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Abstract. The prime goal of this article is to prove some fixed point results in partially
ordered metric spaces that are not necessarily complete. This is achieved by introducing
the concept of t-property. Moreover, we have established the existence of fixed points
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for variant contractive mappings in the framework of incomplete ordered metric spaces.
Few examples have been given to illustrate the new concepts and results.
Keywords: t-property, ordered metric space, fixed point.

1. Introduction and preliminaries

Uniqueness of fixed points for contraction mappings in complete metric spaces
was proved long ago in 1922 by Banach [10]. It was popular by the name of
Banach Contraction Principle. This has played a pivotal role in the evolution of
fixed point theory. This principle has been generalized in framework of different
spaces, see [4, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 28]. In 2004, Ran-
Reuring [26], Nieto and Rodriguez-Lépez [24] and many others have generalized
Banach Contraction Principle in the setting of ordered metric spaces, see |2,
3, 5, 6, 8,9, 25, 27, 29, 30]. In this article, t-property of partially ordered
metric spaces has been introduced.Using this concept, we present some fixed
point results for variant contraction mappings.

Definition 1.1 ([7]). An ordered metric space (X,d, =) is said to be O-complete
if every increasing Cauchy sequence in X converges in X. In an ordered met-
ric space, completeness implies O-completeness, but the converse is not true in
general.

Now, we introduce some definitions.

Definition 1.2. Let (X, <) be any ordered set and x,y € X. Such x is called a
strict upper bound of y, if y X x and y # x. We denote it by y < .

Definition 1.3. Let (X, d, <) be any ordered metric space. X has the t-property
if every strictly increasing Cauchy sequence {x,} in X has a strict upper bound
i X, i.e., there exists u € X such that x, < u.

We present the following examples illustrating Definition 1.3.

Example 1.1. Let X = R,Q, (a,b],a,b € R be equipped with the natural
ordering < and the usual metric. Then X has t-property.

Example 1.2. Let X = {(z,y) : z,y € Q}. We define < in X by (z1,z2) =
(y1,y2) iff x1 < y; and x9 < y9. Let d be the Euclidean metric on X. Then
(X, d, <) has the t-property.

Example 1.3. Let X = Cf[a,b] be equipped with the metric d defined as
d(f,g) = fab | f —¢g | de. Then (X,d) is not a complete metric space. Now,
we define < in X as: f <X g iff f(z) < g(x), for each x € [a,b]. Obviously,
(Cla,b],d, =) has t-property.

In the following example, the increasing Cauchy sequence does not have any
strict upper bound.
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Example 1.4. Let us consider X = {(z,y,2) : z,y,2 € Q with maz{x,y,z} <
v2}. Endow X with the Euclidean metric on R3. Define < in X by (z1,y1, 21) <
(z2,y2, 22) if x1 < @9, y1 < yo and 21 < 29. Consider x,, = (¢n, ¢n, gn) in X such
that go = 1 and {g,} is strictly increasing in Q. We have that ¢, < /2 for all
n > 0. Also, {z,} is a strictly increasing Cauchy sequence in X, but it does not
have any strict upper bound in X.

Remark 1.1. Mention that every totally ordered complete metric space has ¢-
property provided that there exists a strictly increasing Cauchy sequence. But,
every metric space having t-property is not complete. This fact is described In
Example 1.1 (except the case R), Example 1.2 and Example 1.3.

2. Main Result

In all our given results, the completeness of the metric space is omitted. To
overcome this lack, we require that the space has the t-property. Our first fixed
point result is

Theorem 2.1. Let (X,d, <) be an ordered metric space satisfying the t-property.
Let f: X — X be a self-mapping. Assume that [ is monotonic non-decreasing.
Further, if

(1) there exists xo € X such that zo = f(xo);

(2) for all z,y € X with x <y,

(1) dy, f(y)) < ad(z, f(z)),

where « € (0,1). Then f has at least one fized point in X. Moreover, every
strict upper bound of a fixed point is also a fixed point.

Proof. By assumption (1), we have g = f(zo). If 29 = f(z0), the proof is
completed. Otherwise, choose x1 = f(xg) such that xg < x1. By monotonicity
of f, we have f(zo) < f(z1), that is, 21 < f(x1). If 21 = f(z1), the proof
is completed. Otherwise, choose o = f(x1) such that z; < x9. Again, by
monotonicity of f, we have f(z1) =< f(x2). Continuing in this process, we get a
strictly increasing sequence {x,} in X such that

(2) Tnt1 = f(zn).

As zg < x1, by (1), we have

(3) d(x1, f(z1)) < ad(zo, f(x0)).
Again as z1 < @2, by (1), we have

(4) d(x2, f(x2)) < ad(zy, f(21)).

Using (3) in (4), we get

d(ﬂ?g, f('IZ)) < Oézd(l‘o, f(370))
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Continuing in this way, we get

() d(zn, f(2n)) < o"d(z0, f(20))-
Now, we show that {z,} is a Cauchy sequence in X. For n < m, by using
triangular inequality, (2) and (5), we get
d(Tp, xm) < d(zp,Tpt1) + d(Tnt1, Tnt2) + oo + d(Tm—1,Tm),
= d(zn, f(zn)) + d(@nt1, f(@n41)) + oo + d(@m-1, f(Tm-1)),

< amd(xo, f(zo)) + " rd(x, fz0)) + ... + ™ Ld(z0, f0)),
< (@4 a4 L+ o™ Y d (o, fao)),

an
<

- ad(l‘o, f(0)).

This shows that {z,} is an increasing Cauchy sequence in X, which has the
t-property, so there exists u € X such that z,, < u for all n. Thus, from (1) and
(5), we have

d(u, f(u)) < ad(zn, f(x,)) < " d(xo, f(z0)) =0, as n — oco.

Thus f(u) = u. Hence u is a fixed point of f. Now, let k be any strict upper
bound of w in X, that is, u < k. By (1), we have

d(k, f(k)) < ad(u, f(u)) =0,
so k = f(k), that is, k is also a fixed point of f in X. O]

Example 2.1. Let X = {a, : apt1 = 3a, +1 forn > 0 and a9 = —1} U
(=1,0]. Then X = {...,—41,-14,-5,—2, -1} U (—1,0]. Endow X with the
usual metric on R and the natural ordering <. Clearly, (X,d, <) has the t-
property. Define f: X — X by

)3+ 1, difr <1,
J(@) = {a:, ife > —1.

Obviously, f is non-decreasing. Now, it remains to prove that f satisfies (1). Let
z,y € X with x <y. If y > —1, then f(y) =y, so d(y, f(y)) = 0 and the proof
is completed. Assume now that z < y < —2. Then d(y, f(y)) = —(2y + 1) and
d(z, f(x)) = —(2xz + 1). It should be noted that for x,y € X with x <y < -2,
we have y > %aj Then

d(y, f(y)) = —(2y+1)

< —%(Qx—l—l)
= ad(z, f(z)),
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where o = % € (0,1). Hence all the conditions of Theorem 2.1 are satisfied.
Therefore f has at least one fixed point in X. In fact, any element in the set
[0,1] is a fixed point of f.

On the other hand, neither Banach Contraction, nor Kannan-type and nor
Chatterjea-type contraction holds. Indeed, by taking x = —5 and y = —2, we
have

d(f(x), f(y)) > kd(z,y) forall k € (0,1),

(@), §(9) > Hd(e, /(@) +d(y, S for allk € (0,5),

and
Ad(w), (9) > Kld(z, £ () +dly, f(2)] for all k € (0,)

Theorem 2.2. Let (X,d, =) be an O-complete ordered metric space. Let f :
X — X be a self-mapping such that f is continuous and monotonic non-
decreasing. Further if

(1) there exists xo € X such that zg = f(xo).

(2) for all z,y € X with x <y, x # f(x) and for any o € (0, %),

(6) d(y, f(y)) < ald(z,y) +d(f(z), f(y)].
Then f has at least one fized point in X.

Proof. As Theorem 2.1, we construct a strictly increasing sequence {z,} in X
such that

(7) Tn+l1 = f(xn)

As xo < z1, by using (6) and (7), we have

d(z1, f(z1)) < ald(xo,21) +d(f(zo), f(z1)]

(®) = ad(z, f(x0)) + ad(z1, f(21)).
Then
(9) A1, f (1)) < To—d(xo, f(20))-

Again as x1 < x2, by using (6) and (7), we have

d(z2, f(z2)) < ald(z1,22) +d(f(z1), f(22)],
(10> - ad(xlaf(xl))+ad(x27f<w2))'

Then

(s, f(@2)) < 7——d(@r, f(@1)).

By using (9),
a

V(o f (o).

az, £(22)) < (1
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Continuing this process, we get

(0}

(11) d(n, f(zn)) < ( )" d(zo, f(x0))-

11—«
AsO<a< 3, weget 0<k=12% <1. (11) becomes
(12) d(@n, f(2n)) < K"d(z0, f(20))-

As Theorem 2.1, {z,} is an increasing Cauchy sequence in X. Since (X,d) is
O-complete, there exists © € X such that

(13) lim z, = u.
n—oo

Since f is continuous,

(14 Tim f(2,) = f(w)
Taking n — oo in (12) and making use of (13) and (14), we obtain d(u, f(u)) = 0.
Hence u is a fixed point of f in X. O

Now, we are going to prove Theorem 2.2 when f is not continuous.

Definition 2.1 (SICU-property). An ordered metric space (X,d, =) is said to
have SICU-property, if every strictly increasing convergent sequence has the limit
as it’s strict upper bound, i.e., if {xy,} is strictly increasing convergent sequence
with x, — * = T, < x, for all n.

Example 2.2. Let X = R” endowed with Euclidean metric and < is defined
as (r1, 22, ..., Tn) = (Y1,Y2, -, Yn), if &; < y;, for all i = 1,2,...,n. Then R™ has
SICU-property.

Theorem 2.3. In Theorem 2.2, if we leave the continuity of f, but assume that
(X,d, =) has SICU-property, then f has at least one fized point in X.

Proof. Going through same lines of proof in Theorem 2.2, we get x,, — u such
that z, < u. Thus, by using triangular inequality and (6), we have

du, f() < ald(wn,u) + d(f (), f(w)
< afd(wn, u) + d(f(@n), 2n) + dn, u) + dlu, ()],
Then
A, f()) < 77— [2d(wn,w) + d(wa, f(2))]

By using (12) and taking n — oo, we have d(u, f(u)) < 0. Thus f(u) =u. O
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Example 2.3. Let X = R? be endowed with the Euclidean metric. Consider
(r,y) < (u,v) iff + < w and y < v. Then (X,d, =) is O-complete and has
SICU-property.Take A = {1,3,5,7,...} as the set of all positive odd numbers.
Let £ C X defined by E = {(a,b) :a € A and 0 < b < 1}. Clearly, for all
(a,b),(c,d) € E such that (a,b) < (¢,d), we have

3
atd
2

<ec.

Define f: R? — R? by

) (=), if(z,y)eE
f(z,y) = {(az,y), if (z,y) € E°.

It is easy to verify that f is non-decreasing. We show that f satisfies (6). For
any ¢ = (z1,y1),y = (z2,y2) € X with z < y and = # f(z), there exist only
two cases:
(i) z € F and y € E€,
(ii) z,y € E.

Case (i). y € E¢ soy = f(y), that is, d(y, f(y)) = 0. Hence (6) holds.

Case (ii) z = (z1,¥1),y = (22,92) € E. Then 0 < y;,52 < 1. Also, by
definition of E, we have xo — x1 > % Also,

d(y, f(y)) = d((z2,y2), (x2,1)) = (1 —y2) < 1,

and

d(z,y) = d((z1, 1), (22,92)) = V(32 — 21)% + (g2 — y1)? > (22 — 71).

Similarly, d(f(z), f(y)) = (z2 — z1). Taking a = 3 € (0, 3), we have

ald(,y) + (), F(0)] 2 52 — 1) = 55 = 1> d(y, F(y).

All the conditions of Theorem 2.3 are satisfied. Thus f has a fixed point in X.
Any elemnt in E° is a fixed point of f.

Example 2.4. Let X = {a, : ant1 = 5an, +1 forn > 0 and a9 = —1} U
(—=1,0]. Then X ={...,—94,—-19,—4, -1} U (—1,0]. Endow X with the usual
metric on R and the natural ordering <. Then (X,d, =) is an O-complete
ordered metric space and satisfies the SICU-property. Define f : X — X by

Sr+1, ifx<—1,
f(x) —{ .
x, ife > —1.

Then f is non-decreasing. We shall prove that f satisfies (6). Let z,y € X with
x <y. Ify > —1,thend(y, f(y)) = 0and so (6) holds. Assume that x <y < —1.
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Then d(y, f(y)) = —(4y + 1), d(z,y) = (y — x) and d(f(2), f(y)) = 5(y — ).
It should be noted that for z,y € X with z <y < —1, we have y > 5 or
—2x > —6y. Taking o = % €(0,1), we get

ald(z,y) + d(f(x), f(y))] =2y — 22 > 2y — 6y = —dy > —(dy + 1) = d(y, [ (y))-

Thus all the conditions of Theorem 2.3 are satisfied, and hence there exists a
fixed point of f in X. Any = € [—1,0] is a fixed point of f.

Example 2.5. Let X = {aj,a2,as,a4} be any ordered set where < is defined
as: a; = aj iff i < j. If we define a metric d : X x X — [0,00) by

d(a;,a;) =0,Vi=1,2,3,4.
d(a;,a;+1) = d(a;y1,a;) =1, for i =1,2,3
d(a;,a;12) = d(a;y2,a;) =2, for i = 1,2
d(a1,a4) = d(as,a1) = 3.

Note that (X,d, =) is a finite ordered metric space. We define f : X — X by
flar) = ag, f(a2) = ag, f(az) = a4, f(as) = as. If a; < a; for all i < j, then
f is a monotonic non-decreasing mapping. Let x,y € X such that x < y with
x # f(x). Take x = a; and y = a3g. Otherwise, y = f(y), so d(y, f(y)) =0
and the proof is completed in this case. For x = a1 and y = a3, We have
d(z,y) = d(ar,a3) = 2, d(f(z), f(y)) = d(f(a1), f(a3)) = d(az,as) = 2 and
d(y, f(y)) = d(as,as) = 1. Taking o = € (0,1), then

d(y, f(y)) < ald(z,y) + d(f (), f(y))]-

For x < y = a3, a4, we have d(y, f(y)) = 0. Thus all conditions of Theorem 2.2
are satisfied. The elements ao and a4 are fixed points of f.

Here, neither Banach Contraction, nor Kannan-type contraction and nor
Chatterjea-type contraction is satisfied. This can be proved by taking r = a;
and y = as.

Now, let @ be set of all functions ¢ : [0,00) — [0, 00) satisfying:

(i) ¢ is non-decreasing;
(i) o(t) < t, Vt>0;
(iil) lim ¢(r) <t, Vt>O0.
r—t+
We state the following known lemma.

Lemma 2.1 ([1]). Let ¢ € ® and {u,} be a given sequence such that u, — 0T
as n — 0o. Then ¢(u,) — 07 asn — co. Also ¢(0) = 0.

Theorem 2.4. Let (X,d, =) be any ordered metric space having the t-property
and f : X — X be a monotonic non-decreasing self-mapping. Assume for all
x,y € X with x <y, we have

(15) d(y, f(y)) < o(d(z, f(2))),
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where ¢ € ®. Suppose that the series Y -, ¢"(t) converges for all t > 0. If
there exists xog € X such that xo = f(xg), then f has at least one fixed point in
X. Moreover, every strict upper bound of fixed point of f is again a fixed point

of f.

Proof. As Theorem 2.1 and without loss of generality, we construct a strictly
increasing sequence {x,} in X such that

(16) T+l = f(xn)

We take D,, = d(xy, f(2y)). Since z,, # f(x,) Vn, we have D,, > 0 for all n. As
Ty < Tpyq for all n, using (15), we get

(17) D1 = d(znt1, f(¥nt1)) < ¢(d(@n, f(20))) = ¢(Dn) < Dh.

This shows that {D,} is a monotonic decreasing sequence in R™, so there exists
r > 0 such that

(18) lim D, =r.

n—o0

From (17), we have

(19) lim ¢(D,) =r.
n—oo
Suppose that » > 0. By (19) and limJr o(r) <t for t > 0, we get
r—t
r= nh—>nc}o ¢(Dy) = D}L13+ ¢(Dn) <,

which is a contradiction, that is, = 0, i.e.,

(20) lim D, = 0.

n—oo

From (15)
d(z1, f(z1)) < ¢(d(zo, f(0)))-

Repeating this process n times, we get
Dy = d(xn, f(zn)) < ¢"(d(z0, f(x0))), forall n>1.

Since anl @"(t) converges for all ¢ > 0, we have that anl D,, converges. We
shall show that {z,} is a Cauchy sequence in X. As {z,} is strictly decreasing
sequence, for n,m € N with n < m, we have by using (15), (16) and (20)

d(Tp, Tm) < d(@n,Tnt1) + d(@nt1, Tnyo) + oo + d(Tm—1, Tm)

= d(l’n, f(xn)) + d(anrl, f($n+1)) + ...+ d(l’mfla f($m71))

o
= Dn+Dn+1+...+Dm_1§ZDk—>O, as n — oo.
k=n
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Thus {z,} is a monotonic increasing Cauchy sequence in X, which has the t-
property, so there exists u € X such that x,, < u for all n. By using (15) and
(19), we have

d(u, f(u)) < é(d(xn, f(x,))) = ¢(Dy) — 0, as n — 0.

This shows that v is a fixed point of f in X. Let z € X be any strict upper
bound of u, i.e., u < z. By using (15) and Lemma 2.1, we have

d(z, f(2)) < ¢(d(u, f(u)) = ¢(0) = 0.
Hence z is also a fixed point of f in X. O
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