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Abstract. In this paper, we refine an operator a-geometric mean inequality as follows:
let ® be a positive unital linear map and let A and B be positive operators. If 0 < m <
A<m' < M"<B<Mo0<m<B<m <M <A< M, then for each « € [0,1],

K (h)

@22 ) < (o) ¥ (D).

’ 2 ,
where K (h) = (h’Ihl)z, K (h)= %, h=2Y p =2 and r = min{a,1 - a}.
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1. Introduction

Throughout this paper, ||-|| is the operator norm and I denotes the identity
operator. A >0 (A > 0) implies that A is positive (strictly positive) operator.
® is a positive unital linear map if ®(A4) > 0 with A > 0 and ®(I) = I. For
A,B >0 and « € [0, 1], the a-geometric mean Af,B is defined by

AfoB = A2 (A_%BA_%YA%’

when a = %, Afl1 B = AfB is said to be the geometric mean.
2

Seo [1] gave the following a-geometric mean inequality: let ® be a positive
unital linear map. If 0 < my < A, B < M, for some numbers my; < M;. Then
for o € [0, 1],

O(A)a®(B) < K (m, M, )" ®(AtaB),

where m = J%, M= %—i and the generalized Kantorovich constant K (m, M, «)
([2, Definition 2.2]) is defined by

K (m, M, a) mM® — Mm <a—1 M —m )

(a—1)(M —m) a mM*— Mm®

for any real number o € R.
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Fu [3] squared operator a-geometric mean inequality: let ® be a positive
unital linear map. If 0 < m < A, B < M for some numbers m < M. Then for
a € [0,1]

(L1) (®(A) 1@ (B))* < K? (h) ®* (AtaB),

2
where K (h) = % with h = % is the Kantorovich constant.

A great number of results on operator inequalities have been given in the
literature, for example, see [4-8] and the references therein.

In this paper, we will get a stronger result than (1.1) and apply it to obtain
an operator a-geometric mean inequality to the power of 2p (p > 2).

2. Main results

In this section, the main results of this paper will be given. To do this, the
following lemmas are necessary.

Lemma 1 ([9]). Let A,B > 0. Then

1
(2.1) |AB| < A+ BI*.

Lemma 2 ([10]). Let A > 0. Then for every positive unital linear map P,

(2.2) d(AH > 1(A).

Lemma 3 ([11]). Let A,B > 0. Then for 1 <r < oo,

(2.3) A"+ B[ < [I[(A+ B)"[|.

Lemma 4 ([12]). Let 0 <m < A<m' <M'<B<Mor0<m<B<m'<
M' < A< M. Then for each o € [0,1],

(2.4) K" (h') (At B) < AV, B,

where K (h') = (h:;;,l)Q, n = %,/ and r = min {a, 1 — a}.

Lemma 5. Let O <m < A<m/ <M <B<Mor0<m<B<m <M<
A < M. Then for each a € [0, 1],

(2.5) K" (1) (A 4B ") < A7'VoB ™,

where K (h') = (h:;;,l)Q, n = %,/ and r = min {a, 1 — a}.
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Proof. If 0 <m < A<m/ < M' < B < M, it follows that

1 11 1
0< —<Bl'<_— —<A <7.
RV VA m

1
By #' = & = =" and (2.4), we have

l/
K" (1) (A ".B7") < A7'V, B~
fOo<m<B<m' <M <A< M, similarly, (2.5) holds.
This completes the proof. O

Theorem 1. Let ® be a positive unital linear map and let A and B be positive
operators. If 0 <m < A<m/' <M <B<Mor0<m<B<m<M<
A < M, then for each a € [0, 1],

2
(2.6 @0 B < () ¥ (A,
where K (h) = (hIth, K (h') = (h:,rl,l)Q, h=2M p =1 »and 7 = min {a, 1 — a}.
Proof. The inequality (2.6) is equivalent to
(0 ()20 (B) 0 (42| < 57 s
It is easy to see that
(2.7) (1—a)(A+MmA™) < (1—a)(M+m)
and
(2.8) a(B—i—MmB_l) <a(M+m).

Summing up inequalities (2.7) and (2.8), we get
AVoB+ Mm (A7'VoB™ ') < M+m
and hence
(2.9) ® (AVoB) + Mm® (A™'VoB™') < M +m.
Compute
|® (A) §a® (B) MmK" (h') @' (AfoB)||

< Z||K” (W) ® (A) $a® (B) + MmK" (k') ! (AtiaB)HQ (by(2.1))

IN

|K" (W) ®(A) §a® (B) + MmK" (W) ® (A" '4oB~ H (by (2.2))

IN

|® (A) Vo® (B) + Mm® (A~'V,B ) H2 (by (2.4), (2.5))

IN

|® (AV4B) + Mm® (A7'v, B~ Y|’

INA
N L N N I Iy o

(M +m)?. (by(2.9))



SOME OPERATOR a-GEOMETRIC MEAN INEQUALITIES 531

That is

M+m) K (h)

H(CI) (A) ﬁa© ( Aﬁo‘ H mK?2r (h ) - K2r (hl) ’

Thus, (2.6) holds.
This completes the proof. O

Remark 1. Since A’ > 1, then

K (h)
———— < K (h).
K 2r (h/) < ( )
Thus, inequality (2.6) is tighter than (1.1).

Theorem 2. Let ® be a positive unital linear map and let A and B be positive
operators. If 0 <m < A<m' <M <B<Mor0<m<B<m<M<
A< M and 2 < p < oo, then for each o € [0,1],

2 2 1 m2)2\?
(2.10) <<1><A>ﬂa<1><B>>2ps&(Kéfr)((,ﬁfﬂ;m) ) OV (AfaB),

where K (h) = (hIhI)Q, K (W)= (h:;,l)Q, h=MY p =M andr = min{a,1 - a}.

Proof. The inequality (2.10) is equivalent to

2 2 m22 5
@11) (@ (4) 2a® (B)Y 9 (A5 B)|| < 1<K () (M7 + )> |

4 K4r ( h’) M2m?2
By the operator reverse monotonicity of inequality (2.6), we have

(212) 20) < (g ) (@A D)

Since 0 < m < A, B < M, it follows that
m< O (A) 4. P (B) <M
and hence

(2.13) ( (A) £ (B))® + M?m? (B (4) 2 (B)) > < M +m?.
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Compute

[(@(A4) a® (B))” MPmPO™ (AfoB)|

[MiS]
[\

% 2m2
< % <KI§T((}L}3/)> (@ (A)1.P (B)) + (1\{((}1)) ®7P (AfB) (by (2.1))

K2 (1)
2m2 P

< 1| o @) mw»uif;%@—? (A2.B)|  (by(23))

< 3| gy @A) 2o (B 4 o M (@) 2 (b (2:12)

< 1 (g 00+ ) ) by (213)
That is

2 2 1 ;2)2 5
(@ () 2o (B 07 (A1) < | (K S il ) -
Thus, (2.10) holds.
This completes the proof. O

Lemma 6 ([13]). For any bounded operator X,

(2.14) IX| <tl o |X|| <to { t X]

X+ 3] >0 (t>0).

Theorem 3. Let ® be a positive unital linear map and let A and B be positive
operators. If 0 <m < A<m/ <M <B<Mor0<m<B<m <M <
A< M and 2 < p < oo, then for each o € [0,1],

(®(A)4a® (B))" @77 (AfaB) + 77 (Aa B) (P (A) a® (B))"
1 <K2 (h) (M2 + m2)2> s

. < =
(2 15) =9 KA4r (h’) M2m2

where K (h) = %, K (W)= (h:,rL,I)Q, h=2%4 p = %,/ andr = min{a,1 — a}.

Proof. Put ¢ = $({7HELEEE)E Xy = ((4) 4@ (B)) @77 (AtaB), Xa =
QP (AfaB) (P (A) 1P (B))? and X = X + X». By (2.11) and (2.14), we have
(2.16) [ tX

>
X tI:|_0
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and

(2.17) [ it X ] >0

X1 t1 -

Summing up (2.16) and (2.17), we have

2t X
>
R

Since X is self-adjoint, (2.15) follows from the maximal characterization of ge-
ometric mean.
This completes the proof. O
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