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Abstract. Let D be the unit disk in the complex plane C and H (D) the class of
all analytic functions on D. Let ¢ be an analytic self-map of D and v € H(D). By
constructing some more effective test functions in area Nevanlinna space, in this paper
we characterize the boundedness and compactness of product-type operators D" M, C,,,
bpc,M,, C,D"M,, M,D"C,, M,C,D™ and C,M, D" from area Nevanlinna spaces
to Bloch-Orlicz spaces.
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1. Introduction

Let D = {z € C: |z| < 1} be the open unit disk in the complex plane C and
H (D) the class of all analytic functions on D. Let ¢ be an analytic self-map of
D and u € H(D). The weighted composition operator W, on H (D) is defined
by

Wouf(2) = u(2)f(¢(2)), z € D.

If w =1, it is reduced to the composition operator, usually denoted by C,.
While if ¢(z) = z, it is reduced to the multiplication operator, usually denoted
by M,. Since W, = M,C, it can be regarded as a product-type operator. It
is a standard problem how to provide function theoretic characterizations when
¢ and u induce a bounded or compact weighted composition operator (see, e.g.,
[2, 4, 5, 18, 21, 23] and the references therein).

Let D be the differentiation operator on H (D), that is

Df(z) = f'(z), z €D.

A systematic study of other product-type operators started with Stevi¢ et al. in
[14, 16]. Before that there were a few papers in the topic, e.g., [6]. The next two
product-type operators DC,, and C,D, attracted some attention first (see, e.g.,
[17, 19, 27, 29] and the references therein). The publication of [16] attracted
some attention in product-type operators involving integral-type ones (see, e.g.,
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[10, 28, 30, 31, 34] and the references therein). Since that time there has been a
great interest in various product-type operators. For example, the following six
operators

(1) M,C,D, C,M,D, M,DC,, C,DM,, DC,M,, DM,C,

were studied by Sharma in [25]. The product-type operators W, ,D and DW, ,
which were considered by Jiang in [7, 8], are included in (1) as the first and
sixth operators, respectively. For some other product-type operators, we refer
the reader to [12, 13, 15, 20, 22, 24, 39] and the references therein.

The nth differentiation operator D™ on H (D) is defined by

D"f(z) = f"(2), z € D.
Zhu in [38] introduced the so-called generalized weighted composition operator:

D}, f(2) = u(z) f™(p(2)), z €D.

Since Dy, = M, C,D", it is also a product-type operator.

The product-type operator M, C,D™ from area Nevanlinna space to Bloch-
type and Zygmund spaces was studied by Yang et al. in [35, 36]. The weighted
composition operator from weighted Bergman-Nevanlinna space to Zygmund
and Bloch-type spaces was also studied in [11, 26]. It must be mentioned that
in these studies, there is no need to construct more complex test functions in
area Nevanlinna space or weighted Bergman-Nevanlinna space. But we find that
the used test functions become invalid in the study of the following product-type
operators

(2)  D"M,C,, D"C,M,, C,D"M,, M,D"C,, M,C,D", C,M,D".

By constructing some more suitable test functions in area Nevanlinna space, in
this paper we characterize the boundedness and compactness of the operators
in (2) from area Nevanlinna space to Bloch-Orlicz space. This paper can be
regarded as a continuation of the investigation of concrete operators between
these spaces.

Let dA(z) = Ldxzdy be the normalized Lebesgue measure on D and dA,(z) =
(a+1)(1 —|2*)?dA(2) the weighted Lebesgue measure on D. For a > —1 and
p > 1, the area Nevanlinna space N consists of all f € H(D) such that

Iz = [ (1081 + I dAa) < o

From [3], we see that the area Nevanlinna space N} is a Fréchet space with the
translation invariant metric given by d(f,g) = ||f — gl[yz. If p = 1, it becomes
the weighted Bergman-Nevanlinna space, usually denoted by A (see, [11, 26]).

o
log
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Let ¥ be a strictly increasing convex function on [0, +00) such that ¥(0) = 0.
The Bloch-Orlicz space BY was introduced in [21] by Ramos Ferndndez, is the
class of all f € H(D) such that

ilelg(l — [z )T (2)]) < o0

for some A > 0 depending on f. Ramos Fernindez in [21] proved that BY is
isometrically equal to uy-Bloch space, where

[a—

Hence, BY is a Banach space with the norm given by || f||ge = |f(0)| + by (f),
where

by (f) = sup pw (2)|f'(2)].

zeD

This space generalizes some other spaces. For example, if W(t) = tP with p > 0,
then the space BY coincides with the weighted Bloch space B, where oo = 1/p.
Also, if ¥(t) = tlog(1+t), then BY coincides with the Log-Bloch space (see [1]).

Let X be a topological vector space whose topology is given by the transla-
tion invariant metric dx. A linear operator L : X — BY is metrically bounded
if there exists a positive constant K such that

|Lfllgr < Kdx(f,0)

for all f € X. The operator L : X — BY is metrically compact if it maps
bounded sets into relatively compact sets.

In this paper, an operator is bounded (respectively, compact), if it is metri-
cally bounded (respectively, metrically compact). Constants are denoted by C,
they are positive and may differ from one occurrence to the next. The notation
a < b means that there exists a positive constant C' such that a < Cb.

2. Auxiliary results

In [33], Stevi¢ used the Faa di Bruno’s formula of the following version

3) (foe)™(z) =D fP(p(2)) Bup(@ (), .. oD (2)),
k=0

where By, i(z1,...,Zp—k+1) is the Bell polynomial. For n € N, the sum can
go from k = 1 since B, o(¢'(2),...,0" 1 (2)) = 0, however we will keep the
summation since for n = 0 the only existing term By = 1.

Now we present some useful information of the Bell polynomials from [9].
The Bell polynomials are associated with set partitions. To the partition {1} we
associate the monomial x;; this is the only partition of the set {1}, and we define
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Bi1(z1) = z1. The set {1, 2} has the two partitions {1,2} and {1}, {2}, the for-
mer with one block and the latter with two, and we associate to them the mono-
mials x5 and z7, respectively. Then Ba (w1, 22) = x9 and Baa(z1,22) = 27
There are five partitions of the set {1,2,3}. Three of these have two blocks,
namely {1,2}, {3} and {1,3}, {2} and {1}, {2,3}; we associate the monomial
x1x2 to each of these, and so Bza(x1,22) = 3z122. The other Bell polyno-
mials of order three are Bs3(z1) = 23, corresponding to {1}, {2}, {3}; and
Bs 1(z1, 2, x3) = x3, corresponding to {1,2,3}. In general,

1 n
Bn7k($1,1’27...,3’}n7k+1) = H Z <j1 j2 ]k> ,Z'jl x]k

Jittje=n
Jiz1
The sum is effectively over set partitions of {1,2,...,n} with block sizes j, ...,

Jk, with the factor 1/k! correcting for the multiple counting inside the sum.
From (3) and the Leibnitz formula the next result follows.

Lemma 2.1. Let f, u € H(D) and ¢ be an analytic self-map of D. Then
(u(=) f(2(2))) "™
(4) =" FPp(2)) > Chum () By (¢ (2), ... U TED(2)).
k=0

J=k

To find some useful test functions, we first introduce the following functions.
For a fixed w € D and ¢ € Ny = NU {0}, we define the function

at2 | -
1—|w 2 T-H

szi(z) = ( | | 2)((x+2) 2 z € ]D)
(1—wz)" »

Then from Lemma 4.2.2 in [37], it follows that
(5) sup/]sz JPdAa(z) <
weD

By using the functions k, ;, the following result provides some useful test func-
tions.

Lemma 2.2. Let w € D and m € N. Then for each fizred k € {0,1,...,m},
there exist two groups of constants agk, @1 k,---, AGmpk and by, b1k, .., by g,
such that the function

(6) Za’ksz epob,ksz

satisfies

w" 1
0 ) = (B P [y o ) =
— |w P w
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for each j € {0,1,...,m}\ {k}. Moreover,

sup [[hwklaz < 1.
webh

Proof. First we prove that if the function h,,j has the expression (6), then
huw,i € N& and sup [|hy k[ e S 1. Indeed, from the facts that
weD

log(1+ zy) <log(l+z) +log(l+y) and log(l+z) <z, z,y >0,
we have
log(1 + [huw,k(2)]) = log <1 + | Z a; ekw,i(2)]| exp Z bi,kkw,i(z)‘)
=0 =0

< | Z i kkw,i(2)| + log <1 +exp | Z bi,kkw,i(z)‘)
=0

=0

<1+ (aig] + [bigDlkw,i(2)].
1=0

Then from this, (5) and a elementary inequality, we get

U p
I ellae < /D (14 D (asl + i) ws(2)] ) dAa(2)
=0

< (m+ 2)p(1 +) (laikl + |bi,k‘)p/ !kw,i(z)ypdAa(z))
i=0 D
<C.

From this, the desired result follows.
Write

fw,k(z) = Zai,kkw,i(z) and gw,k(z) = sz,kkw,z('z)
i=0 =0

We first consider the case of £k = 0. By some calculation, we obtain that the
function hy, o satisfies (7) if and only if the functions fy, 0 and g, satisfy the
following systems
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and
Juw,o(w) = A [w[?)®
g:v,()(w) =0

9) gif,,o(w) =0

respectively, where a := (o + 2)/p. According to the expressions of f, o and
guw,0, by calculating fg’%(w) and ggy)o(w) we see that f, 0 and gy 0 satisfy the
systems (8) and (9), respectively, if and only if unknowns ag, a1, ..., @m0,

bo,0, b1,0, - ., b, satisfy the following linear system of equations

m
ajp =1
~

=

NE

(2& + i)aw =0

~
|
o

(10)

3

(2@ + i)(2a +17+ 1)0,1‘70 =0
=0

-
I

(2a+i—i—j—1)ai,0:O

-
3

S
Il
=)

j=1
and

rm
> bio=1
=0
m

Z (2(1 + Z')b@() =0
=0

=

=
:
NE

(2a41)(2a 4 i+ 1)bio = 0
=0

mm

> Il @a+i+j—1)bio=0,
\i=0j=1

respectively. Hence we only need to prove that (10) and (11) have nonzero
solutions, respectively. Indeed, if we can show that the determinants of the
systems (10) and (11) are nonzero, then (10) and (11) have nonzero solutions,
respectively. By Lemma 3 in [33], the determinants of the systems (10) and (11)
equal H;n:1 j!, respectively, which is different from zero. This finishes the proof
of the lemma for the case k = 0.
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We next consider the case of k # 0. From (4) we have

k k
A Z S G () B s(2), 08T (2)) exD gun(2)
0 i=j
(12) - ;’f,uz)expgwk()
k k
SS9 Big(g (), 90TV (2) exp gu(2)
Jj=11i=j
b 1
+ 3O @) B (G (2), - 05T (2)) exD gun e (2)-
=1

From (12) we see that if f p(w) =0 for all I < k, then hg)k(w) = 0. On the
other hand, for all s > k, from (4) we have

S S O B s 2D 0C V) e g (2)
j=0 i=j
= CF (=) exp gu(z ZBS ki (Gi(2) 50 ()
s—k ‘ ' .
(13) +> Z C;fij;Z)(z)Bi,j(g;u,k(z)v"-791(1, () exp gu(2)
j—Oi—ji;és
by SO0 B dae)r - V) exp ().
j=s—k+1 i=j
From (13), for each s > k we see that if ¢/, k( ) =20, ..., gSkk+1)( ) =0,

k—1 (k+1)
for(w) =0, fi(w) =0, ..., f5w) =0, £ =0, ..., fj,jig( ) = 0, then
he(w) = 0.
Now letting s = k + 1, ..., m, and noticing condition (7), we see that if we
can prove that there exist two groups of constants ag r, a1k, .., @mx and bg ,
b1k, -, bk, such that the following systems hold

¢ m m
Z Qi = 0, 2(20 + i)ai’k =0
ir:no =0
> (2a+i)(2a+i+1)a;r =0
=0
Il @a+i+j—1)a,=1
i=0 j=1
o
> [M@2a+i+j—1ai,=0
1=0j5=1
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and

m
S big =1
ZEO

> (2a+1i)bip =0
=0

=

=
N
13

(2a+1i)(2a+i+1)bj, =0
i=0

m m—k+1

> (2a+i+j—1)bi,k:0,
i=0 j=1

\

then this finishes the proof of the lemma for the case of k # 0. From Lemma 3
in [33] and a calculation, we get that the determinant of the system (14) equals
(—1)k1 H;n:l j!, which is different from zero. By this, there must exist ag,

A1k, - -, Gm such that the system (14) holds. Since the number of equations
in the system (15) is less than the number of variables, there must exist by,
bi ks -+ bm i, such that the system (15) holds. O

To characterize the compactness, we need the following result, which is
proved in a standard way (see [23]). So the proof is omitted.

Lemma 2.3. Let T € {D"M,C,,D"C,M,,C,D"M,, M,D"C,, M,C,D",
C,M,D"}. Then the bounded operator T : N§ — BY is compact if and only
if for every bounded sequence {f;} in N& such that f; — 0 uniformly on every
compact subset of D as j — oo, it follows that

lim |7 fjl|ge = 0.
j—00

We need also the following estimate for derivative of functions in area Nevan-
linna spaces. We refer the reader to [36] for a complete proof.

Lemma 2.4. For a fized k € Ng = N U {0}, there ezists a positive constant
Cy = C(a, p, k) independent of f € N& and z € D such that

1 Crl[ fllnz
ex

®)(, .
TS o P e

3. Boundedness and compactness

We first characterize the boundedness and compactness of D" M,,C, : N§ — BY.

Theorem 3.1. Let ¢ be an analytic self-map of D and uw € H(D). Then the
following statements are equivalent:

(i) The operator D"M,Cy, : N& — BY is bounded.
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(i4) The operator D"M,Cy, : N§ — BY is compact.

(791) For all ¢ > 0 and k € {0,1,...,n + 1}, w and ¢ satisfy the following

conditions:
I = sup py (2) I (2) < o0
z€D
and
, pw (2)1k(2) c
lim exp — =0,
@=L (1= 10 7 (1 p(2)2)
where
n+1 ) .
I(2) = | 32 Chpu™ D () B (2)s ., U (2))].
j=k

Proof. (i) = (iii). Let h(z) = 2¥ € N&, k = 0,1,...,n+ 1. Applying the
operator D"M,,Cy, : N§ — BY to the function hg, we have

by (D" M, Cphg) = sup w(z)‘(D”Muqoho)'(z)

zeD
n+1 ) . A
(16) = sup iy (2)] 3 Gl ) Bio(@'(2), U ()

= sup g (2)1o(2) = lo.
zeD

Since the operator D" M, C : NE — BY is bounded, we have
(17) byuy (D" M, Cphy) < || D"M,Cihol| < C||D"M,C||.

From (16) and (17), we obtain that Iy < oo.
Assume now that we have proved the following inequalities

(18) I = sup iy (2)11(2) < C| D" MG |
4SS

foreachl € {0,1,....k— 1} and a k < n+1. Applying Lemma 2.1 to the function
h, and noticing that h ( ) =0 for s > k, we get

k n+1
(D M,C. hk Zh(J ZCZ (n+l i) )
7=0
(19) - Bij(#'(2),- so(z (2))

k n+1
= ke (k=4 1)(0(2) 7D Chulm ()

0 1=j
’ Bi,]’(@,(z)v oo 790(i_j+1) (Z))
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From (19), using the boundedness of D"M,C,, : N¥ — BY, the boundedness of
©(z) and the triangle inequality, noticing that the coefficient at

n+1
>0 ul D () By (2), - U (2))
=k

is independent of z, finally using hypothesis (18) we easily obtain
(20) I = sup i (2)I4(:) < C|D"M.C .
zZe

By induction we get that (20) holds for each k € {0,1,...,n+ 1}.
Let w € D and ¢ > 0. Then for a fixed k € {0,1,...,n+ 1}, by Lemma 2.2
there exists a function h

o(w)k € N such that
— %
(21) hfpk()w) k(cp(w)) = p(w) a3 P ¢ oz and
(1= fp(w)?) » (1= [p(w)?) »

W K (p(w)) =0

for each j € {0,1,...,n 4+ 1} \ {k}. Hence, from the boundedness of D" M,,C,, :
NE — BY, we have
pu () () (w) ¢

otz at2
(1 —p(w)]?) > T (1 —Jp(w)?) >

pw (w)] (D™ My Cophi()) (w)| =

e(w
Then from (22) we get

a+2

oy (w)]o(w) ] I (w) . ¢ <CO(1—|p(w)) > .

(1= o (w)?)* (1= |o(w)|2)

(23)

Taking the limit in (23) as |p(w)| — 1 gives the following

o Pe)hw) c _
et (1= (@)PF (o) >

This shows that the statement (i) implies (7i7).

(i4i) = (ii). In order to prove that the operator D"M,C, : N& — BY is
compact, by Lemma 2.3 we just need to prove that, if {f;} is a sequence in N}
such that sup;cy || fil[y» < M and f; — 0 uniformly on any compact subset of
D as i — oo, then

lim [|D"M,C,, f;||ge = 0.
11— 00

Notice that the second condition in (ii7) holds for all ¢ > 0. Hence, for arbitrary
e > 0, there is an n € (0, 1), such that for any z € K = {2z € D : |p(2)| > n}

I M
oy (2) I (2) exp Cy .

A =1eGP*F 7 1 = )5

(24)
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where C}, is the constant in Lemma 2.4. For such chosen ¢ and 7, by using (24)
and Lemma 2.4, we have

sup puy (2)| (D" MuCip f3)' (2)|

zeD
n+1 n+1 ) A
= supa(2)] Y 7 (0(2)) > o)
€ k=0 j=k
(25) B (2), ... oD ‘
n+1
< sup juy (2 Z |1 (0(2)) | 1n(2)
n+1 (k;
< I
< <SSE+Z§B€K)W kzo\f 0(2))|Ik(2)
n+1
(n+2E+ZIksup’f ‘
k=0 |12I<m

Since f; — 0 uniformly on compact subsets of D as i — oo implies that for each
k e N, fi(k) — 0 uniformly on compact subsets of D as ¢ — oo, from (25) we get

lim sup g (2)|(D"MuCy f;)'(2)| = 0.
1= e
It is clear that
(26) lim |(D"M,C,f;)(0)| = 0.
1—00

Consequently, from (25) and (26) we obtain

(27) llim HDnMuCgoszB‘I’ = 0.
1—»00

Hence, from Lemma 2.3 we see that the operator D"M,Cy, : N§ — BY is
compact.
(14) = (¢). This implication is obvious. This finishes the proof of the
theorem. O
Since D"C,M,, = D" M,0,Cy, by Faa di Bruno’s formula and Theorem 3.1
we obtain the characterizations of the boundedness and compactness for the
operator D"C, M, : N — BY in the following result.

Corollary 3.1. Let ¢ be an analytic self-map of D and uw € H(D). Then the
following statements are equivalent:

(i) The operator D"Cy, M, : N& — BY is bounded.

(i4) The operator D"Cy, M, : N§ — BY is compact.
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(tit) For all ¢ > 0 and k € {0,1,...,n + 1}, w and ¢ satisfy the following

conditions:

sup pw (2)Ji(2) < o0

zeD
and

pw(2)Jx(2) c
im exp — =0,
@1 (1= 1) P)* 7 (1 = o))
where
RE =3 Y GO (@) Buasi(@(2), g (),
j=k =0

Bia(gl(2), U ()]

Since

n+1
(CoD"M,f) (2) = > CE L u™ 10 (0(2))¢! (2) f P (0(2)),
k=0

we have the following result, whose proof is similar to that of Theorem 3.1. So
it is omitted.

Theorem 3.2. Let ¢ be an analytic self-map of D and uw € H(D). Then the
following statements are equivalent:

i) The operator C,D"M, : N¥ — BY is bounded.
)
(i4) The operator C,D" M, : N§ — BY is compact.

(tit) For all ¢ > 0 and k € {0,1,...,n + 1}, u and ¢ satisfy the following

conditions:
sup p (2) [0 (o(2)) | (2)] < 00
and
fm PRI EEIIYE] c o
J(2) -1 (1= le(2)*)* (1= o))

Next we characterize the boundedness and compactness of M, D"C,, : N§ — BY.

Theorem 3.3. Let ¢ be an analytic self-map of D and uw € H(D). Then the
following statements are equivalent:
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i) The operator M,D"C, : N& — BY is bounded.
)
(i4) The operator M, D"Cy, : N§ — BY is compact.

(tit) For all ¢ > 0 and k € {0,1,...,n}, u and ¢ satisfy the following condi-

tions:
suguw(Z)!U(Z)Hso’(Z)!"“ < 00,
FAS
sup pw (2)Li(z) < oo,
z€D
pw(z)Lg(2) c
im ex =0,
@1 (1= [p@)P)F (1— o)1)
where
Li(2) = [u/(2) Bup(#'(2), ., 0"V (2))
+u(2)Bny1 k(¢ (2), ., 0" F ()],
and
/ n+1
p MEEEILE e
pl=1 (1= [p(2)[?)" (1 - |o(2)2)F

Proof. By some calculation, we have

(MuD"Cof)(2) = 3 W (p(2)) (u'(z)Bn,k(so’(z), TR ()
k=0

+u(2) By k(€' (2), - (p(”_k+2)(z))>
+u(2) (@' ()" FD (o(2)).

By this formula, the proof can be given similar to that of Theorem 3.1. So we
omit it. 0
Since (M,CpD" f)(2) = () F) (p(2)) + u(2)¢' (=) F+D (p(2)), we have

Theorem 3.4. Let ¢ be an analytic self-map of D and uw € H(D). Then the
following statements are equivalent:

(i) The operator M,C,D" : N§ — BY is bounded.
(i4) The operator M,Cyp,D™ : N§ — BY is compact.
(#i7) For all ¢ > 0, the functions u and ¢ satisfy the following conditions:
sup py (2)|u'(2)] < oo,
z€eD
sup p (2)[u(2)[|¢'(2)] < oo,
zeD

o WG c _
el L= TGP (1 (p) )5 )




ZHI-JIE JIANG 240

and

pw (2)[u(z)[[¢'(2)] c

exp = = 0.

el (1= [p(2)2)m (1 - Jp(2)]2)7

Noticing that C, M, D" = My.,C,D", by Theorem 3.4 we have

Corollary 3.2. Let ¢ be an analytic self-map of D and v € H(D). Then the
following statements are equivalent:

i) The operator C,M,D"™ : N& — BY is bounded.
)
(i4) The operator C, M, D™ : N§ — BY is compact.

(#i1) For all ¢ > 0, the functions u and ¢ satisfy the following conditions:

sup pw (2) [ (0(2)]|¢(2)] < o0,

sup o (2) [u(p ()| ()] < oo,
o PG @)Y c _
|so(1z)H1 (1 =1le(z)[*)" ETEREES )

and

i Pe@lule (z))\lw’(Z)!eXp c
eI (1= [e(z)]) (1 |o(2)2) 7
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