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Abstract. Prime, weakly prime and semiprime hyperideals in ordered semihyper-
groups were studied by Kehayopulu. In this paper, we introduce the concepts of weakly
semiprime and irreducible hyperideals in ordered semihypergroups. The relationship
between the five classes of hyperideals is established. Finally, we characterize semisim-
ple ordered semihypergroups and intra-regular ordered semihypergroups in terms of
these hyperideals.
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1. Introduction and preliminaries

The algebraic hyperstructure theory was first introduced in 1934 by Marty [18].
Hyperstructures have many applications in several branches of both pure and
applied sciences (see [4-6,8,9,11-13,23]). Recently, Heidari and Davvaz applied
the hyperstructure theory to ordered semigroups and introduced the concept
of ordered semihypergroups (see [16]), which is a generalization of the concept
of ordered semigroups. Furthermore, the ordered semihypergroup theory was
enriched by the work of many researchers, for example [2,3,10,14,15,22,23]. In
particular, the hyperideal theory on semihypergroups and ordered semihyper-
groups can be seen in [1-3,17-19,22,23]. Recently, N. Kehayopulu (see [18-19])
introduced prime, weakly prime and semiprime hyperideals in ordered semihyer-
groups and studied ordered semihypergroups with these hyperideals. Motivated
by the previous work on hyperideals of (ordered) semihypergroups, we attempt
in the present paper to study hyperideals of ordered semihypergroups in detail.
In this article, we introduce the notions of weakly semiprime and irreducible hy-
perideals in ordered semihypergroups, and moreover establish the relationship
between the five classes of hyperideals. Finally, semisimple ordered semihyper-
groups and intra-regular ordered semihypergroups are characterized in terms of
these hyperideals. Partial results which are consistent with the conclusions in
[19] are reorganized and proved. We recall first some basic notions of ordered
semihypergroup.
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A hypergroupoid (S, o) is a nonempty set S together with a hyperoperation
or hypercomposition, that is a mapping o : S x S — P*(S), where P*(S) denotes
the family of all nonempty subsets of S. If z € S and A, B are nonempty subsets
of S, then we denote Ao B = J,c4pcpaob,z0A={r}oAand Aoz = Ao{z}.
A hypergroupoid (S,0) is called a semihypergroup if o is associative, that is
xzo(yoz)=(roy)oz for every x,y,z € S.

An ordered semihypergroup (S, o, <) is a semihypergroup (S, o) with an order
relation < which is compatible with the hyperoperation o, meaning that for any
a,b,r € S, a < b implies that aox < box and zxoa < x ob. Here, let
A, B € P*(S), then we say that A < B if for every a € A there exists b € B
such that @ < b. Let S be an ordered semihypergroup and A be a nonempty
subset of S. We say that A is a hyperideal of S if (1) So AC A,AoS C A and
(2) a€e A, be S and b < a imply that b € A. For ) # H C S, we denote

(H]:={te S|t < hforsomehec H}.

For convenience, we write (a] instead of ({a}] for H = {a}. We denote by I(a)
the hyperideal of S generated by a. On can easily obtain that

I(a)=(aUSoaUaoSUSoaoSs|.

2. Hyperideals of ordered semihypergroups

In this section, we recall prime, weakly prime and semiprime hyperideals and
introduce the concepts of weakly semiprime and irreducible hyperideals. More-
over, we study the relationship between the five classes of hyperideals.

Let (S, 0, <) be an ordered semihypergroup and I be a hyperideal of S. I is
called prime if for any A,B C S, Ao B C [ implies A C I or B C I (equivalent
to for all a,b € S, aob C I implies a € [ or b € I); I is called semiprime if for
any A C S, Ao A C I implies A C I (equivalent to for any a € S, aoa C I
implies a € I); I is called weakly prime if for all hyperideals A, B of S, AoB C I
implies A C I or B C I;

Definition 2.1. Let (S, 0, <) be an ordered semihypergroup and I be a hyper-
ideal of S. I is called weakly semiprime if for any hyperideal A of S, Ao A C I
implies A C I; I is called irreducible if for all hyperideals 11,15 of S, [y NIy =1
implies Iy =1 or Iy = 1.

Remark 2.2. It is easy to see that a prime hyperideal is semiprime and weakly
prime, and a semiprime hyperideal is weakly semiprime.

For further studying the relationship between the five classes of hyperideals,
we need the following result which can be easily obtained.

Lemma 2.3. Let S be an ordered semihypergroup. Then
(1) AC (A], ((A]] = (A] for all AC S;
(2) If AC BCS, then (A] C (B];
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(3) (A]o (B] C (Ao B],((A]o (B]] = (Ao B] for all A,B C S;

(4) (T] =T for every hyperideal T of S;

(5) If A, B are hyperideals of S, then (AoB), ANB and AUB are hyperideals
of S;

(6) (S o Ao S] is a hyperideal of S for all A C S, in particular, we write
(So{a}oS] as (SoaosS].

Lemma 2.4. Let S be an ordered semihypergroup and I a hyperideal of S. Then
1 is the intersection of all irreducible hyperideals of S containing I.

Proof. Let {I, | o € '} be the set of all irreducible hyperideals of S containing
I. Obviously, I € (\,er la- It suffices to prove that () o Io — I = (. Suppose
that there exists a € (| ep lo —I. Let Q = {H is a hyperideal | I C H,a ¢ H}.
Then Q # () from I € Q, and Q is partially ordered under inclusion. By Zorn’s
Lemma, there exists a maximal element M € ). Next we show that M is
irreducible. Let A, B be two hyperideals such that AN B = M. Then A € Q)
or Be€ Q. Thus A= M or B = M. Otherwise, M G A and M G B which

contradicts the maximality of M. Hence I = () cr La- O

Theorem 2.5. Let S be an ordered semihypergroup and I a hyperideal of S.
Then I is prime if and only if it is semiprime and weakly prime. In particular,
if S is commutative, then the prime and weakly prime hyperideals concide.

Proof. (=) It is obtained from Remark 2.2.

(<) Let a,b € S and aob C I. Then (boSoa]o(boSoa] C (boSoaoboSoa] C
(So(aob)oS] C (SoloS]C (I]=1I. Since I is semiprime, (boSoa] C I. Thus
(SoboS]o(SoaoS]| C (SoboSoSoaoS] C (So(boSoa)oS] C (SoloS]| C I. Since I
is weakly prime, we have (SoboS] C I or (SoaoS] C I. Suppose that (ScaoS] C
I. Then (I?(a)]ol(a) = (I*(a)]o(I(a)] € (I3(a)] = ((aUSoaUaoSUSoaoS]3] C
(((aUSoaUaoSUSoaoS)?|o(aUSoaUacSUSoacS]] C ((SoalUSoaoS]|o(aUSoalUao
SUSoaoS]] C (((SeaUSoaoS)o(aUSoaUaoSUSoaoS)]| C ((SoaoS]] C (I] = 1I.
Since I is weakly prime, we have (I2(a)] € I or I(a) C I. If I(a) C I, then
a € I(a) C I. If (I?(a)] C I, then I?(a) C I. Since I is weakly prime, I(a) C I
and so a € I. By symmetries, we obtain b € I if (Sobo S] C I. Therefore, I is
a prime hyperideal of S.

Let S be commutative, I weakly prime and a,b € S such that aob C I.
Then I(a)oI(b) = (aUSoalo(bUSob] C (acbUSocaob] C (IUSoI]C (I]=1.
Since [ is weakly prime, we have a € I(a) C I or be I(b) C I. O

Theorem 2.6. Let S be an ordered semihypergroup and I a hyperideal of S.
Then I is weakly prime if and only if it is weakly semiprime and irreducible.

Proof. (=) From Remark 2.2, we know that [ is weakly semiprime. Next we
show that I is irreducible. Let Iy, Is be two hyperideals such that Iy NI, = 1.
Then I C I; and I C Iy. Moreover, Iy oIy C I1 NIy = I. Since [ is weakly
prime, I; C T or Io CI. Hence Iy =1 or I, = 1.
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(<) Let A, B be two hyperideals such that AoB C I. Then (ANB)o(ANB) C
Ao B C 1. Since I is weakly semiprime, ANB C I. Thus I =IU(ANB) =
(IUA)N(IUB). Since I is irreducible, we have TUA =T or IUB = I. Hence
A C I or BCI. Consequently, I is weakly prime.

O

Combining Theorem 2.5 and 2.6, we have the following result.

Corollary 2.7. Let S be an ordered semihypergroup and I o hyperideal of S.
Then I is prime if and only if it is semiprime and irreducible.

3. Semisimple and intra-regular ordered semihypergroups

In this section, we mainly characterize semisimple ordered semihypergroups and
intra-regular semihypergroups in terms of the five classes hyperideals introduced
in the previous section.

Let (S,0,<) be an ordered semihypergroup. S is called semisimple if a €
(SoaoSoao S| for every a € S; S is called intra-regular if a € (SoaoaoS]
for every a € S.

Theorem 3.1. Let S be an ordered semihypergroup. Then the following state-
ments are equivalent:

(1) S is semisimple;

(2) AN B = (Ao BJ for all hyperideals A, B of S;

(3) (A% = A for every hyperideal A of S;

(4) Every hyperideal of S is weakly semiprime.

Proof. (1)=-(2) Let A, B be hyperideals of S. If a € AN B, then a € (Soao
SoaoS]=((ScaoS)o(aoS)] C (AoB]. Thus ANB C (Ao B]. On the other
hand, (Ao B] C (A]N(B]=ANB. Hence ANB = (Ao BJ.

(2)=-(3) It is obvious.

(3)=>(4) Let A and I be hyperideals of S such that A? C I. Then (A?] C
(I] = I. By hypothesis, A = (A2?] C I.

(4)=(1) By the proof of Theorem 2.5, we have (I*(a)] C (SoaoS]. Following
the method, we can obtain (I°(a)] € (Soao S oaoS]. Moreover, ((I*(a)]?] o
(P(@)P] € (I'(0)] o (I*(a)] € (@) o (I(@)] € ((a)] and (P(@)]?] is a
hyperideal. Since (SoaoSoaoS] is weakly semiprime, ((1?(a)]?] C (SoaoSoaoS].
Continuing the process twice, we have a € I(a) C (Soao SoaoS]. O

Theorem 3.2. Let S be an ordered semihypergroup. Then S is intra-reqular if
and only if every hyperideal of S is semiprime.

Proof. (=) Let I be a hyperideal of S and a € S such that a®> C I. Then
a€(Soa?o0S]C(SoloS]C(I]=1.

(<) Let a € S. Then a?o0a? =aoa’0a C Soa?0S C (Soa?0S]. Since
(S 0a?o0 8] is a hyperideal of S, by hypothesis, (S o a? o S] is semiprime. Thus
a? C (Soa?o0S]. In the same way, we have a € (Soa?0 9]. O
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Theorem 3.3. Let S be an ordered semihypergroup and © be the set of all
hyperideals of S. Then I is weakly prime for every I € © if and only if S is
semisimple and © is a chain.

Proof. (=) From Theorem 3.1, we know that S is semisimple. Let A, B € ©.
Since (Ao B] € © and Ao B C (Ao B, by hypothesis, we have A C (Ao B] or
B C (Ao B]. Moreover, (Ao B] = AN B from Theorem 3.1. Hence A C B or
B C A. Consequently, © is a chain under inclusion.

(<) From Theorem 2.6 and 3.1, it suffice to verify that I is irreducible for
any I € ©. Let A,B€ © and AN B = 1. Since O is a chain, A C B or B C A.
Thus A =1 or B = I. Hence I is irreducible. O

From Theorem 3.1, 3.2 and 3.3, we can easily obtain the following result.

Theorem 3.4. Let S be an ordered semihypergroup and © be the set of all
hyperideals of S. Then I is prime for every I € © if and only if S is intra-
reqular and © 1is a chain.

We end this paper with an example by illustrating the previous results.

Example 3.5. Let S = {a,b,c,d, e} with the hyperoperation o and the order
relation < below:

a b c d e
{bc}t  {a} {a} {a} {a}
{a}  {bc} A{bgc} {bc} {bc}
{a}  {bc} A{bc} A{bc} {bc}
{a}  {bc} {bd} {de} {de}
{a}  {bc}  {c}  {de} = {e}

<:={(a,a), (b,b),(c,c),(c,b),(d,d), (e e),(ed)}.

o A0 T |0

One can check that (5,0, <) is an ordered semihypergoup (see [19]). The hyper-
ideals of S are S and I = {a,b,c}. Obviously, the set of all hyperideals forms a
chain. One can also check that S is intra-regular. Thus, by Theorem 3.4, the
hyperideals of S are prime. We give an independent proof as following: indeed,
S\I ={d,e} and dod =doe=eoe={d,e} £ I, eoe={e} £ I. By Theorem
2.5 and 2.6, we know that the ideals of S are weakly prime, semiprime, weakly
semiprime and irreducible. Moreover, by Theorem 3.3, S is semisimple.
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