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Abstract. This paper proposes efficient algorithms for Sparse Coding. Firstly, Sparse
Coding is divided into two sub-convex problems including L1 and L2 problems. Sec-
ondly, we transform the nonsmooth L1 problem into two smooth sub-problems, and al-
ternatively optimize them by Nesterov’s Accelerated Gradient methods (NAG). Thirdly,
we apply NAG to optimize L2 problem. Finally, L1 and L2 problems are iteratively
solved until convergence. Experiments show that our proposed algorithms are effective
to optimize L1, L2 and learn over-complete bases.

Keywords: sparse coding, nonsmooth, nonconvex, accelerated gradient.

1. Introduction

Sparse Coding (SC) can be viewed as an unsupervised method to find represen-
tations for the original data. Given the unlabeled image data, SC learns bases
to capture the intrinsic features, and the learned bases resemble the receptive
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fields of visual neurons [1, 2]. If the number of bases is smaller than the di-
mension of the original data, SC can be applied to dimensional reduction such
as Principal Component Analysis [3], Locality Preserving Projections [4] and
Linear Discriminant Analysis [5]; otherwise, SC can be used to learn a set of
over-complete bases. Based on these properties, SC is widely applied to pattern
recognition [6, 7], clustering [8, 9] and signal processing [10, 11].

SC is to learn sets of basis vectors so that an input vector can be represented

by the combination of these basis vectors. Given an input vector
−→
ξ ∈ Rm, SC

can find the basis vectors
−→
b1 , · · · ,

−→
br ∈ Rm and the coefficient vector −→s ∈ Rr

such that the
−→
ξ can be represented by

−→
ξ ≈

∑
j

−→
bj sj .

Generally, SC hopes to learn over-complete sets of basis vectors
−→
b1 , · · · ,

−→
br ∈ Rm

to represent a input vector
−→
ξ ∈ Rm (i.e. r > m). Given n input vectors

−→
ξ1 , · · · ,

−→
ξn and their corresponding coefficient vectors

−→
s1 , · · · ,−→sn, the SC model

can be mathematically defined by

min
bj ,si

n∑
i=1

1

2
∥
−→
ξ i −

r∑
j=1

−→
b js

i
j ∥2 +β

n∑
i=1

r∑
j=1

∥ sij ∥1(1)

subject to ∥
−→
bj ∥2≤ c,∀j = 1, · · · , r.

Suppose that V = [
−→
ξ1 , · · · ,

−→
ξn] ∈ Rm×n is an input matrix, W = [

−→
b1 , · · · ,

−→
br ] ∈

Rm×r is a basis matrix and H = [
−→
s1 , · · · ,−→sn] ∈ Rr×n is a coefficient matrix,

then problem (1) can be transformed into the following matrix form:

min
W,H

F (W,H) =
1

2
∥V −WH∥2F + β

n∑
i=1

∥ Hi ∥1(2)

subject to
∑
i

W 2
i,j ≤ c,∀j = 1, · · · , r.

In this paper, we propose efficient algorithms to optimize SC. Firstly, prob-
lem (2) is divided into two sub-problems including L1 and L2 problems. Sec-
ondly, we transform the nonsmooth L1 problem into two smooth sub-problems,
and alternatively optimize them by Nesterov’s Accelerated Gradient methods
(NAG) [12]. Thirdly, we apply NAG to optimize L2 problem. Finally, L1 and
L2 problems are alternatively solved until convergence. According to the block-
coordinate-descent method [13], we divide problem (2) into two convex problems
as follows:

min
W

F (W ) =
1

2
∥V −WH∥2F(3)

subject to
∑
i

W 2
i,j ≤ c,∀j = 1, · · · , r
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and

min
H

F (H) =
1

2
∥V −WH∥2F + β

n∑
i=1

∥ Hi ∥1 .(4)

For each sub-problem, we construct three sequences and update them recur-
sively. These sequences can accelerate the optimization of each sub-problem.
Therefore, this scheme leads to the convergence rate at O( 1

k2
).

2. L1 optimization

Suppose that P = [pij ] = max(H, 0), Q = [qij ] = max(−H, 0), then H = P −Q.
Problem (4) can be transformed as follows:

min
P,Q

F (P,Q) =
1

2
∥V −W (P −Q)∥2F + β

∑
i,j

pij + β
∑
i,j

qij(5)

subject to P ≥ 0, Q ≥ 0.

To minimize (5), the common approach is the block-coordinate-descent method,
where P and Q are alternatively minimized until convergence. Hence, we divide
(5) into two the following optimization problems:

min
P

F (P ) =
1

2
∥V +WQ−WP∥2F + β

∑
i,j

pij(6)

subject to P ≥ 0

and

min
Q

F (Q) =
1

2
∥V −WP − (−W )(Q)∥2F + β

∑
i,j

qij(7)

subject to Q ≥ 0.

According to (6) and (7), it is clear that both of them have the same matrix
form. In the following, we only consider how to optimize (6), then (7) can
be solved accordingly. Based on Lemma 1 and Lemma 2, NAG can solve (6)
efficiently.

Lemma 1 ([14]). The objective function F (P ) is convex.

Lemma 2 ([14]). The gradient ∇F (P ) is Lipschitz continuous, and the Lips-
chitz constant is ∥W TW ∥.

Recent researches show that NAG are suitable for convex optimization prob-
lems and can obtain the convergence rate at O( 1

k2
). To use NAG effectively, the

optimization problem should be convex and its gradient is Lipschitz continuous.
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In particular, three sequences are constructed by NAG, and they are alterna-
tively updated in each iteration. At the iteration number k ≥ 1, the updating
rules for optimizing (6) are given as follows:

Yk = argmin
Y≥0

{F (Pk)+ < ∇F (Pk), Y − Pk > +
1

2
L ∥ Y − Pk ∥2F },(8)

Zk = argmin
Z≥0

(
L

2
∥ Z − Zk−1 ∥2F +τk(< ∇F (Pk), Z >)),(9)

Pk+1 = αkZk + (1− αk)Yk,(10)

where αk = 2
k+3 , τk = k+1

2 and < ·, · > is the sum of the element-wise multi-
plication of two matrices. In the following, we apply KKT conditions to solve
constrained optimization problems (8) and (9). By the Lagrange multiplier
method, (8) is re-written to the following form:

(11) L(Y, λ) = F (Pk)+ < ∇F (Pk), Y − Pk > +
1

2
L ∥ Y − Pk ∥2F − < λ, Y >,

where λ ∈ Rr×n. Let (Yk, λk) be the optimal solution of (11). The KKT
conditions are summarized as

Yk ≥ 0, λk ≥ 0, < λk, Yk >= 0,(12)

∇F (Pk) + L(Y − Pk)− λk = 0.(13)

However, λk is unknown. According to (13), we have

Yk = Pk −
1

L
∇F (Pk) +

1

L
λk.(14)

It is clear that only λk > 0 and Yk = 0 can satisfy (12). Hence, we obtain

λk = max(∇F (P )− LPk, 0).(15)

Next, we substitute (15) into (14). The optimal solution of Yk can be simplified
by the following term.

Yk = max(P − 1

L
∇F (Pk), 0).(16)

Similarly, the optimal solution of Zk can be obtained as follows:

Zk = max(Zk −
τk
L
∇F (Pk), 0).(17)

Above all, the final updating rules for (6) can be summarized as the following
sequences:

Yk = max(Pk −
1

L
∇F (Pk), 0),(18)

Zk = max(Zk −
k + 1

2L
∇F (Pk), 0),(19)

Pk+1 = αkZk + (1− αk)Yk,(20)
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where L =∥W TW ∥ and∇F (Pk) = W TWPk−(W TV +W TWQ)+βE, wherein
all the elements in matrix E ∈ Rr×n are 1. Similarly, the final updating rules
for (7) can be summarized as the following sequences:

Yk = max(Qk −
1

L
∇F (Qk), 0),(21)

Zk = max(Zk −
k + 1

2L
∇F (Qk), 0),(22)

Qk+1 = αkZk + (1− αk)Yk,(23)

where ∇F (Qk) = W TWQk − (−W TV +W TWP ) + βE. We summarize above
updating rules (18) to (23) in Algorithm 1.

Algorithm 1 NAG for L1 (NAGL1)

Input: V , W , H, β, outer
Output: H
Initialization:inner,L = 1

∥WTW∥ , k ← 0, i← 0

for i = 0 to outer do
1. P = max(H, 0)
2. Q = max(−H, 0)
3. Z = P
4. WTV = W TV +W TWQ
for k = 0 to inner do

5. F (P ) = W TWP −WTV + β
6. Y = max(P − L∇F (P ), 0)
7. Z = max(Z − k+1

2 L∇F (P ), 0)
8. P = 2

k+3Z + (1− 2
k+3)Y

end for
9. Z = Q
10. WTV = −W TV +W TWP
for k = 0 to inner do

11.F (Q) = W TWQ−WTV + β
12.Y = max(Q− L∇F (Q), 0)
13.Z = max(Z − k+1

2 L∇F (Q), 0)
14.Q = 2

k+3Z + (1− 2
k+3)Y

15.k = k + 1
end for
16.H = P −Q
17.i = i+ 1

end for

Algorithm 1 accepts input V , W , H, β and outer and outputs H. W and H
can be obtained from BCD. inner is the iteration number of each sub-problem
and outer is the iteration number of Algorithm 1. In the following Theorem 1
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and Theorem 2, Algorithm 1 can be demonstrated to achieve the convergence
rate at O( 1

k2
).

Theorem 1. Supposed that the two sequences {Yk}∞k=0 and {Pk}∞k=0 are
generated by (19) and (20), then we have

F (Yk)− F (P ∗) ≤
2L ∥ P ∗ − Pk ∥2F
(k + 1)(k + 2)

,

where P ∗ is an optimal solution to (6).

Proof. According to Proposition 2.1 in [15] and Lemma 1 in [12], we obtain

F (Yk)− F (P ∗) ≤ 1

Ak
(ϕ0(P )− F (P ∗))(24)

and

AkF (Yk) ≤ min
X
{1
2
L ∥ X − Pk ∥2F +

k∑
i=0

τi < ∇F (Pi), X − Pi >},(25)

where Ak =
∑k

0 τi = (k+1)(k+2)
4 and ϕk(X) = 1

2L ∥ X − Pk ∥2F +
∑k

i=0 τi <
∇F (Pi), X − Pi >. We get

F (Yk)− (1− 1

Ak
)F (P ∗) ≤ 1

Ak
ϕ0(P

∗)

=
1

Ak
{L ∥ P ∗ − Pk ∥2F +τ0[F (P0)+ < ∇F (P0), P

∗ − P0 >]}

≤ 1

Ak

L

2
∥ P ∗ − Pk ∥2F +

1

Ak
τ0F (P ∗)

≤ 1

Ak

L

2
∥ P ∗ − Pk ∥2F +

1

Ak
F (P ∗).

According to simple algebra, F (Yk)− F (P ∗) ≤ 2L∥P ∗−Pk∥2F
(k+1)(k+2) .

Theorem 2. Supposed that the two sequences {Yk}∞k=0 and {Qk}∞k=0 are
generated by (22) and (23), then we have

F (Yk)− F (Q∗) ≤
2L ∥ Q∗ −Qk ∥2F
(k + 1)(k + 2)

,

where Q∗ is an optimal solution to (7).
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3. Constrained quadratic programming problem optimization

At the iteration number k ≥ 1, the updating rules for optimizing (3) are

Yk = argmin
∥Y(i)∥22≤c

{F (Wk)+ < ∇F (Wk), Y −Wk > +
1

2
L ∥ Y −Wk ∥2F },(26)

Zk = argmin
∥Z(i)∥22≤c

(
L

2
∥ Z − Zk−1 ∥2F ) + τk(< ∇F (Wk), Z >)),(27)

Wk+1 = αkZk + (1− αk)Yk,(28)

where i = 1, 2, · · · , r, Y(i) is the i-th column of Y and Z(i) is the i-th column of
Z. By the Lagrange multiplier method, (26) can be transformed as follows:

L(Y, λ) = F (Wk)+ < ∇F (Wk), Y −Wk > +
1

2
L ∥ Y −Wk ∥2F

− 1

2

r∑
i

λi(c− ∥ Y(i), ∥22),(29)

where λ = [λ1, · · · , λr]
T ∈ Rr. Let (Y, λ) be the optimal solution of (26). The

KKT conditions are as follows:

∥ Y(i) ∥22≤ c, λi ≥ 0, λi(∥ Y(i) ∥22 −c) = 0,(30)

∇F (Wk)(i) + L(Y(i) −Wk(i)) +

r∑
i

λiY(i) = 0,(31)

where ∇F (Wk)(i) is the i-th column of ∇F (Wk)(i) and Wk(i) is the i-th of Wk.
According to (31), we have

Y(i) =
LWk(i) −∇F (Wk)(i)

L+ λi
.(32)

However, λi is an unknown variable. We find that only λi > 0 and ∥ Y(i) ∥22
−c = 0 can satisfy (30). We substitute (32) into ∥ Y(i) ∥22 −c = 0, and obtain

λi = max(
∥ LWk(i) −∇F (Wk)(i) ∥2√

c
− L, 0).(33)

Similarly to (27), we get

Z(i) =
LZk(i) − τk∇F (Wk)(i)

L+ γi
(34)

and

γi = max(
∥ LZk(i) − τk∇F (Wk)(i) ∥22√

c
− L, 0).(35)
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According to above analysis, the final updating rules for (3) can be summarized
as follows:

λi = max(
∥ LWk(i) −∇F (Wk)(i) ∥22√

c
− L, 0),(36)

Yk(i) =
LWk(i) −∇F (Wk)(i)

L+ λi
,(37)

γi = max(
∥ LZk(i) − τk∇F (Wk)(i) ∥22√

c
− L, 0),(38)

Zk(i) =
LZk(i) − τk∇F (Wk)(i)

L+ γi
,(39)

Wk+1 =
2

k + 3
Zk + (1− 2

k + 3
)Yk,(40)

where L =∥ HHT ∥ and ∇F (W ) = WHHT − V HT . We summarize above
updating rules in Algorithm 2.

Algorithm 2 NAG for CQP (NAGCQP)

Input: V , W , H, c, outer
Output: W
Initialization:Z ←W , L =∥ HHT ∥, c =

√
c

for k = 0 to outer do
1. ∇F (W ) = WHHT − V HT

for i = 0 to r do
2. λ = max(

∥LW(i)−∇F (W )(i)∥2
c − L, 0)

3. Y(i) =
LW(i)−∇F (W )(i)

L+λ

4. γ = max(
∥LZ(i)− k+1

2
∇F (W )(i)∥2
c − L, 0)

5. Z(i) =
LZ(i)− k+1

2
∇F (W )(i)

L+γ
end for
6. W = 2

k+3Z + (1− 2
k+3)Y .

end forW = W k+1

Algorithm 2 accepts input V , W , c and outer and outputs W . W and H
can be obtained from BCD. outer is the iteration number of Algorithm 2. To
save space, we do not prove that Algorithm 2 has the convergence rate of O( 1

k2
).

4. Experiments

In this section, three experiments are presented to evaluate the performances of
our proposed algorithms for the COIL20 dataset. The dataset is from Columbia
University which can be downloaded on the web site: http://www1.cs.columbia.
edu/CAVE/software/softlib/coil-20.php. There are 1440 16×16 gray scale
images in total, and this dataset includes 20 different classes.
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Firstly, Algorithm 1 is evaluated to optimize the L1 function. We compared
NAGL1, Feature-sign [16] and MexLasso [17] in the running time, the sparse
degree and the objective value. Let inner = 20, outer = 100 and β = 1. Table
1 shows the results of different dimensions r by different algorithms. When
the number of dimensions is smaller, MexLasso achieves the shorter times, the
sparser values and the smaller objective values. With the increase of dimensions,
NAGL1 achieves the best performance. However, Feature-sign needs more time
to converge than NAGL1 and MexLasso.

Table 1. The running time, the sparseness and the objective value in a time
limit of 1500 seconds.

Time Sparseness Objective value
r=100 r=500 r=1000 r=100 r=500 r=1000 r=100 r=500 r=1000

NAGL1 4.679 77.937 246.046 0.111 0.127 0.160 129931 96544 57259

MexLasso 1.238 54.228 524.050 0.111 0.127 0.160 129931 96544 57259

Feature-sign 25.797 1024.693 - 0.155 0.088 - 130102 96546 -

Secondly, Algorithm 2 is evaluated to optimize the constrained quadratic
programming function. We compared NAGCQP and LagDual [16] in the run-
ning time and the objective value. Let outer = 100 and c = 10. Table 1 shows
the results of different dimensions r by different algorithms. When the num-
ber of dimensions is smaller, NAGCQP performs as well as LagDual. With the
increase of dimensions, LagDual performs better than NAGCQP.

Table 2. The running time and the objective value in a time limit of 1500
seconds.

Time Objective value
r=100 r=500 r=1000 r=100 r=500 r=1000

NAGCQP 0.596 4.259 10.962 125890 7057 4234

LagDual 0.041 0.487 2.387 125890 7057 2186

Thirdly, our proposed algorithms NAGL1 and NAGCQP have a fast conver-
gence speed. However, it doesn’t mean that our proposed algorithm NAGSC
(details in Algorithm 3) can learn over-complete bases. NAGSC and ESC [16]
are compared to learn over-complete bases. We run each algorithm until the
relative error is less than 10−6 (i.e., |Fnew − Fold|/Fold < 10−6). Let m = 196,
r = 256, n = 10000, c = 1, β = 0.4, inner = 10, outer = 100 and iter = 50.
Figure 1 shows the learned over-complete bases of natural images by each algo-
rithm. NAGSC and ESC take 22.4518 minutes and 55.7725 minutes in learning
256 bases, respectively.

5. Conclusion and future work

In this paper, Sparse Coding is formulated by L1 and L2 problems and we
present algorithms for each sub-problem: NAG for solving L1 and L2 problems.
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Algorithm 3 NAGSC

Input: V , W , H, c, β, outer, iter
Output: W , H
for k = 0 to iter do

1. W=NAGLCQP(V , W , H, c, outer);
2. H=NAGL1(V , W , H, β, outer);

end for

NAGSC ESC

Figure 1. Learned over-complete natural image bases

Experiments show that our proposed algorithms learn over-complete bases more
quickly.

Two topics should be discussed in future work:

• There are many different sparse coding models, hence, the corresponding
NAG should be discussed to optimize them.

• The Lipshcitz constant L in algorithm 1 and 2 is fixed, therefore, a variable
Lipshcitz constant L should be discussed.
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