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Abstract. In this paper, the generating functions for generalized Hypergeometric 2D
polynomials U, (83,7, x,y) are obtained by using the Truesdell’s method giving a suit-
able interpretation to the index n. Further, a pair of linearly independent differential
recurrence relations are used in order to derive generating functions for U, (3,7, z,y).
The principal interest in our results lies in the fact that, how the Truesdell’s method
is utilized in an effective and suitable way to generalized Hypergeometric 2D polyno-
mials in order to derive two generating functions independently from ascending and
descending recurrence relations respectively.

Keywords: special functions, generalized hypergeometric 2D polynomials U, (8, v, x, y)
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1. Introduction

Generating functions play a very important role in the investigation of various
properties of the sequences, which they generate. They are used with good ef-
fect for the determination of the asymptotic behaviour of the generated sequence
{fn} as n — o0[2].In recent years, the development of advanced computers has
made it necessary to study the hypergeometric polynomials with series represen-
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tations from the numerical point of view. Because of the important role which
hypergeometric polynomials play important role in problems of applied mathe-
matics, the theory of generating functions has been developed various directions
and found wide applications in different branches of science and technology.

The aim of present paper is to derive the generating functions for the gener-
alized hypergeometric 2D polynomials by using the Truesdell’s method , giving
suitable interpretation to the index n. It is worth recalling that this method
yields two generating functions for the generalized hypergeometric 2D polyno-
mials, independently from ascending and descending recurrence relations, where
as the simultaneous use of these recurrence relations in other group theoretic
methods. The results obtained for generalized hypergeometric 2D polynomials
are new in the theory of special functions.

The generalized hypergeometric polynomials U, (8,7, z,y) satisfy the fol-
lowing descending and ascending recurrence relations, respectively:

(1.1) DU, (B,7,%,y) = nUp—1 (8,7, 7,y) -
DUn(ﬁ,’}/,$,y) = m{(f}/ + n)Un+1(/877’x7y)
(1.2) +[(n+ Bz — (v +20)y|Un(B, 7, 2, y)}.

These two independent differential recurrence relations determine the second
order linear ordinary differential equation

y(z—y) DUy (z,y) — [(n+ B— 1)z — (v +2n — 2) y] DU, (2,y)
(1.3) —n(y+n-—1)U,(z,y) =0,

where D = d%. The proof of these results are obvious.

2. Generating funcion derived from the ascending recurrence
relation

We shell use the Truesdell’s F-equation

0
(2.1) —F(z,a)=F(t,a+1).

ot
To find the generating function for the ser of polynomials U, (5,7, z,y) as fol-
lows:

The polynomials U, (3,7, z,y) satisfies the asending recurrence relation

d 1
@Un(ﬂav,w, y) = m{(’Y +n)Uns1(8,7, 2,9)

(2.2) +[(n+ Bz — (v + 20)yUn (B, 7, 7, y) }-
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Let f (z,a) = U, (B,7,,y), so that we have

9 f(sa) = LB =0 200y g )
0z z(x — z)
(2.3) MGhL)

P Uay1) (B3 7i 2, 9).

This equation is called the f-type equation and can be written as

9 (z,a) = A(z,a) f(z,a) + B(z,a) f (z,a+ 1),

0z
with A (z,a) = W and B (z,a) = %,
9 (z,a) =C(z,a) g (z,a+1)
82,9 ) - 9 g )

by supposing

g(z,a) :f(z,a)exp{_ A(%a)dy}
20
— f (27 O[) Zg+ﬁz_a_/3 (:L, _ ZO)a—B+7 (x _ Z)_a_;'_ﬂ_,y
and by choosing zp = 1, then we get

(2.4) g(z,0)=(x—1)2 PP 7Bz — )07 1 (z,0).

Now, it can easily verified that this satisfies g-type equation

(2.5) za)=(a+7)(@—1)"tg(z,a+1).

%9 (
Let C (z,«) denote the factorable coefficient of g (z,a + 1) in (2.5), then
C(za)=(a+7)(@-1)7"

with C (z,a) = A(a) Z (z). Where A(a) = (a+7)(x—1)"" and Z(z) = 1.
We effect the transformation of f (z,«) into F (¢, ) by letting

(2.6) t:—/ZZ(l/)dV:z—zl

21

and FoF (t,a) = g(z,a)exp {faao log A(I/)AI/} on choosing g = —v, we get
ffv {(V4+y)(z-1)"1}AV = fi log ((z — 1)71) + log(V + v)AV Since

(2.7) / log zAz = logI'(z) — log V2
0
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we have fily {(V +9)(z — 1)71} AV = log [F(cﬁv){(\ﬂ;;l)}—(a-w)} This implies

. }'

(o +79) {(z — 1)}

FyF (t,a) = g (2, ) exp {Iog

V2T
Now by choosing ag = —v, 21 = v and Fp = \/%—F, we get
(2.8) F(t,a) = (o +7)(@ — 1)@ gt +v,a).

To show that F'(t,«) does indeed satisfy the F-equation we determine %F (t, @)
as follows:

~(aty) 99(t + v, @) Og(t + )
o(t+v) ot
(2.9) =T(a+y+ 1)z —1) " g +t,a+1).

F(t,a)=T(a+v)(z—1)

Therefore,

0

For later use express F'(t,«) in the following form:

F(t,a) =T(a+7y)(z —1)"g(t + v, )
=T(a+)(e - 1)~ (z - 1) (0 )77
(2.10) (z—v—t)" O fv+t,a)
=T(a+7)(z—1)"Pw+t)~+h
(2 — v —t)"OFNUL(B; v 2,0 + 1),

Thus
Flt+za)=T(a+7)(z—1)Pw+t+z)"
@11 (¢ —v—t—2) PG y52,0 + 1t + 2).
F(t,a+n)=T(a+n+7)(@—1) 7" (v 4o~
(2.12) (x —v — )" OB (B a0+ 1),

Now let us apply Truesdell’s generating function theorem, if the function F'(¢, «).
Satisfies the F-equation and f(t+ z, o) possesses a Taylor’s series in power of z,
then this series may be expressed as

o0 n

(2.13) F(t+z0a)=Y %F(t, a+n).

n=0
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It follows that
(WHt+2)" (g —y—t— ) OFNUL(By vz, 0+t + 2)

00 MNa+n+7) —(a+n+p) —(a—B4~—n) o
D Lla+7) (v+¢) (@—v—t) Uatn(Bi7; 2,0 +1).

n=0
Now replacing v + ¢ by y and z by yt(x — y), we get the generating relation

(1 —yt) " P 1+t — )} UL By 2,y + yt(a — y)]

[e.e]

(2.14) > WUQM(B; viw, Yyt
n=0 ’

Which is a generating relation for U, (5;~;z,v).

3. Generating function derived from the descending recurrence
relation

Similarly, by using the Truesdell’s G-equation

(3.1) aatG(t, a) = G(t,a —1).

We have derived a generating relation for the set of polynomials U,—p, (5;7; x,y)
as follows:
The decsending recurrence relation for U, (8;v;x,y) is

d
(3:2) @Un (Biviw,y) = nUn—1 (B3 75 2,9) -
Let f(z,a) = U, (B;7;x,y), so that we have

(3.3) % (z,0) = af(z,a —1).

This equation is called the F-type equation and can be written as

%f(z,a) =A(z,a)f(z,a) + B(z,a)f(z,a — 1)

with A(z,) =0 and B(z,a) = a.
Now let us transform f(z,a) into g(z,a) so that

&g(z,a) =C(z,a)9(z, a0 — 1).

Let us suppose that

9(z,0) = f(z,a) exp {— / AW, a)du} — expl()f (2, ),
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where ¢ being an integration constant.
Now in particular, if we write zp = 0, then we get

9(z, @) = exp(c) f(z, ).
Now
9(z,a) = exp(c) f(z, @)
(3.4) = aexp(c)f(z,a—1)
= ag(z,a —1).
Let C(z, ) denote the factorable coefficient of g(z, a« —1),then C(z, ) = v with

Z(z) =1 and A(«) = a. Further let us effect the transformation of g(z, ) into
g(t, ) by letting

t:—/ Z(v)dv =z — 21

Z1
and
a+1

GoG(t,a) = g(z,a) exp{— /a 0 logA(y)Ay}

a+1
= g(z,a)exp {—/ log VAV} .
o

In particular if we choose ag = 0 then we have

GoG(t,a) = g(z, ) exp {— /0&+1 log A(V)AV}

= g(z,a)exp {— log F(?ﬁ;l)}
- Vor
=93y

Suppose z1 = v, a9 = 0 and Gy = V27 then
expc

A= !

(v+t,a).

To show that G(¢, «) does indeed satisfy the G-equation we determine %G(t, )
as follows:

9 _expc Og(v+t,a)d(v+t)
Tk Py TSy ST
_expc B
“Tatl) l)g(l/ +t,a—1).
Therefore,
gG(t —a)



CERTAIN GENERATING FUNCTIONS ... 283

For later use let us express G(t, «) in the following form:
expc

G(t = — t
(1) = oty + t.0)
exp(2c)
= t
F(a+1)f(y+ @)
expc
= VYalbivia, v+ t).
Tla+ D oFmimr+t)
Also (20)
_exp(2c o
G(t“‘Z,Oé) - F(@+1)Ua(6,77x,y+t+2)
and (20)
_exp(2c o
G(t,O& TL) = 41_‘(0[ T+ 1) Ua—n(6777xay +t)
By Tailor’s series in powers of z
oo Zn
3.5 G(t —G(t,a —
(3.5) +z,a) ;_%m a—n)
Which implies that
exp(2c)
= Uelbiysz, v+t
11(0[+1)U (B;v;z, v+ t+ 2)
exp(2c)
= a—n(B57; 2,V +1
Zn'Fa—n—l—l) (B5 73, +1)
or
. _ - (D" () .
Us(Bivio v tttz) =) " Uan(Biviz,v +1).

n=0
Now replacing v +t by y and z by —t, we get

Ua(Bivizy—t) = (Tj)” Ua—n(B;7; 2, y)t".

n=0

which is the another generating relation for

(3.6) Un(B;7;7,9)-

4. Applications

From the relations (2.14) and (3.6),we can derive the following generating func-
tions for Laguerre polynomials of two variables:

—tx T
1_ —n—a—1 e L(a) v
(i) eXp((l—ty)> " (w’l—tz)

1) = > G e
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1— = (a— o
(1—t)"L) <x yt> - (a“n)qu(l_)l(@y)tl.

5. Conclusion

Generating functions involving generalized Hypergeometric 2D polynomials are
derived by Truesdell’s Method. Certain known generating relations to two vari-
able Laguerre polynomials are discussed as applications. The applications of
generalized Hypergeometric 2D polynomials in communications including wire-

less,

mobile, and satellite communications with new ideas and approaches to

design communications system with high performance in comparison with em-
ployed communication systems is the further scope of this research.
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