). It is clear that

r1 . . . rn−1r
′
α ∈ (N :M) for all α ∈ Λ. Since (N :M) is a (n−1, n)-prime ideal of

R, we have two cases. The first case, i̸=α, so r1. . .ri−1ri+1. . .rn−1r
′
α∈(N :M) for

some i ∈ {1, ...n−1}, for all α ∈ Λ. Therefore r1 . . . ri−1ri+1 . . . rn−1
∑

f.s rα
′xα ∈

(N : M)M . So r1 . . . ri−1ri+1 . . . rn−1x ∈ (N : M)M = N . The second case,
i = α by elimination α, we have r1 . . . rn−1 ∈ (N :M). Finally, we showed that
N is a (n− 1, n)-prime submodule of M .

Theorem 4.9. Let M be a free multiplication R-module and N be a proper
submodule of M . If (N :M) is a (n− 1, n)-almost prime ideal of R, then N is
a (n− 1, n)-almost prime submodule of M .

Proof. Let r1, . . . , rn−1 ∈ R and x ∈ M with r1 . . . rn−1x ∈ N \ (N : M)N .
Since N = (N : M)M , so r1 . . . rn−1x ∈ (N : M)M \ (N : M)2M , hence
r1 . . . rn−1x ∈ (N :M)M and r1 . . . rn−1x ̸∈ (N :M)2M . Assume that {xα}α∈Λ
be a basis for M , so x =

∑
f.s rα

′xα. It is clear that r1 . . . rn−1rα
′ ∈ (N : M)

for all α ∈ Λ. Also we get r1 . . . rn−1rα
′ ̸∈ (N : M)2 for all α ∈ Λ, other-

wise r1 . . . rn−1rα
′ ∈ (N : M)2, so r1 . . . rn−1

∑
f.s r

′
αxα ∈ (N : M)2M , hence

r1 . . . rn−1x ∈ (N :M)2M , this is a contradiction. Thus we have r1 . . . rn−1rα
′ ∈

(N : M) \ (N : M)2. Since (N : M) is a (n − 1, n)-almost prime ideal of R,
therefore r1 . . . ri−1ri+1 . . . rn−1rα

′ ∈ (N : M) for some i ∈ {1, . . . , n − 1, α}. If
i ∈ {1, . . . , n−1} we get r1 . . . ri−1ri+1 . . . rn−1r

′
α ∈ (N :M) for all α ∈ Λ. Thus

r1 . . . ri−1ri+1 . . . rn−1
∑

f.s r
′
αxα ∈ (N : M)M . So r1 . . . ri−1ri+1 . . . rn−1x ∈

(N : M)M = N . But if i = α, by elimination α, we have r1 . . . rn−1 ∈ (N : M)
and hence we proved that N is a (n− 1, n)-almost prime submodule of M .



64 MASOUD ZOLFAGHARI and MOHAMMAD HOSEIN MOSLEMI KOOPAEI

References

[1] A. G. Agargun, D. D. Anderson and S. Valdes-Leon, Unique factorization
rings with zero divisors, Comm. Algebra, 27 (1999), 1967-1974.

[2] R. Ameri. On the prime submodules of multiplicaton modules, Int. J. Math.
Sci., 27 (2003), 1715-1724.

[3] D. F. Anderson and A. Badawi, On n-absorbing ideals of commutative rings,
Comm. Algebra, 39 (2011), 1646-1672.

[4] D. D. Anderson and M. Bataineh, Generalizotions of prime ideals, Comm.
Algebra, 36 (2008), 686-696.

[5] D. D. Anderson and E. Smith Weakly prime ideals , Houston J. Math., 29
(2003), 831-840.

[6] J. Dauns, Prime modules, J. Reine Angew. Math., 298 (1978), 156-181.

[7] M. Ebrahimpour and R. Nekooei, On generalizations of prime submodules,
Bulletin of the Iranian Mathemtical Society, 36 (2013), 919-939.

[8] Z. A. El-Best, P. F. Smith. Multiplication modules, Comm. Alg., 16 (1998),
755-779.

[9] A. K. Jabbar, A generalization of prime and weakly prime submodules ,
Pure Mathematical Sciences, (2013), 1-11.

[10] C. P. Lu, Prime submodules of modules, Comment. Math. Univ. St. Pauli,
33 (1984), 61-69.

[11] N. Zamani, ϕ-prime submodules, Glasgw Math. J., 52 (2010), 253-259.

Accepted: 9.10.2017


