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Abstract. In this paper, the concept of roughness in UP-algebras is introduced.
We study the lower and upper approximations of UP-subalgebras and UP-ideals and
prove that the lower /upper approximation of UP-subalgebra (resp., UP-ideals) is a UP-
subalgebra (resp., UP-ideals). A connection between rough sets and UP-Algebras with
their weak and strong ideals have also been taken under consideration and some related
results have been shown.
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1. Introduction

The notion of rough sets and its approximations (lower/upper) spaces were in-
troduced in early 1980s by Pawlak in his papers [26], [27] and [28] to deal with
uncertain knowledge in information system, artificial intelligence and cognitive
sciences in fields such as machine learning, knowledge aquisition, decision analy-
sis etc. As an R and D (research and developement) a connection between rough
set theory with algebraic systems (structures) came into existence. As a result
many authors introduced lot of concepts. Kuroki [12] introduced roughness in
semigroups and its ideals which can be considered to be concept of roughness in
classical algebras. Then Biswas and Nanda [18] introduced the notion of rough
groups and rough subgroups. Xiao and Zhang [15] studied rough prime ideals
and rough fuzzy prime ideals in semigroups. The basic logical algebras have
been established and investigated widely by many authors. Li. and Yin [7]
defined ¥-lower and T-upper fuzzy rough approximation operators on a semi-
group whereas Qi. and Liu. [16] studied the cocepts of rough appoximations
in Boolean Algebras. Davvaz [3] introduced the concept of roughness in rings.
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Hu and Li. [14] gone through BCH Algebras. Prabpayak and Leerawat [19]
introduced KU-ideals which can be consider to be an interesting idea in logical
algebras, further they studied homomorphisms of KU-Algebras [6] and investi-
gated some related results and properties of KU-algebras. Yaqoob et al. [13]
introduced cubic KU-ideals which further became an interesting direction for
study of diffrent types of classical properties, logical properties, fuzzificational
(intuitionistic) properties, Neutrosophic properties in modern modern algebra.
Ameri et al. [17] , studied rough set theory applied to hyper BCK-Algebras,
where Dudek et al. [21] studied rough set theory applied to hyper BCI-Algebras.
Further Jun et al. [23] gone through the concepts of roughness in BCC-algebras.

Fuzzy sets was introduced by Zadeh [25] in 1965. From then till now many
authors have considered and studied fuzziness in different branches of sciences
technologies and engineering. Fuzzyness [10], Neutrosophic [4] and in different
types of Logical Algebras [22], [20], [11] are some recent trend and interest of
study for numerous researchers and authors. Including numerous authors Moin
and Ali [11] have studied roughness in KU-algebras recently. Ahn [2] et. al have
studied rough fuzzy ideals in BCK/BCI algebras.

Both logical and classical algebras have been the basic building tools in the
study of different types and directions of applied algebras more precisely in
computer applications related to artificial intelligence which simulate a human
being in dealing with certainty and uncetainty in information with the help
of logical techniques. Tasks related to these concepts can easily be solved by
these techniques. Some imoprtant types of basic logical algebras are BCI/BCK
algebras, BL-algebras [8] and many more. Torkzadeh and Ghorbani [9] studied
rough filters in B-Algebras. Different types of these algebras are perfect BL-
algebras and local BL-algebras, SBL-algebras etc. which have been studied by
many authors. These concepts are an interesting part for roughness and softness
with or without their hyper structures.

We have applied roughness concept in UP-algebras which is introduced re-
cently by Impan [1]. Some classical results based on rough set theory is applied
to UP-algebras and related results have been studied based on this concept. By
means of lower and upper approximations we have shown properties of rough
ideals of a UP-algebra. It is shown that a strong UP-ideal with respect to its
upper and lower approximation of a UP-algebra is again a strong ideal.

2. Preliminaries

In this section we shall define some basic concepts including UP-algebras, UP-
subalgebras, UP-ideals with examples based on them.

Definition 1 ([6]). An algebra (X, *,0) of type (2,0) with a single binary oper-
ation * that satisfies the following identities: for any x,y,z € X,

(kul) : (zxy) *[(yx2) x (z*2)] =0,

(ku2) : %0 =0,
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(ku3) : 0xx = x,
(kud) : zxy =0 =y *x implies x = y.

In a KU-algebra X a binary relation ’ <’ can be considered by: x < y if and
only if y xx = 0.

Proposition 1 ([6]). (X, *,0) is a KU-algebra if and only if it satisfies:
(kub) : (y*2)x(xx2) < (zxy),
(ku6) : 0 < z,

(kuT) : z <y, y < x implies x =y,

(ku8) :

ku8): xz <y if and only if y xx = 0.

Proposition 2. In a KU-algebra, the following identities are true [20]
(1) zx2=0,

(2) z*x(zxz)=0,

(3) <y implyy*z<xxz,

(4) zx(yxx)=yx*(zxx), forall x,y,z € X,

(5) yx[(y*xx)xx]=0.

Definition 2 ([1]). By a UP-algebra we mean an algebra (A, x,0) of type (2,0)

with a single binary operation * that satisfies the following identities: for any

z,y,z € X,

(UP—=1): (y*z)*[(zxy)*(z*x2)] =0,
(UP—-2):0xx=u,
(UP—-3):2x0=0,
(UP—4):xxy=0=yxx implies x = y.

Example 1 ([1]). Let X be a universal set. Define a binary operation * on the
power set of X by putting AxB = BNA'"=ANB=B-Aforall A, B € P(X).
Then (P(X);*,0) is a UP-algebra which is the power UP-algebra of type 1.

Example 2 ([1]). Let X be a universal set. Define a binary operation * on the
power set of X by putting Ax B = BUA" = A/UBY A,B € P(X). Then
(P(X);*,X) is a UP-algebra which is a power UP-algebra of type 2.

Example 3. Let A ={0,a,b,c} be a set in which x is defined by the following
cayley table

OO O

O ||| *
(e} Bewll Hewl Hewl | Nawl
ISHESH Nesl S |ES]
S OO o o

It is easy to see that A = {0, a,b, c} is UP-algebra.
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Example 4. Let A = {0,a,b, c,d} be a set in which x* is defined by the following
cayley table

*“O‘a‘b‘c‘d
0|O0|a|b|c|d
all0]0[0|0]|O0
blO0O|b]0]0]|O0
cllO|b|Db|0O]O
d|lo|b|b|d|O

Here A = {0,a,b,c,d} is UP-algebra.

Example 5. Let A = {0,a,b, c,d} be a set in which * is defined by the following
cayley table

(en) Neojl Hen) Nevll en) | New]
[en) Neoll Hen) Nan) S ol | =]
O T O || O
[en) Neoll o T NN HeN | e
O | & & &f| &

Here A = {0, a,b,c,d} is UP-algebra.

Example 6. Let A = {0, a,b, c,d} be a set in which x is defined by the following
cayley table

*H()\a\b\c\d
0{O0|lal|bl|c|d
all0[0]0|0]|O0
b||0ja|0]|c|O
c||0]a|0]0]O0
d||0|lal|b|lc]|O

Here A = {0,a,b,c,d} is UP-algebra.

Proposition 3. In a UP-algebras A the following properties hold for any x,y, z €
A
(1)
(2) a:*y—O andyxz=0=z*2z =0,
B)zxy=0= (zxx)*x(2xy) =0,
4)xxy=0= (y*xz)*x(x*x2)=0,
(5) @ x (y*x) =0,
(6) (yxx)*xzx=0<=x=yx*x, and
(7) xx(y*xy)=0
Proposition 4. Let A = (A, *,0) be UP-algeras, then define a binary relation
< on A as follows: for all x,y,z € A
r <y xxy = 0. Based on this binary relation we have that in an
UP-algebra A, the following properties are true for any x,y,z € A :
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(1)
(2) ;U<y andy < x =z =y,
B)rx<yandy<z=uz<z,
) z<y=zxz<zxy,
B)z<y=>yxz<zx*z,
(6) z <yxx, and
(7) 2 <yxy.

Definition 3. Let A = (A, ,0) be a UP-algebra. Then a subset S of A is called
UP-subalgebras of A if the constant 0 of A is in S and (S, *,0) itself form a
UP-algebra. Clearly, A and {0} are UP-algebras of A.

Definition 4. Let A be a UP-algebra. Then a subset B of A is called a UP-ideal
of A if it satisfies:

(i) The constant 0 of A is in B and

(ii) for ant x,y,z € A, x* (y*xz2) € Bandy € B=xx*z € B.

Clearly, A and {0} are UP-ideals of A.

Example 7. Let A = {0,a,b, c,d} be a set in which x is defined by the following
cayley table

Q| | 8| | &

SO0 |O]|O

[en) Nenjl Hen) Nevl Hen) | Ne]

|| O S| S| o

[en) Nenll Hen) Nenl an) | )

*
0
a
b
C
d

0]0

We find here that A = (4;%,0) is a UP-algebras. Further {0,a,b} and
{0, a, c} are UP-ideals of A.

Definition 5. Let S be a nonempty subset of a UP-algebra A and 0 € S. Then,
(1) S is called a weak UP-ideal of A ifyxx €S andy € S = x € S, for all
x,y € A,
(2) S is called a strong UP-ideal of A if (yxx)NS#D andy e S = z €S,
for all x,y € A.

3. Rough approximations in UP-algebras

Let V be a set and E an equivalence relation on V and let P(V') denote the power
set of V. For all @ € V, let [a]g denote the equivalence class of a with respect
to E. Define the functions E_, E~ : P(V) — P(V) as follows: V .S € P(V),

E_(S)={acV:alg CS}

and

E=(S)={zxeV:[adgnsS #0}.
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The pair (V, E) is called an approximation space. Let S be a subset of V. Then
S is said to be definable if E_(S) = E~(S) and rough otherwise. E_(.5) is called
the lower approximation of S while E~(S) is called the upper approximation.

Throughout this section A will represent a UP-algebra. Let I be a UP-ideal
of A. Define a relation © on A by (a,b) € O if and only if axb € I and bxa € I.
Then O is an equivalence relation on A related to a UP-ideal I of A. Moreover
satisfies (a,b) € © and (u,v) € © imply (a *u,b*v) € O.

Hence O is a congruence relation on A. Let I, denote the equivalence class
of a with respect to the equivalence relation © related to a UP-ideal I of A, and
A/I denote the collection of all equivalence classes, that is, A/I = {I,:a € A}.
Then Iy = I. If 1,1} is defined as the class containing axb, that is, I, * I, = I .,
then (A/1, %, Iy) is a UP-algebra. Let © be an equivalence relation on A related
to a UP-ideal I of A. For any nonempty subset S of A, the lower and upper
approximation of S are denoted by ©(I,S) and ©(I, S) respectively, that is,

O(I,S)={ac A:I,C S}

and

O(I,S)={aca:I,NnS #0}.
If I =S, then O(1,S) and O(1,S) are denoted by ©(I) and ©(I), respectively.

Definition 6 ([28]). Given an approximation space (U,©), a pair (A, B) €
P(U) x P(U) is called a rough set in (U, ©) if and only if (A, B) = Apr(X) for
some X € P(U).

Definition 7 ([28]). Let (U, ©) be an approximation space and X be a non-
empty subset of U.

(i) If Apr(X) = Apr(X), then X is called definable.

(i) If Apr(X) = 0, then X is called empty interior.

(iii) If Apr(X) = U, then X is called empty exterior.

Example 8. Let A = {0,a,b, c,d} be a set in which * is defined by the following
cayley table

Q| 8| | &

SO |0 |O]|O

[en) Nevll Hen) Nevl Hen) | New]

OIS O S| S| o

QIO ||| *
[en) Nenll Hen) Nenl Han) | )

0]0

We find here that A = (A4;%,0) is a UP-algebras. Further {0,a,b} and
{0, a, c} are UP-ideals of A.

So I ={0,a}is a UP-ideal of A (I < A) and let © be an equivalence relation
on A related to I. Then Iy = K7 = K, Ky = {2}, K3 = {3}, and K4 = {4}.



394 MOIN AKHTAR ANSARI, ALI N.A. KOAM anxp AZEEM HAIDER

Hence
@(Kv {O’ a}) = {07 a’} <A
O(K,{0,0}) = {b}
@(K7 {07 C}) = {C}
O(K,{0,a,b,c}) = {0,a,b,c} < A
and
O(K,{0,a}) = {0,a} < A
?(K, {0}) = {07 a’}
@(K7 {b}) = {0, b}
O(K,{a,b,c}) = {0,a,b,c} A
O(K,{0,b,c}) = {0,a,b,c} < A

O(K,{a,b,c,d}) = {0,a,b,c,d} < A.

In above example 8, we know that there exists a non-UP-ideal S of A such
that their lower and upper approximation are UP-ideals of A. Also we choose

some non-UP-ideals S of A such that their lower and upper approximation are
UP-ideals of A.

Proposition 5. Let © and Z be equivalence relations on A related to UP-ideals
I and J of A, respectively. If S and T" are nonempty subsets of A. Then
(1) ©(1,5) C S CO(,S);

)
(2) ©(1,0) =0 =0O(1,0)
(3) ©(I,8UT) =0(,5)U6(lT);
(1) ©(I.SNT) = (1. 8) N O(L.T).
(5) S C T implies ©(1,8) CO(I,T) and O(1,S) C O(I,T);
(6) ©(1,S)UB(I,T)CO(I,SUT);
(7) ©(I,SNT) CO,S)N6,T);
(8) © C = and I C J implies Z(J,S) C O(1,S) and ©(I,8) C Z(J, S).

Proof. (1) If z € ©(I,S), then = € I,, C S. Hence O(I,S) CS. Next, if z € S,
then, since x € I, we have I, NS # ¢, and so x € ©(I,S). Thus S C O(I, S).
(2) is straightforward.
(3) Note that

r€O(I,SUT) Im(suT)sé¢

(LNSYU(LNT)# ¢
I,NS #¢ orI NT # ¢
r€O(I,8) oracO(,T)
r€O(,8)uU6(,T).

IIMM

Thus
O(I,SUT)=0(,5)ue(,1T).
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(4) Note that

€O, SNT) <= ,CSNT
<~ [, CS and I, CT
<~ z€09(I,S) and z € O(I,T)
= 2z€09(,5NO,T).

Thus
o, SNT)=06(1,S)Ne(I,T).

(5) Since S C T'if and only if SNT = S, by (3) we have
O(1,5)=9(I,SNT)=06(1,S)Ne(,T).

This implies that ©(1,.5) C ©(I,T). Note also that S C T if and only if SUT =
T, by (2) we have

O(I, T)=06(I,SuT)=06(,S)ue,T).

This implies that ©(I,S) C ©(I,T).
(6) Since SC SUT and T'C SUT, by (4) we have

O(I1,S) CO(I,SUT) and O(,T)C O(I,SUT).

This implies O(I,S)UO(I,T) CO(I,SUT).
(7) Since SNT C S and SNT C T, by (4) we have

O(I,SNT)CO(,S) and O(I,SNT)CO(,T).

This implies O(1,SNT) C ©(1,5) NO(L,T).
(8) Since ® C =E. If x € Z(J,S), then J, C S.But ©® C =, then I, C J, C S,
that is, I, € S. Thus =z € ©(/, S) Hence

(1]

(J,S) CO(1,S).

Now let z be any element of ©(S). So I, NS # ¢, then there exists y € [, NS
such that y € I, and y € S. Hence (y,x) € O, that is y xx € I. Since I C J, it
follows that y*x € J and x*xy € J so that (y,z) € E, that is, y € J,. Therefore
y € Jy NS, which means that x € Z(J,S). This completes the proof. O

Proposition 6. Let © be an equivalence relation on A related to a UP-ideal 1
of A. If S is a nonempty subset of A. Then

(1) ©(1,0(1,5)) = O(1,9);

(2) ©(1,8(1,5)) = 6(1,5);

(4) ©(1,8(1,5)) = 6(1,5);

(5) ©(1,5) = (6(1,5)

(6) ©(L,5) = (8(1,5)%

(7)O(1,1;) =X =06(1,1,), for all z € A.
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Proof. The proof is straightforward. O

Proposition 7. Let © be an equivalence relation on X related to a UP-ideal I
of A. If S is a nonempty subset of A. Then

(1)© (1,86 (I, T) CO(I,S*T);

(2) If © is congruence relation, then © (I,5)« 0 (I,T) CO (I,S*T).

Proof. (1) Let ¢ be any element of ©(I,S) * ©(I,T). Then ¢ = p * ¢ with p €
O(I,8) and ¢ € ©(I,T). Thus there exist elements z,y € S such that

xel,nS and yel,NT.

Thus x € I, y € I, x € S, and y € T'. Since © is a congruence on S, it follows
that
xxy € IpxIg € Ipyy.

On the other hand, since x xy € S« T. We have z * y € Ij,q NS+ T, and so
c=pxq€O(I,S«T). Thus we have

O(I,8)*O(I,T) CO(,S*T).

(2) Assume that O is complete, let ¢ be any element of ©(1,5) *« O(1,T).
Then ¢ = p* q with p € ©(/,5) and ¢ € O(I,T). It follows that I,, C S and
I, C T. Since © is a congruence relation on S, we have

Ipwg=1,x1, CS*T.
Soc=pxqeO(,S«T). Thus
O,S)*xO(I, T) CO(I,S«T).
This completes the proof. ]

Proposition 8. Let © and = be equivalence relations on A related to UP-ideals
I and J of A, respectively. If S and T are nonempty subsets of A. Then

(1) ©NE(INJ,S) CO(,S)NE(J,S);

(2) ©NEINJS) 20(I,S)NEJ,S).

Proof. (1) Note that ©NE is also a congruence relation on S. Let c € © N E(IN
J,S), then [INJ].NS # ¢. Then there exists an element x € [I NJ].N.S. Since
(z,c) € ®©NE, we have

(x,c) € ©® and (z,c) € E.

Thus we have x € I. and = € J.. Since x € S, we have z € I., x € S and = € J,,
x € S. This implies that

zel.NS and z€J.NS
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I.NS#¢ and J.NS # ¢.
Soce€ O(I,S) and ¢ € Z(J,S), hence ¢ € ©(I,5) NZ(J,S). Thus we obtain
ONZE(INJS)CO(,S)NE,S).
(2) Since ©N=EC O and ©®©NE C =, which implies that
O(,5)CONEINJS) and Z(J,5)CONEINIS)
= 0O(I[,5)NE(,S) CONEINISI).
This completes the proof. ]

Theorem 1. Let (A, ) be an approzimation space. Then
(1) for every S C X, ©(1,S) and ©(I,S) are definable sets,
(2) for every x € X, I, is definable set.

Proof. (1) By Proposition 6 part (1) and (3), we have

a(1,6(1,8)) = 6(1,5) = B(1,8(1, 5)).
Hence O(I, S) is definable. On the other hand by Proposition 6 (2) and (4), we
have

6(1,8(1,9)) = ©(1,5) = 6(1,8(1, 5)).

Therefore O(1, S) is a definable set.
(2) By Proposition 6 (7) the proof is clear. O

Definition 8. A nonempty subset S of A is called an upper (resp. a lower )
rough UP-subalgebra of A if the upper (resp. nonempty lower) approximation of
S is a UP-subalgebra of A. If S is both an upper and a lower rough UP-subalgebra
of A, we say that S is a rough UP-subalgebra of A.

Theorem 2. Let © be an congruence relation on A related to a UP-ideal I of
A. If S is a UP-subalgebra of I, then

(1) ©(1,5) is a UP-subalgebra of A.
(2) ©(,5) is a UP-subalgebra of A.

Proof. (1) Let z,y € ©(1, S). Then
I,NS#0and I, NS # 0,

and so there exist a,b € S such that a € I, and b € I,,. It follows that (a,z) € ©
and (b,y) € ©. Since O is a congruence relation on A, we have (axb,zxy) € ©.
Hence a *x b € I;4y. Since S is a UP-subalgebra of A, we get a xb € S, and
therefore a * b € Iy NS, that is, I, NS # (. This shows that z xy € O(1, 9),
and consequently ©(1,S) is a UP-subalgebra of A.

(2) Let z,y € ©({,S). Then I, C S and I, C S. Since S is a UP-subalgebra
of A, it follows that

Iowy =L, %I, C S
so that z xy € ©(1,5). Hence ©(I, S) is a UP-subalgebra of A. O
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The following example shows that the converse of Theorem 2(1) may not be
true.

Example 9. Let A = {0,a,b,c,d} be a UP-algebra with the Cayley’s table as
follows:

[en) Nen) Hew) Bl Ranl | New)
O Q| & & || &

QOIS T| S
QIO || O

QIO || O *
QOO |e

Let I = {0,a,b} be a UP-ideal of A (I < A) and let © be an equivalence
relation on A related to I. Then I = I, = I, = I, I. = {c}, and I; = {d}.
Note that S = {a,c} is not a UP-subalgebra of A, but (I, S) = {0,a,b,c} is
UP-subalgebra of A.

Definition 9. A nonempty subset S of A is called an upper (resp. a lower )
rough UP-ideal of A if the upper (resp. nonempty lower) approzimation of S is
a UP-ideal of A. If S is both an upper and a lower rough UP-ideal of A, we say
that S is a rough UP-ideal of A.

Theorem 3. Let © be a congruence relation on A related to a UP-ideal I of A.
If S is a UP-ideal of A containing I, then

(1) ©(I,S) is a UP-ideal of A.
(2) ©(1,5) is a UP-ideal of A.

Proof. (1) Let S be a UP-ideal of A containing I. Obviously 0 € ©(I, S). Let
x,y,2 € A be such that y € ©(I,S) and z * (y * z) € O(I, S). Then

Iy ns # ? and Ix*(y*z) ns # 0,

and so there exist a,b € S such that a € I, and b € I,,(y..). Hence (a,y) € O
and (b, (z*(y=*2))) € ©, which implies yxa € A C S and (zx*(yxz))xbe I C S.
Since a,b € S and S is a UP-ideal, we get

ye Sand zx*(y*xz) €S,

it follows from Definition 5 (2) that x x z € S. Note that z x z € I, thus
%2 € L4, NS, that is, I;., NS # 0. Hence x% 2z € O(, S) and therefore O(I, 9)
is a UP-ideal of A.

(2) Let S be a UP-ideal of A containing I. Let = € Iy. Then x € I C S,
and so Ip C S. Hence 0 € ©(1, S). Let x,y,z € X be such that y € ©(I,S) and
xx*(yxz)€O(,S). Then

Iy € Sand I x (Iy * I.) = Ly(yez) € 5.
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Let w € I, = I, ¥ 1,. Then w = I, % I, for some a € I, and ¢ € I,. From
a € I, and c € I, we have (a,z) € © and (c, z) € ©. Taking b € I, then we get
(b,y) € ©. Since © is a congruence relation, we get

(ax(bxc),zx(y*xz)) €O andsoax(bxc) € I, CS.

*(y*z)
Since S is a UP-ideal of A, it follows from Definition 5 (2) that w € axc € 5,
so that I, C S. Hence x x z € ©(I,S) and therefore O(7,5) is a UP-ideal of
A. d

Theorem 4. Let © be an congruence relation on A related to a UP-ideal I of
A. If S is a weak UP-ideal of A containing I, then

(1) ©(1,S) is a weak UP-ideal of A.
(2) ©(1,S) is a weak UP-ideal of A.

Proof. (1) Let S be a weak UP-ideal of A containing I. Obviously 0 € O(I, S).
Let x,y € A be such that y € ©(I,S) and y * z € (I, S). Then

I,NS # 0 and I, NS # 0,

and so there exist a,b € S such that a € I, and b € I4,. Hence (a,y) € © and
(b, (y *x x)) € ©, which implies

yxa€lC Sand (yxz)xbelCS.

Since a,b € S and S is a weak UP-ideal, we get y € S and y xx € S, it follows
from definition 5 (2) that x € S. Note that x € I, thus z € I, NS, that is,
I, NS # 0. Hence x € ©(I, S) and therefore ©(I,5) is a weak UP-ideal of A.

(2) Let S be a weak UP-ideal of A containing I. Let € Ip. Thenz € I C S,
and so Ip € S. Hence 0 € O(I,S). Let 2,y € A be such that y € ©(7,S) and
yxx € O(I,S5). Then

I,eSand I, * I, = I, CS.

Let w € I,. Then w = I, for some a € I,. From a € I,, we have (a,z) € ©.
Taking b € I,, then we get (b,y) € O. Since © is a congruence relation, we get

(bxa,y+x) €O and b*a € [y, CS.

Since S is a weak UP-ideal of A, it follows from definition 5 (2) that w = a € S,
so that I, C S. Hence x € O(I,S) and therefore ©(1,5) is a weak UP-ideal of
A. O

Theorem 5. Let © be an congruence relation on A related to a UP-ideal I of
A. If S is a strong UP-ideal of A containing I, then

(1) ©(I,S) is a strong UP-ideal of A.
(2) ©(1,5) is a strong UP-ideal of A.
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Proof. (1) Let z,y € X be such that
(yxx)NO(L,S) # 0 and y € O(I, S).

Then I, N S # 0 and so there exist z € A such that 2 = y* x and 2 € O(I, S).
Hence I, NS # () and so there exist ¢,d € X such that

cel,NSanddel,NS.

Hence ¢©z and dOy where ¢,d € S. Thus we zxce€ I C Sandyxde I CS.

Since S is a strong UP-ideal and ¢,d € S, we have z € S and y € S. Thus we

have proved that (y+*2)NI # 0 and y € I. Since S is a strong UP-ideal, we have

x € S and so I, NS # () which means that ©(I, S) is a strong UP-ideal of S.
(2) Let 2,y € X be such that

(y*x)NO(,S) #0 and y € O(L, 5).

Let a € I, and b € I,. Then a®z and bOy. Since © is a congruence relation
on A, bxa®y x z. Since (y*xx) N O(1,S5) # ), then there exist ¢ € A such that
teyxzandteO(I,5). Now, t € b*aBOy x x implies that there exist z € bx a
such that z0t and so I; = I, C S. Hence z € S and so (bxa) NS # (). On the
other hand, we have b € I, C S. Since S is a strong UP-ideal of A, then we
have a € S which implies I, C S that means x € ©(/, S). Therefore, O(I, 5) is
a strong UP-ideal of S. O

4. Conclusion

We have studied the connection between rough sets and UP-algebras. We have
presented definitions and examples of the lower and upper approximations of a
UP-algebra and UP-subalgebras with respect to UP-ideals. In the future further
study is possible in the direction of roughness with different types of ideals in
UP-algebras.

References

[1] A. Iampan, A new branch of the logical algebra: UP-algebras, Journal of
Algebra and Related Topics, 5 (2017), 35-54.

[2] S.S. Ahn, J.M. Ko, Rough fuzzy ideals in BCK/BCI-algebras, J. Comput.
Anal. Appl., 25 (2018), 75-84

[3] B. Davvaz, Roughness in rings, Info. Sc., 164 (2004), 147-163.

[4] B. Davvaz, S. M. Mostafa and F.F. Kareem, Neutrosophic ideals of Neu-
trosophic KU-Algebras, Gazi University J. of Science, 30 (2017), 463-472.

[5] C.Prabpayak and U. Leerawat, On ideals and congruencess in KU-algebras,
Scientia Magna J., 5 (2009), 54-57.



ROUGH SET THEORY APPLIED TO UP-ALGEBRAS 401

[6]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

C. Prabpayak and U. Leerawat, On isomorphismsm of KU-algebras, Scien-
tia Magna J., 5 (2009), 25-31.

F. Li., Y. Q. Yin, The ¥-lower and T-upper fuzzy rough approximation
operators on a semigroups, Inf. Sc., 195 (2012), 241-255.

Hajek Petr, Mathematics of fuzzy logic, Klower Academic Publishers, Dor-
drecht, 1998.

L. Torkzadeh and S. Ghorbani, Rough filters in B-algebras, Int. J. Math.
Math. Sci., 2011 (2011).

M. Akram, N. Yaqoob and J. Kavikumar, Interval-valued (9~, g)—fuzzy KU-
ideals of KU-algebras, Int. J. Pure Appl. Math., 92 (2014), 335-349.

Moin A. Ansari and Ali N.A. Koam, Rough approximations in KU-algebras,
Italian Journal of Pure and Applied Mathematics, accepted.

N. Kuroki, Rough ideals in semigroups, Info. Sc., 100 (1997), 139-163.

N. Yaqoob, S. M. Mostafa and Moin A. Ansari, On cubic KU-ideals of
KU-algebras, ISRN, Algebras, 2013 (2013), 10 Pages.

Q. P. Hu and X. Li, On BCH-algebras, Math. Semin. Notes, Kobe Univer-
sity, 11 (1983), 313-320.

Q. M. Xiao and Z. L. Zhang, Rough prime ideals and rough fuzzy prime
ideals in semigroups, Inform. Sci., 176 (2006), 725-733.

Qi., W. Liu, Rough operations on boolean algebras, Info. Sc., 173 (2005),
49-63.

R. Ameri, R. Moradian and R.A. Borzooei, Rough set theory applied to
hyper BCK-algebras, Ratio Math., 26 (2014), 3-20.

R. Biswas and S. Nanda, Rough groups and rough subgroups, Bull. Polish
Acad. Sci. Math., 42 (1994), 251-254.

S. Keawrahun and U. Leerawat, On isomorphisms of SU-algebras, Sci.
Magna, 7 (2011), 39-44.

S. M. Mostafa, M.A. Abd-Elnaby and M.M.M. Yousef, Fuzzy ideals of KU
algebras, Int. Math. Forum, 6 (2011), 3139-3149.

W. Dudek, Y. B. Jun and H.S. Kim, Rough set theory applied to BCI-
algebras, Quasi-groups and Relt. Syst., 9 (2002), 45-54.

X. Mao and H. Zhou, The application of rough set theory in pseudo BCK-
algebra, J. Math. Res. Appl., 36 (2016), 23-35.



402 MOIN AKHTAR ANSARI, ALI N.A. KOAM anxp AZEEM HAIDER

[23] Y. B. Jun and K.H. Kim, Rough set theory applied to BCC-algebras, Int.
Math. Forum, 41 (2007), 2023-2029.

[24] Y.B. Jun, Roughness of ideals in BCK-algebras, Sci. Math. Japon., 7 (2002),
115-119.

[25] Lotfi Aliasker Zadeh, Fuzzy sets, Info. Control, 8 (1965), 338-353.

[26] Z. Pawlak, Classification of objects by means of attributes, reports, 429,
Institute of Comp. Sc., Polish Academy of Sciences Warsaw, Poland, 1981.

[27] Z. Pawlak, Rough relations, Reports, 435, Institute of Comp. Sc. Polish
Academy of Sciences, Warsaw, Poland, 1981.

[28] Z. Pawlak, Rough sets, Int. J. of Comp. Sc. and Inf. Sci., 11 (1982), 341-356.

Accepted: 7.07.2018



