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Abstract. Let R be a commutative ring with identity and M be a unitary R-module.
Let S(M) be the set of all submodules of M and ¢ : S(M) — S(M)U{0} be a function.
A proper submodule N of M is called (n — 1,n)-¢-prime, if r1...7,_12 € N\ ¢(N)
where r1,...,7,—1 € R and © € M, then there exists ¢ € {1,...,n — 1} such that
Tl. . Ti1Tig1 ... Th—1Z E Norry...rp—1 € (N : M) (n > 2). In this work, (n—1,n)-¢-
prime submodules are studied and some results are obtained. Also, the characterization
of (n — 1,n)-¢-prime submodules of a free multiplication module is given.

Keywords: ¢-prime submodule, ¢-prime ideal, (n—1, n)-1-prime ideal, multiplication
module, (n— 1,7n)-almost prime, (n — 1,n)- ¢-CP submodule, (n — 1, n)-¢-FCP module.

1. Introduction

Throughout the paper, all rings are commutative with identity and all modules
are unitary. Let M be an R-module and N be a submodule of M. The ideal {r €
R|rM C N} will be denoted by (N : M). Let S(M) be the set of all submodules
of M and ¢ : S(M) — S(M) U {0} be a function. A proper submodule N of
M is said to be a (n — 1,n)-¢-prime, if ri..rp,—12 € N\ ¢(N), r1,...,7n—1 € R
and x € M (n > 2), then ri..7_17j41...1p—1x € N for some i € {1,...,n — 1}
or r..mp—1 € (N : M). Without loss of generality, throughout of the paper we
will assume ¢(N) C N. If ¢(N) = 0 (resp. ¢(N) =0, ¢(N) = (N : M)N,
#(N) = (N : M)™ "IN and ¢(N) = N2, (N : M)'N), then the submodule N
is called a (n — 1,n)- prime (resp. (n — 1,n)-weakly prime, (n — 1,n)-almost
prime, (n — 1,n)-m-almost prime and (n — 1,n)-w -prime). Firstly, Anderson
and Bataineh in [4] introduced various generalizations of prime ideals. Let
¥ : Z(R) — Z(R) U {0} be a function where Z(R) is the set of all ideals of R.
We call a proper ideal I of R a t-prime ideal if a,b € R with ab € I\ ¢(I),
then a € T or b € I. If (1) = 0 (vesp. ¥(I) = 0, P(I) = 1%, (I) = I"™ and
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P(I) =N3_1I™), then ideal I is called a prime ideal (resp. weakly prime ideal,
almost prime ideal, m-almost prime ideal and w-prime ideal). Zamani in [11]
used this concept for ¢-prime submodule, in fact a proper submodule N of M is
a prime submodule relative to ¢ or ¢-prime submodule if rz € N \ ¢(N) where
re€ Rand 2 € M,then x € Norr € (N : M). If (N) =0 (resp. ¢(N) =0,
d(N) = (N: M)N, $(N) = (N : M)™ N and ¢(N) =NZ, (N : M)™N), then
a submodule N is a prime submodule (resp. weakly prime submodule, almost
prime submodule, m-almost prime submodule and w-prime submodule). Some
properties of ¢-prime submodules have been studied in [11]. Ebrahimpour and
Nekooei defined (n — 1, n)-¢-prime submodule and (n — 1, n)-t-prime ideal (see
[7]). A proper ideal I of R is (n — 1,n)-¢-prime if ry...7r, € I\ (1) , then
T1...Ti—1Tit1...Tn € I for some ¢ € {1,...,n}. A number of results concerning
(n — 1,n)-¢- prime submodules have been established in [7]. Also some basic
properties of prime submodules have been studied in [1,3, 5, 6, 9].

In this work, we continue the above studies in a special case, by alternation of
n and ¢. Again some other results lead us to conclude some corollaries and
propositions and theorems to concerning the properties of (n — 1,n)-¢-prime
submodules. Also, for a free multiplication module M, the results are given in
Section 4.

2. Some general results

The following propositions give some properties when we use the defintion (n —
1,n)-¢-prime submodule.

Proposition 2.1.  Let R be a ring and M be an R-module. If N is a proper ¢-
prime submodule of M ((1, 2)-¢-prime), then N is (n—1,n)-¢-prime submodule
(n=>2).

Proof. Let ri,...,rp—1 € Rand m € M with r...r,_1m € N\ ¢(N).
Assume that ri...r,—1 ¢ (N : M). Since N is a ¢-prime submodule of M,
hence m € N, sory...7—17i41...Tp—1m € N for some i € {1,...,n — 1}.

Proposition 2.2. Let M be an R-module and ¢1,¢o : S(M) — S(M)U{0} be
two functions where S(M) is the set of all submodules of M with ¢1 < ¢o (i.e.,
for every submodule N of M, ¢1(N) C ¢2(N)). If N is (n — 1,n)-¢1-prime
submodule, then N is (n — 1,n)-¢a-prime.

Proof. It is clear.

Proposition 2.3. Suppose that N is a (n — 1,n)-¢-prime submodule of M,
then N is a (n,n + 1)-¢-prime submodule of M.

Proof. Let ri...r,m € N\ ¢(N) where ri,....,7, € R and m € M. Then
1o Tpe1(rnm)EN\G(N),s071... 1 1E(N : M)orry...ri—17it1 ... Tn—1(rnm)
€ N for some i € {1,....,n —1}.
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Thus r1...7—17 € (N : M) or ri...7_17i41...7ym € N for some i €

{1,...,n}.

Example 2.4. We know that if N is a prime submodule of M, then N is a
(n — 1,n)-prime submodule of M (n > 2) by Proposition 2.1. But the converse
of Proposition 2.1, is not true in general. For example, let M = Z @ Z be a Z-
module and N = ((3,0)). Since (N : M) =0 and 3(2,0) € N but 3¢ (N : M)
and (2,0) ¢ N, therefore N is not a prime submodule. We show that N is
a (2,3)- prime submodule. Suppose that r1,r2 € Z, (m,n) € Z & Z with
rire(m,n) € N. We have (rirom,riran) € ((3,0)). If 14 = 0 or r9 = 0, then
O=mrry € (N:Z®Z),so N is a (2,3)-prime submodule. Now, let 71 # 0 and
ro # 0, hence 0 # rire ¢ (N : Z & Z). Since (riram,riran) € ((3,0)), therefore
n =0 and 3 | ryrgm. If 3 | m, then r1(m,0) € N and ro(m,0) € N. If 31 m,
then 3 | rire. Hence 3 | 71 or 3 | ro. Thus r1(m,0) € N or ra(m,0) € N, as
required.

Proposition 2.5 Let M be an R-module and suppose that for every x € M,
Ann(z) = 0. If N is a (n — 1,n)-weakly prime submodule of M, then N is a
(n — 1,n)-prime submodule .

Proof. Let ry...rp,1z € N where 71,....,7p—1 € R, x € M (n > 2), and
suppose that r1...r,—1 & (N : M). Since N is a (n — 1,n)-weakly prime
submodule, hence 0 # ry...r,—1x € N, implies that r1...r;_1741...Th—1x € N
for some i € {1,..n—1}. Hence N is a (n—1,n)-prime submodule. But if x # 0
and ry...rp—12 =0, thenry...7,-1 =0,800=7r1...7p—1 € (N : M), this is a
contradiction.

Proposition 2.6 Let o : R — S be a ring homomorphism and M be an S-
module. Suppose that N is a (n—1,n)-¢-prime submodule of S-module M, then
N is a (n —1,n)-¢-prime submodule of R-module M.

Proof. Letri...rp_1z € N\ ¢(N) where r1,...,r—1 € R,z € M (n > 2).
We know that ry...7—12 = o(r1...7h—1)x = @(11) ... @(rn—1)x € N\ ¢(N)
where p(r;) € S, for all i € {1,...,n — 1} and z € M (n > 2). It is clear that N
is a (n — 1,n)-¢-prime submodule of R-module M.

3. Main results

We state the following theorems and propositions which in the proofs of them,
we use the definition (n — 1,n)-¢-prime submodule.

The motivation of [7, Theorem 2.7], we introduce function ¢p/;. Let M be
an R-module and I be an ideal of R. Since I C Anng(M/IM), so M/IM is an
R/I-module. We know that (r + I)(m + IM) = rm + IM where r + 1 € R/I,
m +IM € M/IM. Now, for a submodule N of M with IM C N, let ¢g/; :
S(M/IM) — S(M/IM)U{0} be defined by ¢/ (N/IM) = (¢(N)+IM)/IM
for IM C N and ¢ : S(M) — S(M) U {0} be a function.
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Theorem 3.1. Let M be an R-module , I be an ideal of R and N be a sub-
module of M with IM C N. If N is a (n — 1,n)-¢-prime submodule M, then
N/IM is a (n —1,n)-¢g/r-prime submodule of M/IM (n > 2).

Proof. See [7, Theorem 2.7].

Theorem 3.2. Let M be an R-module, L and N be two submodules of M with
LCNCM. Let ¢r, : S(M/L) — S(M/L) U {0} be defined by ¢,(N/L) =
(¢(N)+ L)/L with L € ¢(N). If N/L is a (n — 1,n)-¢r-prime submodule of
M/L, then N is a (n — 1,n)-¢-prime submodule of M (n > 2).

Proof. Let ri,...,7p—1 € R, x € M with r;...r,_1x € N\ ¢(N) and
ri...th—1 € (N : M). Sori...rp—1z € N and ry...7p—12 € ¢(N). Hence
ri...tp—1x+ L € N/Land ry...rp_1x+ L & (¢(N)+ L)/L. Since N/L is
a (n—1,n)-¢r-prime and r1...r,—1 + L & (N/L :gp M/L), thus there exists
i € {1,...,n — 1} such that ry...r;_17i41...7n—12 + L € N/L. Therefore
Tl...Ti—1Ti41-..Tn—1Z € N and so N is a (n — 1, n)-¢-prime.

Corollary 3.4. Let ¢: S(M) — S(M)U{0} be a function and N be a proper
submodule of M. Then N is a (n — 1,n)-¢-prime submodule of M if and only
if % is a (n — 1,n)-weakly prime submodule of %

Proof. It is straightforward.

Theorem 3.5. Let f: M — M’ be an R-module epimorphism, ¢ : S(M) —
S(M)U{d} and ¢' : S(M') — S(M")U{D} be two functions. Then the following
conditions hold:

(1) If N is a (n — 1,n)-¢-prime submodule of M with kerf C N and
F(A(N)) C ¢'(f(N)), then f(N) is a (n — 1,n)-¢'-prime submodule of M'.

(2) If L is a (n—1,n)-¢'-prime submodule of M" and f~1(¢'(L)) C ¢(f~1(L)),
then f~Y(L) is a (n — 1,n)-¢-prime submodule of M.

Proof. (1) Let r1,...,7p—1 € R and m’ € M’ with r1...7,_1m’ € f(N)\
¢ (f(N)). There exists m € M such that f(m) =m/. Wehavery...r,—1f(m) €
f(N) and r1...rp—1f(m) ¢ ¢'(f(N)). It follows that ri...r,—3ym € N and
r1...Tp—1m & ¢(N), because ry...rn—1f(m) ¢ f(#(N)). Thus ri...rp,_1m €
N\¢(N),sory...rp—1 € (N:M)orry...ri—17ri41...17p—1m € N for some i €
{1,...,n—1}. Thereforery ...rp—1 € (f(N): M )orry...15-17i41...7n—1f(m) €
f(N) for some i € {1,...,n — 1}.

(2) Let 71 ...rp—1m € f7Y(L)\ ¢(f~H(L)) where r1,...,7,—1 € R and m €
M. We have r1...7p,_1m € f~1(L) and r1...rp,_1m ¢ ¢(f~1(L)). Tt follows
that 71..r,—1f(m) € L\ ¢'(L). Sori...rp—1 € (L : M') or ri...1_1741 ...
rn—1f(m) € L for some i € {1,...,n — 1}, because L is a (n — 1,n)-¢’-prime
submodule of M’. Thus r1...7,1 € (f75(L) : M) or 71 ...7; 1741 ... Tn_1m €
f~Y(L) for some i € {1,...,n — 1}, as required.
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Theorem 3.6. Let M be a free R-module with a basis {ma}aecn, ¢ : S(M) —
S(M)U{0} and : Z(R) — Z(R)U{D} be two functions where Z(R) is the set of
all ideals of R. If P is a (n — 1,n)-t-prime ideal of R with Y(P)M C ¢(PM),
then PM is a (n — 1,n)-¢-prime submodule of M and (PM : M) = P.

Proof. Since P is a proper ideal of R, so PM is a proper submodule of M.
Let r1,...,rp—1 € R, x € M with r;...rp_1x € PM \ ¢(PM). Since M
is a free R-module with a basis {mq}aca, therefore PM = {Zf.s simg|s; €
P,m; € {ma}acr}. We have ri...1p_12 € PM and ri...rp12 & ¢(PM)
with z =3 7'ama (14 € Ryma € {mataen). Thus 3o p (r1...1p17g)ma =
Zf's SaMa, SO T1...Tp_1Th = 8o € P for every « € A. But r1...1r_17), &
Y(P), otherwise r1...7mp—17,, € ¥(P). Thus for every mq € {ma}acn, We
have 71 ...rp_17,mqy € Y(P)mg. So for every a € A, ry...71p—1 Zf's i me €
Y(P)M. Since (P)M C ¢(PM), therefore r1...1-1 3 ¢ 7oMa € $(PM), so
r1...Th—1x € ¢(PM). This is a contratiction. We showed that for every a € A,
r1...Tn—17h € P\9(P). Since P is a (n—1, n)-t-prime ideal, so there exists i #
ae{l,...n—1}, r...ri1Tiq1 .. .Tp—17h € P. For every mg € {mq}aca, we
have 71 ...7-17i41 ... Tn_17hMo € Pmg. Therefore ri...ri17ri41... 712 €
PM. But if i = o, we have ry...7,—1 € P,sor;...1p—1 € (PM : M). Thus
PM is (n — 1,n)-¢-prime submodule of M. It is clear that (PM : M) = P.

Now, the following corollary is given as a result of the above theorem. We
recall that an R-module M is a multiplication module if for every submodule N
of M, N = IM for some ideal I of R (see [2], [8], [10]).

Corollary 3.7. Let M be a free multiplication R-module and N be a proper
submodule of M. Let ¢ : Z(R) — Z(R) U {0} be a function where T is the
set of all ideals of R and ¢ : S(M) — S(M) U {0} be a function with (N :
MYM C ¢((N : M)M). If (N : M) is (n — 1,n)-y-prime ideal of R, then N is
a (n —1,n)-¢-prime submodule of M.

Proof. Since N = (N : M)M, by Theorem 3.6 the proof is clear.

Definition 3.8. A proper submodule P of an R-module M is called compactly
packed (or abbreviated by CP submodule) if for each family { P, }aea of prime
submodules of M with P C Uyep Py, then P C Pg for some 3 € A. Whenever
P C Upea P, implies that there exist oy ..., € A such that P C' | P,,, P is
said finitely compactly packed (or abbreviated by FCP ) submodule. A module
M is said to be CP (FCP ), if every proper submodule of M is a CP (FCP)
submodule. We will call a proper submodule N of M as ¢-CP if for each family
{Na}aen of ¢-prime submodules of M with N C UaeaNq, then N C Ng for
some 3 € A. Whenever N C U,cp N, implies that there exist oy ...a, € A such
that N C' | Ng,, N is said ¢-FCP submodule. A module M is said to be ¢-CP
(¢-FCP) if every proper submodule is a ¢-CP (¢-FCP).

Also, we call a proper submodule N of M as (n — 1,n)-¢-CP if for each
family {Ny}taeca of (n — 1,n)-¢-prime submodules of M with N C UgepNa,
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then N C Ng for some 8 € A. Whenever N C U,ep N, implies that there
exist o ...a, € A such that N C' | N,,, then N is called (n — 1,n)-¢-FCP
submodule. A module M is said to be (n — 1,n)-¢-CP ((n — 1,n)-¢-FCP) if
every proper submodule is a (n — 1,n)-¢-CP ((n — 1,n)-¢-FCP).

Proposition 3.9. Let M be an R-module, ¢1 and ¢2 : S(M) — S(M) U {0}
be two functions where S(M) is the set of all submodules of M with ¢1 < ¢o
(i.e., for every submodule N, ¢1(N) C ¢2(N)). If M is a (n — 1,n)-¢3-CP
((n — 1,n)-¢2-FCP) module, then M is a (n — 1,n)-¢1-CP ((n — 1,n)-¢;-FCP)
module.

Proof. Let N be a proper submodule of M with N C Uyep N, where N, is a
(n —1,n)-¢1-prime submodule of M. By proposition 2.2., N, is a (n — 1, n)-¢a-
prime submodule of M, so N C Ng for some 3 € A, because M is a (n — 1,n)-
¢2-CP module. Since Ng is a (n — 1,n)-¢1-prime submodule of M, so N is
a (n — 1,n)-¢1-CP submodule of M. Thus M is a (n — 1,n)-¢1-CP module.
Similarly, we can prove that M is a (n — 1,n)-¢1-FCP module.

Proposition 3.10. FEvery (n,n+ 1)-¢-CP (FCP) module is a (n — 1,n)-¢-CP
(FCP) module.

Proof. Apply Proposition 2.3.

Theorem 3.11. Let f: M — M’ be an R-module epimorphism, ¢ : S(M) —
S(M)U{d} and ¢' : S(M') — S(M")U{0} be two functions. Then the following
conditions hold:

(i) If M is a (n—1,n)-¢-FCP (CP) module such that for every (n—1,n)-¢'-
prime submodule L of M with f=*(¢'(L)) C ¢(f~1(L)), then M" is a (n—1,n)-
¢'-FCP (CP) module.

(it) If M" is a (n — 1,n)-¢/-FCP (CP) module such that every (n — 1,n)-¢-
prime submodule N of M with kerf C N and f(¢(N)) C ¢'(f(N)), then M is
a (n—1,n)-¢-FCP (CP) module.

Proof. (i) Let N’ be a proper submodule of M’ such that N C UaeaLl,
where L/ is a (n — 1,n)-¢/-prime submodule of M’ for each a € A. We have
FHN') € Ugeaf~H(LL). Since L, is a (n — 1,n)-¢'-prime submodule of M’ for
each a € A and f~1(¢/(L,) C ¢(f1(L.)), by Theorem 3.5. (2), f~1(L’) is a
(n—1,n)-¢-prime submodule of M for each & € A. But M is a (n—1,n)-¢-FCP
module, thus there exist ai,...,a, € A such that f~}(N') C Uf‘zlffl(L;i),
hence f~1(N') € f~}(Ul,L,,). Since f is an epimorphism R-module, so N’ C
Uit Ly, Therefore we showed that N’ is a (n — 1,n)-¢/-FCP submodule of M’.
Thus M’ is a (n — 1,n)-¢/-FCP module. Similarly, we can prove that N’ is a
(n — 1,n)-¢'-CP submodule of M’. So M’ is a (n — 1,n)-¢'-CP module.

(7i) Assume that L is a proper submodule of M with L C Uyea N, where
N, is a (n — 1,n)-¢-prime submodule of M for each o € A. We have f(L) C
f(UaeaNa) = Uaeaf(Ny). Since N, is a (n — 1,n)-¢-prime submodule of M,
f(@(Ny)) € ¢'(f(Ny)) and kerf C N, for each « € A, by Theorem 3.5. (1),
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f(Ng) is a (n—1,n)-¢'-prime submodule of M’. Since M’ is a (n—1,n)-¢'-FCP
module, so there exist a,...,a, € A such that f(L) C Ul f(Nq,). Now, we
prove that L C Ul | N,,.

Let z € L, so f(z) € f(U"{Na,), hence f(x) = f(t) for some t € Ul | Ny,.
Soxz —t € kerf C Ny and t € Ny, for some a; € {a1,...,a,}. Therefore
T € Ny, 80 ¢ € UL Ny, It follows that L is a (n — 1,n)-¢-FCP submodule of
M. Thus M is a (n — 1,n)-¢-FCP module. Similarly, we can prove that L is a
(n —1,n)-¢-CP submodule of M. So M is a (n — 1,n)-¢-CP module.

4. The generalization of prime submodules of free multiplication
modules

Let M be a free multiplicaton R-module. We study several relations between
various generalizations of (n—1,n)-¢-prime submodules among (n—1, n)-almost
prime submodules, (n — 1, n)-prime submodules and (n — 1, n)-m-almost prime
submodules.

Proposition 4.1. Let M be a free multiplication R-module and N be a proper
submodule of M. If N is a (n — 1,n)-almost prime submodule of M such that
(N : M)? is a prime ideal of R, then N is a (n — 1,n)-prime submodule of M.

Proof. Let M be a free multiplication R-module with a basis {z4}aea and N
be a proper submodule of M such that N is a (n—1,n)-almost prime submodule
with ry...rp—12 € N where r1,...,rp-1 € Randz € M. If ry...rp_12 & (N :
M)N, we have r1...rp—1z € N\ (N : M)N,sor1...1h—1 € (N : M) or
T1...Tio1Tit1-..Tn—1Z € N for some i € {1,...,n — 1}. Thus N is a (n — 1,n)-
prime submodule of M. If ry...r,_1x € (N : M)N, because N = (N : M )M,
hence r1...7, 12 € (N : M)2M. Suppose that ri...7,_1 ¢ (N : M), we
prove that 7y ...r;_1ri41... 712 € N for some i € {1,...,n—1}. On the other
hand, we have x = Ef.s To'To that {x4}aecn is a basis for M. Also, we get
L. Tpo1® = Zf.s 7o'z with 7/ € (N : M)2. Thus Zf's(rl T 1Th) T =
D fsTaZas SO T1...Tp_11q = 1¢, for all a € A. Since M is a free module, so
... rpo1re’ = 7 for all @ € A. Thus r1...7, 174" € (N : M)2, because
T1...Tn1 & (N : M), hence r1...7,_1 ¢ (N : M)2. But (N : M)? is a prime
ideal of R, so 7,/ € (N : M)? for every a € A. Therefore » = > sTa/Ta €
(N : M)>M. Since (N : M)2M C (N : M)M = N, so x € N and hence
T1.o.Tio1Tit1 .- Tn—1Z € N for some ¢ € {1,...,n — 1}.

Corollary 4.2. Let M be a free multiplication R-module. If N is a (n—1,n)-
m-almost prime submodule of M such that (N : M)™ is a prime ideal of R,
then N is a (n — 1,n)-prime submodule of M.

Proof. The proof is similar to the proof of Proposition 4.1.

Corollary 4.3. Let M be a free multiplication R-module and I be a proper
ideal of R such that (IM : M)? is a prime ideal of R. If IM is a (n — 1,n)-
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almost prime submodule of M, then IM is a (n — 1,n)-prime submodule of
M.

Proof. Apply Proposition 4.1.

Corollary 4.4. Let M be a free multiplication R-module and I be a proper
ideal of R such that (IM : M)™ is a prime ideal of R. If IM is a (n — 1,n)-
m-almost prime submodule of M, then IM is a (n — 1,n)-prime submodule of

M.
Proof. Apply Corollary 4.2.

Proposition 4.5. Let M be a faithful finitely generated R-module with a basis
{ZaYaea and I be a proper radical ideal of R such that I? is a prime ideal of R.
If IM is a (n—1,n)-almost prime submodule of M, then IM is a (n—1,n)-prime
submodule.

Proof. Since M is a faithful finitely generated R-module and I is a radical
ideal of R, so (IM : M)=1. Let ry...rp—1x € IM where r1,...,r,—1 € R and
xeM. Ifry...rp_1x g (IM: M)IM, then ry...rp_1x € IM\ (IM : M)IM.
Hence 71 ...1p—1 € (IM : M) or ri...7-17i41...Tn—12 € IM for some i €
{1,...,mn —1}. Now, assume that ri...r,_1x € (IM : M)IM and r1...7p_1 &
(IM : M). Because (IM : M) = I, we have 71 ...r,_1x € I?M. On the
other hand we get z =3, 70/Tq, since {Za}aen is a basis is for M. Therefore
Zf's(rl e Tno17a')Te € I?M, hence Zf.s(m 1T )T = Zf.s "o where
r" e ?foralla € A. Thusry...r, 17, =7 foralla € A, hence ry ...7,_17), €
I?. Because r1...7 1 & (IM : M) =1,s071...7,_1 ¢ I?. Since I? is a prime
ideal of R, hence 1!, € I? for all & € A. Thus we proved that z = > tsTaZa €
I?M. Therefore x € IM and r ... Ti1Ti41..-Tn—1Z € IM.

Proposition 4.6. Let M be a free multiplication R-module and f : M — M’
be an R-module epimorphism. Let N be a proper submodule of M with kerf C N
and (N : M)? be a prime ideal of R. If N is a (n—1,n)-almost prime submodule
of M, then f(N) is a (n — 1,n)-prime submodule of M’.

Proof. Let N be a proper submodule of M, then f(NV) is a proper submodule
of M'. Suppose that r1...7r,—1m’ € f(N) where r1,...,7,—1 € Rand m’ € M.
Since f(M) = M’, so f(m) =m’, for some m € M. So f(r1...rn—1m) € f(N).
Since ker(f) € N, hence r1...rp—ym € N. If ri...rp_ym & (N : M)N, then
r1...Tp—1m € N\ (N : M)N. Since N is a (n — 1,n)-almost prime submod-
uleof M,sory...rp1 € (N:M)orry...ri—1riy1...7p—1m € N for some i €
{1,...,n—1}. Hencery...1p—1 € (f(N): f(M))orry...1-17i41...rn—1f(m) €
f(N) for some i € {1,...,n —1}. Thus f(N) is a (n — 1,n)-prime submodule
of M'. Now, if r1...rp_1ym € (N : M)N, 80 71...7p_1m € (N : M)2M. As-
sume that ri...7,—1 € (IV : M). Furthermore, since R-module M is free with
a basis {x;}icp, SO m = Zf.s rix;, hence ri...r,_1 Zf.srgxi € (N : M)2M.
Hence we have Zf.s T1.. . Tpo1Tiz; = Zf.s r'z; where v/ € (N : M)%. It
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follows that ry...r,—17, = r/. Since (N : M)? is a prime ideal of R, so
ri € (N : M)? for every i € A. Thus m = dopstivi € (N - M)?M, there-
fore m € (N : M)M, because of (N : M)2M C (N : M)M. Thus m € (N :
MM = N,sory...1i—1Tit1...Tp—1m € N for some i € {1,...,n —1}. So
T1...Ti—1Tit1 - - - "n—1f(m) € f(N) for some i € {1,...,n—1} . Thus f(N) is a

(n — 1,n)-prime submodule of M.

Proposition 4.7.  Let M be a free multiplication R-module and f : M — M’ be
an R-module epimorphism. Let N be a proper submodule of M with kerf C N
and (N : M)™ be a prime ideal of R. If N is a (n — 1,n)-m-almost prime
submodule of M, then f(N) is a (n — 1,n)- prime submodule of M'.

Proof. The proof is similar to the proof of Proposition 4.6.

Theorem 4.8. Let M be a free multiplication R-module with a basis {Tq}aecn
and N be a proper submodule of M. If (N : M) is a (n — 1,n)-prime ideal of
R, then N is a (n — 1,n)-prime submodule of M.

Proof. Let r1,...,7v_1 € R and z € M with r1...r,_1z € N. Since
N = (N: M)M,sori...mp-1x € (N : M)M. Because {q}aca is a ba-
sis for M, so x = Zf‘s 7 xo. Therefore Zf.s T Tp1ThTe € (N : M)M,
hence > ¢ 71...Tho1T0Ta = Y p  TaTa Where g € (N @ M). It is clear that
r1...Tp17h € (N : M) for all @« € A. Since (N : M) is a (n—1, n)-prime ideal of
R, we have two cases. The first case, i, S0 7. . .15 17i+1. . "1 E(N : M) for
somei € {1,..n—1}, forall @ € A. Thereforery...ri_17i41...Th—1 Zf.s To'Ta €
(N:M)M. Sory...1i—irix1...7p—1x € (N : M)M = N. The second case,
i = «a by elimination «, we have ry...7r,—1 € (N : M). Finally, we showed that
N is a (n — 1,n)-prime submodule of M.

Theorem 4.9. Let M be a free multiplication R-module and N be a proper
submodule of M. If (N : M) is a (n — 1,n)-almost prime ideal of R, then N is

a (n —1,n)-almost prime submodule of M.

Proof. Let ry,...,r,—1 € Rand x € M with r1...r,—12 € N\ (N : M)N.
Since N = (N : M)M, so r1...1p_1z € (N : M)M \ (N : M)?>M, hence
r...rpo1w € (N :M)M and 71...7p_ 12 € (N : M)2M. Assume that {z}aca
be a basis for M, so x = Zf.s ro'Tq. It is clear that rq...r,_17" € (N : M)
for all « € A. Also we get r1...7,_174' & (N : M)? for all a € A, other-
wise r1...7n 170’ € (N : M)?, 50 71 ...70_1 Ef.s ' xe € (N : M)?M, hence
r1...Tp—1x € (N : M)QM, this is a contradiction. Thus we have rq...7,—17a’ €
(N : M)\ (N : M)2 Since (N : M) is a (n — 1,n)-almost prime ideal of R,
therefore 71 ...7_1741 ... 7174’ € (N : M) for some i € {1,...,n —1,a}. If
ie{l,...,n—1} wegetry...ri17i41...Tn—17h € (N : M) for all &« € A. Thus
TLeo T 1Tid1+ - Tn_1 Ef.s rxe € (N : M)M. SO T1...7%1Ti41...Th—1Z €
(N : M)M = N. But if i = «, by elimination «, we have ri...r,_1 € (N : M)

and hence we proved that N is a (n — 1, n)-almost prime submodule of M.
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