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1. Introduction

In (1966) the notion of BCK-algebra was first introduces by Y. Imai and K.
Iseki [6]. The notion of BCK-algebra is a generalization of properties of the
Set-difference. In (1975), the concept of ideal in BCK-algebra was first initiated
by K. Iseki [7]. A remarkable feature of K. Iseki definition is that, its for-
mulation is free from those of ring theoretical and lattice theoretical concepts.
In same year K. Iseki initiated the concept of BCI-algebra [6, 8] which is the
generalization of BCK-algebra. These algebras have been extensively studied
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since their introduction. The concept of ideals has played an important role
in the study of the theory of BCl-algebras, [9]. In a BCl-algebra X, an ideal
I need not be subalgebra of X. If the ideal I is also a subalgebra of X, then
it has better algebraic properties. In (1983), Q. P. Hu and X. Li, introduced
the concept of BCH-algebra [3, 4] and prove some motivating results. In (1990)
and (1991) certain other properties have been studied by W. A. Dudek and J.
Thomys [2] and M. A. Chaudhry, [1], respectively. In [1], the author also defines
ideals in BCH-algebras. Hyperstructure represent a natural extension of classi-
cal algebraic structures and they were introduced by the French mathematician
F. Marty in (1934), [12]. Algebraic hyperstructures are a suitable generaliza-
tion of classical algebraic structures. Hyperstructures have many applications
to several sectors of both pure and applied sciences. In a classical algebraic
structure, the composition of two elements is an element, while in an algebraic
hyperstructure; the composition of two elements is a set. In (2000) Y. B. Jun et
al applied the hyperoperation to BCK-algebras and introduced the concept of
a hyper BCK-algebra [12] which is a generalization of a BCK-algebra, and in-
vestigated some related properties. Ideal theory of hyper BCK-algebra studied
n [11]. Further in (2006), X.L. Xin initiated the concept of hyper BCI-algebras
[13], which is basically a generalization of hyper BCK-algebras, and he proved
that every hyper BCK-algebra is a hyper BCl-algebra. It should be pointed
out that the research of hyper BCI-algebras seems to have been focused on the
ideal theory. The author introduced the concepts of hyper BCI-ideals, weak hy-
per BCl-ideals, strong hyper BCI-ideals and reflexive hyper BCl-ideals in hyper
BClI-algebras, and he gave the relations among these hyper BCl-ideals. In this
paper we initiated the notion of hyper BCH-algebra which is a generalization of
BCH-algebra and hyper BCI/BCK-algebras and studied some basic properties.
Moreover we introduce a hyper BCH-ideal, weak hyper BCH-ideal and strong
hyper BCH-ideal in hyper BCH-algebras, and give some relations among these
hyper BCH-ideals. We define homomorphism in hyper BCH-algebra and then
we investigate some related results.

2. Premilinaries

Let H be a non-empty set and ”o” a function from H x H — P (H)\ {¢} , where
P (H) denotes the power set of H. For any two non-empty subsets A and B of
H, denote by Ao B the set UaEA,beB aob. We will use x oy instead of x o {y},
{z} oy or {z}o{y}. Also we define x < y by 0 € zoy and for every A, B C H,
A < B is defined by for all a € A, there exist b € B such that a < b.

Definition 2.1 ([10]). A non-empty set H endowed with a constant 0 and a
hyperoperation is called hyper BCK-algebra if it satisfies the following axioms:
HK1) (zoy)o(yoz) <L xoy,
HK?2) (xoy)oz=(xo0z)oy,
HK3) zo H < {z},
HK4)z<yandy<z=z=y.
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for all z,y,z € H.

Definition 2.2 ([13]). A non-empty set H endowed with a constant 0 and a
hyperoperation is called hyper BCl-algebra if it satisfies the following axioms:

HI1) (zoy)o(yoz) <L xoy,

HI2) (xoy)oz=(roz)oy,

HI3) xo H < {z},

Hld)r<yandy<z=z=y.

HI5)00(0oz) < x.

for all z,y,z € H.

Definition 2.3 ([11]). Let I be a nonempty subset of a hyper BCK-algebra H
and 0 € I. Then [ is said to be a hyper BCK-ideal of H if roy < I and y € [
implies z € I for all x,y € H, reflexive if x o x C [ for all x € H, strong hyper
BCK-ideal of H if (xoy)NI = ¢ and y € [ implies = € [ for all z,y € H, hyper
subalgebra of H if x oy C I for all x,y € 1.

Proposition 2.4 ([11]). Let H be hyper BCK-algebra. Then,

(i) any strong hyper BCK-ideal of H is a hyper BCK-ideal of H.

(ii) if I is a hyper BCK-ideal of H and A is a nonempty subset of H. Then
A< I implies AC 1.

(232) if I is a reflexive hyper BCK-ideal of H and (zoy)NI = ¢, then zoy C I
for all x,y € H.

(iv) H is a BCK-algebra if and only if H ={x € H :xox = {0}}.

3. Hyper BCH-algebra

In this section we introduce a notion of hyper BCH-algebra and studied some
of its basic properties.

Definition 3.1. Let H be a on-empty set with a constant ”0” and ”0” be a
hyper operation defined on H. Then (H, o, 0) is said to be a hyper BCH-algebra
if the following axioms are satisfied:

HCH1) z < z,

HCH?2) (xo y)oz=(xo02)oy,

HCH3)r<yandy<zez=z=y

for all x,y,z € H; where r < y is defined by 0 € x o y and for every A, B
C H, A < B is defined by for all a € A, there exists b € B such that a < b. In
such case, "< ” is called a hyper order in H.

Example 3.2. Let H = {0,1,2} and ” o” be a hyperoperation defined on H in
the following table:

0 1 2

{0}y | {0} | {1}

{1} | {o,1} | {0,1}

2| {2} | {0,2} | {0,1,2}
Then (H, o) is a hyper BCH-algebra.

==l e]
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Example 3.3. Let H = {0,1,2,3} and ”0” be a hyperoperation defined on H
in the following table:

0 1 2 3

{0y [ {0} {2} |{3}
{1} 1 {0,1} | {0,3} | {0,3}
{2} 1 {0,2} | {0,2} | {0,2}
{3} [ {0,2} | {0,2} | {0,2}

Then (H, o) is a hyper BCH-algebra.

WIN|—=|D| O

Proposition 3.4. Any hyper BCK/BCI- algebra is a hyper BCH-algebra.

Proposition 3.5. Let H be a hyper BCH-algebra, then for all x,y,z € H and
A C H;the following holds.
ooy zeoro02<Ky
2
3

4)Yt€e0o0&=t=0

)
)
)
)
6) Acy< A
NroAKLysroyK A
8) A< Ao0
Nzox={z}ez=0.
Proof. We only prove 1, 2, 5, 6, 7 and 9.

1) Letx,y, z € H,be such that z oy < z.Then there exists ¢t € x oy such that
t < 2zThus 0 €toz C (roy)oz=(xoz)oy and hence there exists w € z oz
such that 0 € w oy that is w < y.Therefore x 0 z < y.

Conversly, let z,y, z € H be such that x oz < y. Then there exists w € zoz
such that w < y.Thus 0 € woy C (xoz)oy = (zoy) oz and hence there exists
t € x oy such that 0 € t o zthat is t < z.Therefore x o y < z.

2) Let 0 € 0oy C (xox)oy = (roy)ox. Then there exists ¢ € x oy such
that 0 etor =t <K< r =20y < .

5) By (2) above we have £ 00 < z, so there exists ¢ € 200 such that t < z,
since t € x 00, then 200 < ¢ and so by (1) x ot < 0. Thus there is r € x ot
such that r < 0, so by (3) and (HCH3) r =0. so 0 € zot, that is z < ¢ since
x <t and t < z; then by (HCH3) = x = t. Therefore x € 0 0.

6) Let a € A be any element, then by (2) a o y < a hence there is b
€aoy C Aoy such that b < a, that is Aoy < A.

7) Since 0 A < y which implies that there exists a € A such that zoa < y.
Hence by (1) zoa < a < A implies that x oy < A. The proof of the converse
is easy to prove.

9) {} =20z Czo(xo0). Hence by (5) z < 0; thus = 0. The converse
follows from (4). O
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Proposition 3.6. In any hyper BCH-algebra H, x o0 = {z} for all x € H.

Proof. We have from above proposition (5) z € x 00, now let ¢ € x o 0.Since
o0 < {x}, we have t < z. So,0 € tot C (xo00)ot = (xot)o0. Then there
exists a € x ot such that 0 € ¢ 0 0.Thus a < 0.Then a = 0; Thus z <« t. We
have that x = t. Therefore, x 00 = {z}. O

It is known that every hyper BCl-algebra is a hyper BCH-algebrs, but the
following example show that the converse is not true.

Example 3.7. Let H = {0, 1,2,3}and ”0” be a hyperoperation define on H in
the following table:

0 [1 [2 3
{0p | {1} | {1} | {1}
{1} | {0} | {3} | {3}
{2} | {3} | {0} | {2}
{3} | {0} | {0} | {0}

Then (H, o) is a hyper BCH-algebra, but it is not a hyper BCI-algebra. Because,
(203)0(201) ={2} o {3} ={2,3}

WIN|—| D] O

and

(103)={3}.(203)0(201) # (103)

Example 3.8. Let H = {0,1,2,3,4} and "0” be a hyperoperation defined of
H in the following table:

0 [1 [2 [3 |4

{0} | {0} | {0} | {0} | {0}
{1} | {0} | {2} | {1} | {0,4}
2} | {2} | {0} | {2} | {0,4}
(3} | {3} [ {3} | {0} | {4}
{4 [ {4 [ {14} [ {4 [ {0}

Then (H, o) is a hyper BCH-algebra, but it is not a hyper BCI-algebra. Because,

(103)o(lo2)={1}0{2} ={1,2}
and (2 o 3) = {2} that is {1,2} £ {2}.

=W = O o

Definition 3.9. A hyper BCH-algebra H is called proper if it is not a hyper
BClI-algebra.

In above examples the hyper BCH-algebras are proper hyper BCH-algebras.

Definition 3.10. Let (H, o) be a hyper BCH-algebra, and X a non-empty
subset of H containing ”0”. Then X is called hypersubalgebra of H if X is a
hyper BCH-algebra under the same hyperoperation ”o” on H.
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Example 3.11. From the above Example 3.8 if we let X = {0, 1,2}, then X is
a hypersubalgebra of H as we in the following table:

0 |1 2

{0} | {0y | {0}
{1} [ {0y [ {0}
{2} | {0,2} | {0}

Also, let X = {0,1,3}. Then X is a hypersubalgebra of H.

| =D O

Theorem 3.12. Let X be a non-empty subset of a hyper BCH-algebra (H, o).
The X 1is a hypersubalgebra of H if and only if oy C X for all z,y € X.

Proof. Straghtfarword. O

Theorem 3.13. Let (H,o) be a hyper BCH-algebra and X(H) = {x € H |
Oox < {0}}. Then X(H) is a hypersubalgebra of H.

Proof. Let z,y € X(H), then by definition a = 0oa < {0} and b = 00b < {0}.
Now

aob=(0oa)o(0ob) < {0}0o{0} ={0}

Hence, a o b < {0}.Which implies that a o b < X(H). Hence X(H) is a hy-
persubalgebra of H. The set X(H) is called the hyper BCA-part of the hyper
BCH-algebra H. O

4. Hyper BCH-Ideals

Definition 4.1. Let (H, o) be a hyper BCH-algebra and I a subset of H. Then
I is called a hyper BCH-ideal of H if:

)oe I
ii)roy<landy el =x €l forall z,y €l

Example 4.2. Let H = {0,1,2,3,4,5} and "o” be a hyperoperation defined on
H in the following table:

0 1 2 3 4 5
{oy {0y {0y |{0} |{0,4}|{0,5}
{1y | {oy {0y {0} |{1} |{0,5}
{2} | {0,2} | {0} {0} |{0} |{0,5}
{3} | {0,3} | {0,3} | {0} | {0} | {0,5}
{4} | {0,4} | {0,4} | {0,4} | {0} | {0}
{5} | {0,5} | {0,5} | {0,5} | {0,5} | {0}

Then (H, o) is a hyper BCH-algebra. Let I = {0,1,2,3} is an ideal of H.

QW N| O o
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Example 4.3. Let H = {0,1,2,3,4} and ”0” be a hyperoperation defined on
H in the following table:

0 |1 2 3 4

{oy {0y | {o} |{0,3}|{0,4}
{1} | {0} | {0,1} | {0,1} | {0,4}
{2} | {0,2} | {0} | {0,2} | {0,3}
{3} | {0,3} | {0,3} | {0} | {0,2}
{4} | {0,4} | {0,4} | {0,1} | {0}

Then (H,o) is a hyper BCH-algebra.

Let I; ={0,1,2}, then I; is a hyper BCH-ideal of H.

Let Io = {0, 1,3}, then I5 is a hyper BCH-ideal of H.

Let I3 = {0, 2, 3}, then I3 is not a hyper BCH-ideal of H. Because (304) =
{0,2} < I3 and 4 € I3 but 3 ¢ I3.

BSlw| N~ O] o

Theorem 4.4. Let (H,o) be a hyper BCH-algebra and {I\| A € A} a family of
hyper BCH-ideals of H, then (\ycp I is a hyper BCH-ideal of H.

Proof. For any A € A; let I, be a hyper BCH-ideal of a hyper BCH-algebra
H, then clearly 0 € (ycp In. Now let z,y € H be such that z oy < I and
y € I for every A € A. Since each I for every A € A is a hyper BCH-ideal of
H. Therefore it implies that x o y < I for every A € Aand y € I, = x € I,.
Hence zo y < (Nyep Ir and y € Nyep Ix = @ € (yep I Thus (ycp Iy is a
hyper BCH-ideal of H. O

Remark 4.5. The union of two hyper BCH-ideals need not be hyper BCH-
ideals. For this we have the following example.

Example 4.6. Let H = {0,1,2,3,4} be a hyper BCH-algebra define in Example
4.3. Let I = {0,1,3} and I = {0,1,4} be hyper BCH-ideals of H. But,
(304) ={0,2} £ I; UI,, which show that union of two hyper BCH-ideals is not
a hyper BCH-ideal.

Theorem 4.7. Fvery hyper BCH-ideal of a hyper BCH-algebra is a hypersub-
algebra.

Proof. Let (H,o) be a hyper BCH-algebra and I a hyper BCH-ideal of H. Let
x,y € I. Then since [ is a hyper BCH-ideal of H, and so by definition it implies
that, z o y < I; which shows that I is a hypersubalgebra of H. O

The convers of the above theorem is not true, that is a hypersubalgebra is
not a hyper BCH-ideal. From the above example if we consider I3 = {0,2,4},
then is a hypersubalgebra of H but not a hyper BCH-ideal of H.

Proposition 4.8. Let I be a hyper BCH-ideal and A a subset of a hyper BCH-
algebra H such that A < I. Then A C I.
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Proof. Let I be a hyper BCH-ideal of H and A a subset of H. Let A < [
implies there exists a € A and z € I such that a < =0 € aox < I. Since |
is a hyper BCH-ideal of H it implies that a € I and so A C I. O

Definition 4.9. Let I be a non-empty subset of a hyper BCH-algebra H. Then
1 is said to be a weak hyper BCH-ideal of H, if for all x,y € H

(1)0el

(ti) xoyClandyel=xel.
Theorem 4.10. The intersection of any family of weak hyper BCH-ideal of a
hyper BCH-algebra is a weak hyper BCH-ideal.

Proof. Forany A € A;let I be a weak hyper BCH-ideal of a hyper BCH-algebra
H. Then clearly 0 € (cp Ix. Now let 2,y € H be such that 2 oy C Iyand
y € Ihfor every A € A. Since each I, for every A € A is a weak hyper BCH-ideal
of H. Therefore it implies that zo y C Iy forevery A€ A and y € I, = = € I,
for every A € A. Hence zo y C (ycp Ix and y € (ycp In = 2 € [)yep Ir- Thus
Maca I is a weak hyper BCH-ideal of H. O

Proposition 4.11. Every hyper BCH-ideal in hyper BCH-algebra H is a weak
hyper BCH-ideal.

Proof. Let I be a hyper BCH-ideal of a hyper BCH-algebra H. Let x oy C I
and y € [ for some z,y € H. Since x oy C I which implies that zoy < I. Now
since I is a hyper BCH-ideal of H, so it implies that « € I. Hence I is a weak
hyper BCH-ideal of H. O

Definition 4.12. Let I be a non-empty subset of a hyper BCH-algebra H.
Then [ is said to be a strong hyper BCH-ideal of H if for all x,y € H

(i)oel

(@) (roy)NI#pandyecl=uxecl.
Theorem 4.13. The intersection of any family of strong hyper BCH-ideal of a
hyper BCH-algebra is a stong hyper BCH-ideal.

Proof. For any A € A; let I be a strong hyper BCH-ideal of a hyper BCH-
algebra H. Then clearly 0 € () cp Ix. Now let z,y € H be such that (zoy)
Nxea In # ¢ and y € (Nycp Ix. Since each I for every A € A is a strong hyper
BCH-ideal of H. Therefore it implies that (x o y) NI\ # ¢ for every A € A and

y €Iy =2 €Iy Hence (xoy) N(yep Ix # ¢ and y € Nyep In = = € Nyen
Iy. Thus (¢ Iy is a strong hyper BCH-ideal of H. O

Proposition 4.14. Fvery strong hyper BCH-ideal in hyper BCH-algebra H is
a hyper BCH-ideal.

Proof. Let I be a strong hyper BCH-ideal of H. Let x,y € H be such that
zoy < I and y € I. Then for a € x oy there exists b € I such that a <
b= 0¢€aob. It follows that (aob) NI # ¢ = a € I. Thus z oy C I and so
(xoy)NI # ¢. Since I is a strong hyper BCH-ideal of H. It follows that x € I.
Hence I is a hyper BCH-ideal of H. O
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5. Homomorphisms of hyper BCH-algebras

Definition 5.1. Let H; and Hs be two hyper BCH-algebras. A mapping 1) :
Hy — Hs is called a homomorphism if

(1) ¥(0) =0

(i) P(z oy) = P(z) o Y(y); for all z,y € Hi.

If ¢ is 1 — 1 (or onto) we say that ¢ is a monomorphism (or epimorphism).
And if ¢ is both 1 — 1 and onto, we say that 1 is an isomorphism.

Theorem 5.2. Let ) : Hy — Hs be a homomorphism of hyper BCH-algebras.
Then

(i) If S is a hyper BCH-subalgebra of Hi, then (S) is a hyper BCH-
subalgebra of Ho,

(73) Y(H1) is a hyper BCH-subalgebra of Ha,

(iii) If S is a hyper BCH-subalgebra of Ho, then v¥~1(S) is a hyper BCH-
subalgebra of Hy,

(iv) If I is a (weak) hyper BCH-ideal of Ho, then v¥~1(I) is a (weak) hyper
BCH-ideal of Hy,

(v) Kery = {z € Hi|¢(x) = 0} is a hyper BCH-ideal and hence a weak hyper
BCH-ideal of Hy,

(vi) If ¥ is onto and I is a hyper BCH-ideal of Hy which contains Keri,
then (1) is a hyper BCH-ideal of Hs.

Proof. (i) Let z,y € ¥(S). Then there exist a,b € S such that ¢(a) = = and
(b) = y. It follows from Theorem 3.12 that zoy = 1(a)ot(b) = 1p(aob) C (S)
so that ¥(9S) is a hyper BCH-subalgebra of Hj.

(7i) Proof of this is same as (7).

(iii) Since 0 € S, we have ¥~1(0) C ¥~1(S). Since ¥(0) = 0, so 0
»p~1(0) C »~1(S). Therefore ¢»~1(S) is non-empty. Now let x,y € ~1(S).
Then v~ (x), v (y) € S. Thus ¥ (zoy) = (z)orh(y) C S and so zoy C 1~ 1(9)
which implies that ¢~1(.9) is a hyper BCH-subalgebra of Hj.

(iv) Let I be a weak hyper BCH-ideal of Hy. Clearly 0 € ¢p~(I). Let x,y €
Hj such that zoy C ¢~1(I) and y € = 1(I). Then ¥ (x) o9p(y) = Y(zoy) C I
and ¥(y) € I. Since I is a weak hyper BCH-ideal, it follows from (Id2) that
Y(z) € 1,ie., x € 1(I). Hence yp~1(I) is a weak hyper BCH-ideal of H;. Now
let I be a hyper BCH-ideal of Hy. Obviously 0 € ¢~!(I). Let x,y € Hy such
that 7oy < ¢ ~1(I) and y € ¢p~1(I). Then there exist t € x oy and z € ¢ ~1(I)
such that ¢ < z, that is 0 € to z. Since ¥(z) €  and 0 € toz C (xoy)o z, it
follows that 0 = 9(0) € Y((xroy)oz) = P(xoy)oy(z) CY(xoy)ol so that
Y(x)o(y) =Y(xoy) < I. As ¢(y) € I and I is hyper BCH-ideal, by using
(Id3) we have ¢ () € I, that is = € ¢~ }(I). Hence 1~!(I) is a hyper BCH-ideal
of Hl.

(v) First we show that {0} C Hs is a hyper BCH-ideal. To do this, let z,y €
Hj be such that zoy < {0} and y € {0}. Then y = 0 and so xo0 = zoy < {0}.
Therefore there exists ¢t € x o 0 such that ¢t << 0. Thus t = 0, and consequently

)
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0 € 00, that is < 0, which implies that z = 0. This shows that {0} is a
hyper BCH-ideal of Hy. Now by (iv), Kerf = ¥ ~1({0}) is a hyper BCH-ideal
of Hl.

(vii) Since 0 € I, we have 0 = ¥(0) € ¥([). Let x and y be arbitrary
elements in Hy such that z oy < f(I) and y € (I). Since y € 9 (I) and ¥ is
onto, there are y; € I and x; € H; such that y = ¢ (y1) and = = ¢(x1). Thus
Y(xroyr) = Y(x1) o(y1) = x ooy K ¢(I). Therefore there are a € x; oy; and
b € I such that ¥(a) < 9 (b). So 0 € 9(a) o 1p(b) = 1(a o b), which implies that
¥ (c) = 0 for some ¢ € aob. It follows that ¢ € Kery C I so that aob < I. Now
since I is a hyper BCH-ideal of H; and b € I, we get a € I. Thus 1oy < I,
which implies that z; € I. Thus z = ¥ (z1) € ¥(I), and so ¢(I) is a hyper
BCH-ideal of Hs. O

Theorem 5.3. Let b : Hy — Hy be an epimorphism of hyper BCH-algebras.
Then there is a one to one correspondence between the set of all hyper BCH-
ideals of H1 containing Keriy and the set of all hyper BCH-ideals of Hs.

Theorem 5.4. Let ¢ : Hi — Hy and 7w : Hy — Hs be two homomorphisms of
hyper BCH- algebras such that ¢ is onto and Kery C Kerm. Then there exists
a homomorphism 7 : Hy — Hj3 such that 7 o ¢ = 7.

Proof. Let y € Hy be arbitrary. Since 1 is onto, there exists © € H; such that
y = ¢¥(x). Define 7 : Hy — Hs by 7(y) = mw(x), for all y € Hy. Now we show
that 7 is well-defined. Let y;;y2 € H2 and y; = y2. Since ¢ is onto, there are
x1;we € Hy such that y; = ¥(z1) and ya = 1(x2). Therefore 1(z1) = (x2)
and thus 0 € ¥(x1) o (x2) = ¥ (z1 0 x2). It follows that there exists t € x1 o x2
such that ¢ () = 0. Thus t € Kery C Kernm and so 7(t) = 0. Since t € x1 0 22
we conclude that 0 = w(t) € m(xy o x3) = m(x1) o w(x3) which implies that
m(x1) < 7(xe). On the other hand since 0 € 1 (x2) o Y(x1) = (w2 0 1),
similarly we can conclude that 0 € w(x2) o m(x1), that is m(z2) < 7(z1). Thus
m(x1) = m(xz2), which shows that 7 is well-defined. Clearly 7 o ¢» = 7. Finally
we show that 7 is a homomorphism. Let yi;y2 € Hy be arbitrary. Since v is
onto there are x1, 9 € Hy such that y; = ¥ (z1) and y2 = ¥(x2). Then

T(y1oy2) = 7(P(x1)09P(x2))
= 7(¢(z1022))
(T o) (x1 0 xg)

7(x1 0 xg)

m(x1) o m(wa)
(To)(z1) o (T o) (22)
= 7(Y(x1)) o T(¢(22))

= 7(y1) o 7(y2)

Moreover since (0) = 0 and 7(0) = 0, we conclude that 7(0) = 7(¢/(0))
(t0%)(0) =7(0) =0. Thus 7 is a homomorphism.

Ol
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Theorem 5.5. Let ) : Hy — Hs be a homomorphism of hyper BCH-algebras.
If I is a strong hyper BCH-ideal of Ha, then ¢)~*(I) is a strong hyper BCH-ideal
Of H1 .

Proof. Suppose I is a strong hyper BCH-ideal, then clearly 0 € 1~'(I). Let
a,b € Hy be such that (aob)Ny~L(I) # ¢ and b € ¢p~1(I). Then we have ¢ #
(aok)e1(1)) C plaoh) = (1) € (a)or(B)NT and so (1x(a)orp(B))NI £ ¢
and v(a) € (b1 (I)) C I. Since I is a strong hyper BCH-ideal of Hs, we have
Y(a) € I and so x € ¥~1(I). Therefore tp~*(I) is a strong hyper BCH-ideal of
H;. O

Theorem 5.6. Let ) : Hy — Ha be a homomorphism of hyper BCH-algebras.
Then kery = {x € Hi|y(x) = 0} is a strong hyper BCH-ideal of H;.

Proof. To prove this first we show that {0} is a strong hyper BCH-ideal of Hj.
For this, let a,b € H; be such that (aob)N{0} # ¢ and b € {0}. Then b = 0 and
50 0 € a o0 since (ao00)N {0} # ¢. Thus we have a < 0. By (HCH3) and 3.5
3, we get a = 0 € {0}. This shows that {0} is a strong hyper BCH-ideal of Ho.
It follows fromTheorem 5.5 that kery = ¢~1({0}) is a strong hyper BCH-ideal
of Hl. ]

Theorem 5.7. Let v : Hi — Ho be a homomorphism of hyper K-algebras. If
Yis onto and I is a strong hyper BCH-ideal of H1 which contains keriy , then
Y(I) is a strong hyper BCH-ideal of Hs.

Proof. Suppose I is a strong hyper BCH-ideal of H;. Clearly 0 € ¢(I). Let
x,y € Hy be such that (z oy)NY(I) # ¢ and y € ¥(I). Since y € ¥(I) and
1 is onto, there are y; € I and z1 € H; such that y = ¥(y1) and x = ¢(x1).
Thus ¢ # (zoy)NY(I) = Y(z10yr)NY(I) and so there exists a € Ha such that
a € Y(xr1oy1) and a € YP(I). It follows that there are a; € x1 0y, and by €
such that a = ¢ (a;) and a = ¥(b1) so that 0 € a o a = a; o Yby = 1 (a1 o by)
which implies that ¢ (c) = 0 for some ¢ € a; o b;. Hence ¢ € kery) C I and so
(a1 oby) NI # ¢. Now since [ is a strong hyper BCH-ideal of Hy and b; € I,
we get a; € I. Thus (z1 0y1) NI # ¢, which implies that 27y € I. Thereby
x=(x1) € YP(I), and so ¢ (I) is a strong hyper BCH-ideal of Hs. O

References
[1] M.A. Chaudhry, On BCH-algebras, Math. Japonica, 36 (1991), 665-676.

[2] W.A. Dudek, J. Thomys, On decompositions of BCH-algebras, Math.
Japon. 35 (1990) no. 6, 1131-1138.

(3] Q.P. Hu, X. Li, On BCH-algebras, Math. Seminar Notes, 11 (1983), 313-
320.

[4] Q.P. Hu, X. Li, On proper BCH-algebras, Math. Japonica, 30 (1985), 659-
661.



96

[5]

[10]

[11]

[12]

[13]

M.S. ALI KHAN, K. RAHMAN, S. ABDULLAH anp F. HUSSAIN

Y. Imai, K. Iseki, On axiom systems of propositional calculi, XIV,
Proc.Japan Academy., 4 (1966), 219-22.

K. Iseki, An Algebra related with a propositional calculus, Proc. Japan
Acad., 42 (1966), 351-366.

K. Iseki, On some ideals in BCK-algebras, Seminar Notes., 1975, 365-70.

K. Iseki, On BCI-algebras, Math. Seminar Notes, Kobe University 8125-
130.

K. Iseki, S. Tanaka, Ideal theory of BCI-algebras, Math. Japon. 21 (1976),
351-366.

Y.B. Jun, M.M. Zahedi, X. L. Xin, R. A. Borzooei, On hyper BCKalgebras,
Italian J. Pure and Appl. Math. 10 (2000), 127-136.

Y.B. Jun, X.L. Xin, E.H. Roh, M.M. Zahedi, Strong hyper BCK-ideals of
hyper BCK-algebra, Mathematicae Japonicae, Vol. 51, No. 3 (2000), 493-
498.

F. Marty, Sur une generalization de la notion de groupe, 8th Congress Math.
Scandinavas, Stockholm, 45-49, 2000.

X.L. Xin, Hyper BClI-algebras, Discussions Mathematicae General Algebra
and Applications, 26 (2006), 5-19.

Accepted: 20.02.2017



