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Abstract. We establish some new k-fractional integral inequalities for differentiable
functions based on generalized (s, m)-preinvexity. We also prove Hadamard-type in-
equalities involving products of two generalized (s, m)-preinvex functions. These in-
equalities include some previously known results as special cases.
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1. Introduction

The following double inequality is notable in the literature as the Hermite-
Hadamard inequality.

Theorem 1.1. Suppose that f: I CR — R is a convez function defined on the
interval I of real numbers and a,b € I along with a < b. The following double

*. Corresponding author
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inequality holds:

(1) (“30) <3t [ e < LI

2 2

A large number of generalizations and refinements on the inequality (1.1)
have been presented, for example, see [7, 8, 10, 13, 16, 17, 19, 20, 21, 27, 28]
and the references therein.

In 2013, Sarikaya et al. established the following Hadamard-type inequalities
by utilizing Riemann-Liouville fractional integrals.

Theorem 1.2 ([30]). Let f : [a,b] = R be a positive function along with 0 <
a < b andlet f € L'[a,b]. Suppose that f is a convex function on [a,b], then
the following inequalities for fractional integrals hold:

fla) + f(b)
5

f<a+b> < I(p+1)

(1.2) 2 /= 2(b—a)

(T3 f(0) + T3 f(a)] <
where the symbols J(’;+f and Jgﬁf denote respectively the left-sided and right-
sided Riemann-Liouville fractional integrals of order p > 0 defined by

J:Jrf(x) =

' —¢)rt a<zx
F(M)/a (z =) f(t)dt, a<

and
b
T f(x) = r(lm / (t— 2L ()dt, @ < b.

Here, T'(p1) is the gamma function and its definition is T'(u) = [~ e"'t#~1de. It
is to be noted that JO, f(x) = J)_ f(x) = f(x).

In the case of u = 1, the fractional integral reduces to the classical integral.
In 2016, Sarikaya and Yildirim presented another form with respect to
Riemann-Liouville fractional Hadamard-type inequalities as follows.

Theorem 1.3 ([31]). Let f : [a,b] — R be a positive function with 0 < a < b and
f € LYa,b]. If f is a convex function on [a,b], then the following inequalities
for fractional integrals hold:

fla) + f(b)
2

1
JE

a+b> < 241 (p + 1)[ o,

(1.3) f( 2 b—a)

FB) + Ty (a)] <

with p > 0.

Due to the extensive application of Riemann-Liouville fractional integrals,
there have been many studies involving this integral operator, for example, see
[14, 15, 22, 26, 33] and the references therein.

In 2012, Mubeen and Habibullah presented the following k-fractional inte-
grals.
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Definition 1.1 ([24]). Let f € L'[a,b], then Riemann-Liouville k-fractional
integrals v J¥, f(x) and . J}" f(x) of order p >0 are given as

1

= — Iac— 1 a<x
- / (@ — )i f(@)dt, (0<a<az<b)

kJ5+f<m)
and

JH — 1 ’ £-1
k b_f(x)_krk(u)/z (t—a)r  f(t)dt, (0<a<z<D),

respectively, where k > 0 and T'(u) is the k-gamma function defined by Ty (u) =
tk

Jo tte=®dt. Furthermore, Ty(pu+ k) = ul'k(p) and 1 JO, f(z) = pJ f(z) =

f(z).

In the case of k = 1, the k-fractional integrals reduces to Riemann-Liouville
fractional integrals. For some recent results related to the k-fractional integral
inequalities see [1, 2, 5, 29, 32].

In 2016, Farid et al. popularized Theorem 1.3 to the form of k-fractional
integrals.

Theorem 1.4 ([11]). Let f : [a,b] — R be a positive function with 0 < a < b and
f € LYa,b]. If f is a convex function on [a,b], then the following inequalities
for k-fractional integrals hold:

a+b 2k 1Ty (utk) fla)+f(b)
(1.4) f( ; ) < oo W F(0) + kJ(“aTM)ff(a)]S#
with p, k> 0.

The main aim of this article is to establish some new k-fractional integral
inequalities related to generalized (s, m)-preinvex functions. The obtained k-
fractional integral inequalities can be viewed as the extension of the results of
[6, 11, 18, 23] and [25].

To end this section, let us recall some special functions and basic definitions
as follows.

(1) The beta function:

1
Bz, y) = m = /0 "1 =)yt @,y >0,

(2) The hypergeometric function:

1 1
oFi(a,b;c;z) = ) / 1 -t A —zt) Tt e > b > 0,2 < 1.
0

B(b,c—
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Definition 1.2 ([12]). A function f : [0,00) — R is named s-convex in the
second sense with s € (0,1], if

flax + By) < o’ f(z) + B°f(y)
holds for all x,y € [0,00) and «, 8 > 0 along with « + 5 = 1.

Definition 1.3 ([9]). 4 set K C R" is named m-invex with respect to the
mapping n : K x K x (0,1] = R"™ for some fized m € (0, 1], if max+An(y, x,m) €
K holds for all z,y € K and X € [0,1].

Definition 1.4 ([9]). Let K C R™ be an open m-inver subset with respect to
n: K x K x(0,1] — R™. For some fized s,m € (0,1], f is said to be generalized
(s, m)-preinvez, if

f(ma +tn(y,z,m)) <m(1—1)"f(z) +t°f(y)
is valid for all x,y € K and t € [0,1].

Definition 1.5 ([3]). Let K C R™ be an invex set with respect to the mapping
n: K x K —R" Forevery z,y € K, the n-path Py, joining the points x and
v=21x+n(y,x) is defined by

Py = {Z‘Z = x+t77(y7x)at S [07 1]}

Definition 1.6. Let K C R" be an m-invexr set with respect to n : K x K X
(0,1] — R™. For every u,v € K and m € (0,1], the ny,-path P,y joining the
points mv and w = mv + n(u,v,m) is defined by

Py = {2]2 = mo + An(u,v,m), A € [0,1]}.

Remark 1.1. If n(u,v,m) with m = 1 reduces to n(u,v), then Definition 1.6
reduces to Definition 1.5.

2. k-Fractional inequalities involving differentiable functions

Throughout this section, let R be the set of all real numbers, N* be the set of
all positive integers and let K C R be an open m-invex subset with respect to
n: K x K x (0,1 - R\ {0} for some fixed m € (0,1], a,b € K with a < b.
Assume that f : K — R is a differentiable function such that f’ is integrable on
the ny,-path P,y : w = mv + n(u,v, m) for arbitrary u,v € [a, b]. Before stating
the results we define the following notations:

H"]m(“’ k? n? x)

n+1 % (z,a,m) f(ma +n(z,a,m)) +n
2 n(b,a,m)

I3
k

(b,x,m) f(mx)

(2.1)
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_l’_

n% (z,a,m)f(ma) + 7]% (b, x, m)f(mx + (b, x, m))
n(b,a, m)

(n+1)5 T4 (u + k)
2n(b, a, m)

1
X [kj(’”;w)+f(ma - mn(m,a, m))

n
+ e matn(eamy) - (ma t 117(:U, a, m))

1
+ kJ(lfnm)+f<m33 + Mn(b’x7m))

n
+ kJ(lier—i-n(b,cc,m))f(mx t 177(6, z, m))] :

Especially if n(u,v,m) = u — mv with m = 1 for u,v € [a,b], equation (2.1)
reduces to

H(p, k;n, )
__n+1[(33_a)‘£+(b_x)éif( ) (:U—a)‘l:f(a)—i—(b—ac)‘ﬁf(b)}
2 b—a * b—a
(n+1)5 1T (u + k) n 1 1 n
B 2(b — a) [kj5+f(n+1a+n+1x)+kjgf<n+1a+n+1

" n 1 " 1 n
+kJm+f<n+133+ n+1b> +kaf<n+1$+ n+1b>].

We need the succeeding lemma.

Lemma 2.1. The following k-fractional integral identity along with = € (a,b),
ne€N* u >0 and k > 0 holds:

Hop, (15 k5, )
- W{/Oltﬁf’<ma+ﬂn(x,a,m)>dt
- _/Olt‘lif’<ma+ﬂn(x,a,m)>dt}
_W{/Olt‘gf’<mx+ﬂn(b,m,m)>dt

1
_/0 th’<mx+ Ziin(b,x,m))dt}.




SOME NEW k-FRACTIONAL INTEGRAL INEQUALITIES ...

515
Proof. By integration by parts and changing the variable, we can state
1
te f'{ ma+ ——n(z,a,m) |dt
/0 ! < il )>
_ (n+1)t%f(ma+g—ﬁn(x,a,m)) 1_/1 u(n—kl)t%_lf(ma—i—%n(x,a,m))dt
77(337@7 m) 0 0 kﬁ(%%W)
_ (n+1)f(ma+n(z,a,m))
n n(z,a,m)

122 ®E_1
sn g D prataan . :
_m ; | u— ma+n+1n(a:,a,m) f(u)du

a+ gn(z,a,m
(n+1)f(ma+n(z,a,m))
n(x7 a7 m)
(4 DE Tt R n
nEt(z,a,m) el masn(o.amy =S\ 10 F n + 177(:8’&’ m) ).

Similarly, we get

1
1—1t
By
tk —_— dt
/0 f (ma+n+1n($,a,m)>

(4 Dfma) | (n+ ) T T(nt k) B
— n(x,a,m) TI%H(x,a,m) kJ(ma)+f ma+n+1n(:c,a,m) ,
/1tif' me 4+ ~— % (b,z,m) |dt
0 71—1—177 B
(n+Df(mz)  (n+ D' Tu(utk) 1
T — (b
e g e (e gl

and

1
/0 e f! <m3: + Ziin(b,x,m))dt
_ (n+ 1) f(ma+n(b,2,m))
N n(b, z,m)
(n+ D Th(ut+ k) n
i aem) (b)) F - 1n(b’x’m) ‘

After suitable rearrangements we obtain the desired result. This ends the proof.
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Corollary 2.1. In Lemma 2.1, if n(u,v,m) = u — mv with m =1 for u,v €
[a,b], we have

H(p, k;n, x)

N ! _
L T (ST E
2(b—a) 0 n+1 n+1
—/lt’k‘f’ L P
(2.3) 0 n+1 n+1
(b—a)&t? /1 w(n+t  1—t
2(b—a) 0 tef n+1$+n+1b di
! 1—t t
—/ tgf’< e+ 2t b>dt .
0 n+1 n+1

Remark 2.1. (i) In Lemma 2.1, if n(u,v,m) with m = 1 reduces to n(u,v) for
u,v € la,b], putting & = 1 along with n = 1, we have Lemma 2.8 in [25].

(ii) In Corollary 2.1,

(a) putting £ = 1, we have Lemma 2.5 in [4],

(b) putting k = 1 = n, we have Lemma 1 in [23]. Further, putting p = 1,
we have Lemma 1 in [18].

Utilizing Lemma 2.1, the following theorem can be obtained.

Theorem 2.1. Suppose that |f'|? for ¢ > 1 is generalized (s, m)-preinvex, then
for x € (a,b), n € N*, u > 0 and k > 0, the following k-fractional integral
inequality holds:

-1 |y
Hn ki< (57 ) {W[(mwu,k,n,snf(a)!q

1

+ Do (p, kyn, s)‘f’(m)‘q) :

24) -+ (mPaln ko, )| @] + 8100k, 9| £ 0))

s (b, 2, m)|
2n(b,a,m)|

+ (1B, 9)| £1@)|7 + B k,n,s>|f'<b>\q)3] }

+ [(m@(u,k,n, |7 @) + @1, ko, )| f/“’)Vq);

where

! 1—t\° B +1,5+1)
Oy (, k — [ t* dt = 2k T2 T 7
1(:“’7 7n78) /O k (n+1> (n+1)s
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and
2P [, 15 f + 23 5]

1 S )
pfn+t £+1
Do, k = [ t* dt = k
20y, s, ) /0 (n—l— 1> nSoFy[—s, &4+ 1; 8 + 2, - 1]

(F+D(n+1)° ’

n=1,

n> 1.

Proof. Using Lemma 2.1, the power-mean inequality and the generalized (s, m)-
preinvexity of | f’|7, we get

X ‘7]%+1($7a7m)‘ ! I3 17% 1 1
| Mo (1, K51, )| < 2|77(bam)|</0 fkdt) [(Il)q + (12)‘1]

T W(/Oltzdt>l_; [(Ig)7 + (1)1,

where
I —/ltz f ma+LH (mam) th
1 — 0 n+177 ) Uy
1 1—t\° n+t\°
LB / q / q
< t dt
< [ m(G0) @l () @]
I —/1tllz f ma+i (z,a,m) th
2 = 0 n+177 had
1 s s
I n+t q 1-t¢ q
g/O th [m(nﬂ) /()] <n+1) |f' ()] ]dt,
I—/lth/ mx—l—l_t (b:cm) th
3 = 0 TL+177 )
1 S S
L n+t nNL 11—t K
< t b dt
<) k[m<n+1) 7) +<n+1) 70
and
1 t q

[ b e () o

Hence the proof is completed.
Corollary 2.2. In Theorem 2.1,
(1) if we put ¢ =1, we have:
‘Hﬂm (M? k7 n, .%')‘
q)l(:uvkanas) —|—<I>2(,u,k,n,s) [ B ! / )
<
N 2|n(b, a,m)| [t (Jf,a,m)’(m‘f(a)}—i—‘f(x)}

+ [ oz m)| (ml (@) + £ 0)]) ]
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FEspecially if n(u,v,m) with m = 1 reduces to n(u,v) for u,v € [a,b], and choos-
ing k =1=mn, we get Theorem 3.1 proved by Noor et al. in [25],

(ii) if n(u,v,m) = u —mv with m =1 for u,v € [a,b], we have:

| H (1, ki, )|

() { S [k alr@r o)

Q=

( M,kj n,s ’f ‘q+q)1(:u’akan75)|f/(x)’q)q:|

I k) Ll

1

R |
o | (st bon, ) [P @+ @15 0
1
(@101, k)| /@) + ol b, 5)] £(0)[) ] }

Especially if we choose k =1 = n along with s = 1, we get Theorem 3 established
by Mihai and Mitroi in [23]. Further, if we take p = 1, we obtain Theorem 3
presented by Latif in [18],

+b

(ii1) if n(u,v,m) = u—muv with m = 1 for u,v € [a,b], and putting x = %32,

n =1, we obtain:

B
2 k a+b
— k:l, ——

:Hf<a+b>+f( >+f(b)] 1Fk(M+k)[ a+f<3a+b>

2 (b—a)*
a+ 3b a+ 3b
ot 1(258) g (52 (22

1_,
) {cblu,k,l,s!f )+ ®a(p, ki, 1,8)

1

aeoli

1
q

Do, k, 1, 8) | f'(a)|* + @1, K, 1, 8)

_l’_

+
5
=
-
—
&

f,(a + b) ‘q By (k1 s)!f’(b)}q]

Q=

+
g
=
5
-
&

2
f/<a + b) ‘q + o, Ky 1, S)U/(b)}q]

| }

Lb-a <g1)l_q(1 +2179) ((I)f(u,k, 1,5) + <I>2%(M,k, 1,3)) [\f’(aﬂ + \f’<b>ﬂ-
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The second inequality is obtained by utilizing the s-convexity of | f'|? and the fact
that

Zuz—i-vl <Zuz +sz L upv>0,1<i<n, 0<60<1.
=1

If |f']7 for ¢ > 1 is also generalized (s, m)-preinvex, we obtain the following
result.

Theorem 2.2. Assume that |f'|? for ¢ > 1 is generalized (s, m)-preinvex with
%—Fé =1, then forz € (a,b), n € N*, 4 > 0 and k > 0, the following k-fractional
integral inequality holds:

‘Hnm(ﬂak;n,x)‘
% % 1 r,a,m )
: <1+1> {}Z\;«iém)‘ [Wl’f’(a)\q+%|f’<x>\q)q
(2.5) * (m‘l’z\f’m)l" + 04| f’(x)|q> 3}

-

‘n%ﬂ(b,x,m)‘ N Y
+277(b,a,m)][<m\pz|f (3:)’ +‘I’1|f (b)} >

+ (mnl s wl o) ] }

1 S
1—1t 1
U = — | dt=———————,
! /0 (n+1> (s+1D)(n+1)°
1 S s+1 s+1
t 1 —
%:/ n -+ >dt:(n+ ) n*t
0 \n+1 (s+1)(n+1)s
Proof. From Lemma 2.1, utilizing the Holder inequality and the generalized
(s, m)-preinvexity of |f’|%, we have

where

| (

1
x a,m)‘ L » 1 1
: <
’Hnm(uakana$)‘ = 2|77(b,a,m)| </0 tr dt> |:(J1)q + (JZ)Q]
Lo 1
+—W (b, z,m)| </ t“fdt)
2’n(b7a7m)’ 0

q
dt

SE
Q

()7 + ()

|

where

= [ (o nteam )
/01m<n+1> <a>\q+(ﬁii)51f’<x>\%t,

/01 f’(ma+;§n(w a m))

IN

q
dt
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: /olm<ZI§>S’f'<ff>\q+ (i;§>s|f’<b>}th

and

q
dt

f/<mx+21—in(b,x,m))
Lori—e\°, , +t\° .,
g/o m<n+1> \f(a;)\q+<z+1> | £/(b)]"dt.

This completes the proof.

Corollary 2.3. In Theorem 2.2,
(1) if n(u,v,m) =u—muv with m =1 for u,v € [a,b], we have:

ki) < (5 ){ e (@l wal )

B+l 2(b—a)
(sl @) + il )|

+ m [(%!f’(m)\q + \Iﬁlf’(bﬂq);

+ (Wl @+ welr o)) ] }

Especially if we choose k =1 = n along with s = 1, we get Theorem 2 established
by Mihai and Mitroi in [23]. Further, if we take p = 1, we obtain Theorem 2
presented by Latif in [18],

(i) if n(u,v,m) = w —mv with m = 1 for u,v € [a,b], putting x = 42,
n =1, and utilizing similar arguments as in (iii) of Corollary 2.3, we have:

B
2 k a+b
s k1. 27

(5 2 - O ()

3a+b a—+ 3b a—+ 3b
@ u 1
et S0 st (5 it s (5 >H
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b—a/ 1 \» 1, 2+ _ 1| ra+by |74
=73 <W+1>{[%@+UUK®W+%@+1) (2 )]

1

25+l —1 X 1 ,fa+bya]a
el 2s(s+1) (% )”
(25t 1| ra+ by 7
T eGrD (% )‘ 285+1 el ® ‘]
[ 1 Jra4+byje 25Tt —1 qé
+_25(5+1)f( ) 2s(s+1)‘f(b)’]

.
ST(@P}QI(”?){[%(;1)];*{22;:1”[” 170

Remark 2.2. In Theorem 2.2, if n(u,v,m) with m = 1 reduces to n(u,v) for
u,v € [a,b], and choosing k = 1 = n, we get Theorem 3.3 proved by Noor et al.

in [25].

3. k-Fractional inequalities for products of two functions

We next establish k-fractional integral inequality involving products of two gen-
eralized (s, m)-preinvex functions.

Theorem 3.1. Let K C R be an open m-invex subset with respect to n : K X
K x (0,1] — R\ {0} for some fized m € (0,1], a,b € K with 0 < a < b. If
frg : K — (0,+00) are generalized (si, m)-preinvex and generalized (s2,m)-
preinvex, respectively, then the following inequality holds:

T (pt+k)
Mw[ngmﬁ(fg)(mam(b,a,m)) T onntvamy- (f9)(ma)]

61) < (g + 2 [ fagta) + 01000

N [uﬁ(sz +21k, E+s1) I pB(s1 +21ka E T 52)} [mf(a)g(b) 4 mf(b)g(a)}.

Proof. Since f is generalized (s1,m)-preinvex and g is generalized (sg,m)-
preinvex, we get

Ly (p+ k) .
% (b,a,m) (ma

m /-ma+77(b,a,m) ( (b ) )%71f( ) ( )d
— - ma + ,a,m)—u u u)au
2kn’ (b, a,m) Jma ! !
1

— % (1—8)k = f (ma + tn(b, a,m)) g(ma + tn(b, a,m))dt
0

)+ (f9) (ma + (b, a, m))
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1
<4 /0 (L= 0F = m(1 =) fla) + £ £(0)] [m(1 = 1)g(a) ++29(0) |t
1
o | [ 0Fe T @)g(a) + mee (1 - 0 fa)g(b)
0

I

b (1= ) L (B)g(a) + 1772 (1= ) L f(b)g(b) |t
pB(s2 + 1,5 + 1)

_ H 2
= St ks 1 k)" fla)g(a) + % mf(a)g(b)
2 I
$ PO LB g + PP LED gy ),
Similarly we get

Ly(p + k)

Wk {Lma—l—n(b,a,m))* (fg)(ma)

< MOt LB e aygtay + PP T )

Mﬁ(82+1vﬁ+sl) 1%

By adding both sides of the above inequalities we can obtain the desired result.
This completes the proof.

Corollary 3.1. In Theorem 3.1, if the mapping n(b,a,m) with m = 1 reduces
to n(b,a) and s = sy = s, we obtain

Cp(p+E)1
2’;7’“‘(6) [T (f9) (@ (6, @) + kTl - (F) (@)]

< (5ot + 2 [t + 103000

" [UB(S +;7 % + 3)] [f(a)g(b) 4 f(b)g(a)].

Especially if n(b,a) =b—a and k=1=s , we get
e [ 0g(0) + I f@)g(a)]

M2 +pu+2 v
< St D3 @90 + O] + s [f@e) + S0)g(e)].
which is Theorem 2.1 established by Chen in [6].

Corollary 3.2. In Theorem 3.1, if the mapping (b, a,m) = b—ma with m =1,
s1 =1=s9 and g(x) = 1, we obtain

Lr(p+ k)1 u " fla) + f(b)
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Especially if we take k =1, we get

P(p+1)

K o f(a)+ f(b)
20b— a)r TS 0) + T f(a)] < =

9

which is the right hand side of the inequality (1.2).

Another k-fractional integral inequality involving products of two generalized
(s, m)-preinvex functions is obtained as follows.

Theorem 3.2. With the same assumptions in Theorem 3.1, we have

2%_1Fk(/l + k;) "
CnE(bam) |:kJ(ma+%77(b,a,m))+ (fg)(ma + n(b,a,m))

n%(b, a,m)
(3.2) .

+ k‘](ma-i-%n(b,a,m))* (fg)(ma)}

< Ti[m*f(a)g(a) + f(B)g()] + To[mf(a)g(b) + mf(b)g(a)],
where
Y- ; 2Fil=s — s 3 + 1Y
231—&-52—&-1(” + ks + kSQ) B
and
T, = oFi[—so, B+ s+ 51+ L3l oFi[—s1, & + 808 + 50+ 13 1]u

251t (pu + ksy) 2921 (1 4 ksg)

Proof. Since f is generalized (s1,m)-preinvex and g is generalized (s2,m)-
preinvex, we have

2%_1Fk(ﬂ + k) m

77%(5 a,m) kJ(ma‘ir%W(b,a,m))Jr (fg)(ma + n(b?aam))

Iu2%—1 ma-+n(b,a,m)
B kﬁ% (b, a, m) /ma+%n(b,a,m)

1 1+t 1+t
:M/ (1—t)sLf ma+in(b,a,m) g ma+in(b,a,m) dt
2k Jo 2 2

<& La-nt[n(50) s+ (50) 10)

« |m 1;t>529(a)+(12—w>529(b)}dt

M ! ’m2(1 — t)%+51+52_1 m(1 — t)%—&-a’l—l(l + £)52
— /0 [ 951+ fla)g(a) + ST F(a)g(b)

==
|
—

(ma +n(b,a,m) — u) f(u)g(u)du

_ p\Ets2—1 s1 _ -1 s1+s2
0 R0 g0 + A2 g0

3
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I 5 oFy[—s2, Bts1; Ets141; 3p
= b
2Py [—s1, fts; Etso+1; S o F1[—s1—s9, 4; #+1; 5]
b b)g(b
25271 (1t sg) mf(b)g(a)+ 5 f(b)g(b)
Similarly we get
25 (u+ k),
T " imerinwamy- O
aFi[—s1—s2, &5 E+15 5] o Fy[—s1, Btso; Btsot1; 3u
<
< 5 m? f(a)g(a)+ 21 (it o) mf(a)g(b)
il L R TR . 7).

251401 (1 + ksy) 251ts24 1 (1 + ksy + ko)

By adding both sides of the above inequalities we can obtain the desired result.
This ends the proof.

Corollary 3.3. In Theorem 3.2, if the mapping n(b,a,m) with m = 1 reduces
to n(b,a) and s1 = so = s, we obtain

2%_1Fk(,u—|—k) m
W[’“J<a+ tyapr (PO (@00 0) 41T 0 - (f9)@)
< |: M 2F1[—28
— 228+1(U+2k5)
o [—s, L+ sk ts+ 1
[ 25(p + ks)

Especially if n(b,a) =b—a and s =1, we get
2k Ty (n+ k)
(b—a)*

<|-shs 1o i 555 | [f @@ + 01900

- [z(ui K 4(u i Qk)] [f(a)g(b) + f(b)g(a)]

1 Tlsay (FO)O) + 1T (F0)(@)]

Corollary 3.4. In Theorem 3.2, if the mapping n(b,a,m) = b—ma with m = 1,
s1 =s2 =s and g(xz) =1, we obtain

E_q
2k Dy(p+ k) [ JéiaT%ﬁf(b) + kJ{la%rb)*f(a)}

(b—a)k
o F1[—2s, 1 4+ 1; 3] N oF1[—s, k + 5 +5+1; 3]
22s+1( ,u—i—2/€s) 2 25(p + ks)
x [f( )+ £0)].
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Especially for s =1, we get

267 T+ k) fa) + F0)
T—af eSO SO < T

which is the right hand side of the inequality (1.4).
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