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Abstract. We study the positive weak solutions for the system

—Apyu=Aa(z)f(v) in Q,
—Appv = Ab(x)g(u) in €,
u=v=0 on 0f.

where A\ > 0 is a parameter, Ap, with p > 1 and P = P(x) is a weight function,
denotes the weighted p-Laplacian defined by Apyu = div[P(x)|VulP~2Vu], a(z), b(x)
are weight functions and Q@ € R is a bounded domain with smooth boundary 9§2. We
discuss the existence of positive weak solutions for large A when

1 1

lim frr(Mlg(w)) ) =0, for every M > 0.

Tr—+00 X

In particular, we do not assume any sign-changing conditions on a(z) or b(z). Our
approach depends on the method of sub—supersolutions.
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1. Introduction

In this paper, we study the existence of positive weak solutions for A large for
the following nonlinear system

—Appu=Aa(z)f(v) in Q,
(1.1) —Apyv = Ab(x)g(u) in Q,
u=v=0 on 0f),
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where Ap, with p > 1 and P = P(z) is a weight function, denotes the weighted
p-Laplacian defined by Ap,u = div[P(z)|Vu|P~2Vu], A is a positive parameter,
a(z) and b(x) are weight functions and that there exist positive constants ayg,
bo such that a(x) > ag, b(x) > by, f and g are given functions and Q C RY is
a bounded domain with smooth boundary 0f). Our approach is based on the
method of sub-supersolutions (see e.g. [2]).

Recently many results concerning the existence of positive weak solutions for
the nonlinear systems involving Laplacian, p-Laplacian or weighted p-Laplacian
operators were obtained by various authors with the help of the sub-supersolutions
method (see [1, 3, 6],[8]-[16]).

Dalmasso [4] have been studied system (1.1) when p = 2, P(x) = a(z) =
b(x) =1, f and g are increasing functions and f, g > 0. Results of [4] extended
in [7] to the case when no sigh conditions on f(0) or g(0) were required and
without assuming monotonicity conditions on f or g.

This paper is organized as follows:

In section 2, we introduce some technical results and notations, which are
established in [5]. In section 3, we give some assumptions on the functions f, g to
insure the validity of the existence of the positive weak solutions for system (1.1)
in a suitable weighted Sobolev space. Also, we prove the existence of positive
weak solutions for system (1.1) by using the method of sub—supersolutions. In
section 4, we give some related results and examples.

2. Technical results

Now, we introduce some technical results to the weighted homogeneous eigen-
value problem (see [5])

—Appu = div[P(z)|VulP~2Vu] = Aa(x)|ulP~?u  inQ, }

(2.1) u=20 on 0f).

The function P(z) is a weight function (measurable and positive a.e. in ),
satisfying the conditions

P(z), (P(x)) 77 € L},,(Q), with p > 1, (P(x))™ € LY(%),

N 1
(2.2) with s € (—,00) N [——, ),
P p—1
and a(z) is a measurable function satisfies
k
(2.3) a(x) € L¥(Q),
with some k satisfies p < k < p% where pf = ]\J,pr;s with p; = 25 < p < p}

and meas {z € Q : a(z) > 0} > 0. Examples of functions satisfying (2.2) are
mentioned in [5].

Lemma 1 ([5]). There exists the first eigenvalue A1, > 0 and at least one
corresponding eigenfunction ¢1, > 0 a.e. in § of the eigenvalue problem (2.1).
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Theorem 2 ([5]). Let P(x) satisfies (2.2) and a(z) satisfies (2.3), then (2.1)
admits a positive eigenvalue \1,. Moreover, it is characterized by

(2.4) Ay /Q a(2) g1yl < /Q P(2)|Venl?.

Moreover, let us consider the weighted Sobolev space W1P(P,2) which is
the set of all real valued functions u defined in €2 with the norm

1
P
(2.5) ||u||W1,p<p,m=< L+ [ P<x>|w|p) < o0,

and the space Wol’p(P, Q) which is the closure of C§°(Q) in WHP(P, Q) with
respect to the norm

1
p
(2.6) el gy = </Q P(x)|Vu|p> < 0,

which is equivalent to the norm given by (2.5). The two spaces W1P(P, Q) and
VVO1 P(P,Q) are well defined reflexive Banach Spaces.

3. Existence results

In this section, we prove the existence of positive weak solutions (u,v) for sys-
tem (1.1) via the method of sub-supersolutions. We shall establish our results
by constructing a subsolution (¢1,v2) € (WyP(P,))? and a supersolution
(21,22) € (WyP(P,2))2? of (1.1) such that ¢; < z for i = 1,2. That is, 1,
i =1, 2, satisfies

[ P@ITel2 e < o [ i
Q Q
[ P@IVir v < [ @t
Q Q
and z;, ¢ = 1, 2, satisfies
/P(x)|Vzl|p_2V21VCd:v > )\/a(x)f(zg)ﬁdx
Q Q
/P(:U)|Vz2|p_2V22VCd:L“ > )\/b(m)g(zl)Cdx,
Q Q

for all test functions ¢ € T/VO1 P(P,Q) with ¢ > 0. Then the following result holds:

Lemma 3 ([2]). Suppose there exist sub and supersolutions (11,12) and (21, z2)
respectively of system (1.1) such that (11,12) < (21, 22). Then system (1.1) has

a solution (u,v) such that (u,v) € [(Y1,v2), (21, 22)].
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We give the following hypotheses:

(H,) f,g:[0,00) — [0,00) are C! nondecreasing functions such that
f(s),g(s) >0 for s > 0.

(H,) For all M > 0,

L P (M(g()7 )

r—+00 X

Theorem 4. Let (H.1) and (H.2) hold. Then system (1.1) has a positive weak
solution (u,v) € (Wol’p(P, )2 for X large.

Proof. Let Ay, be the first eigenvalue of the eigenvalue problem (2.1) and ¢y,
the corresponding positive eigenfunction with |¢1,||,, = 1. Let ko, m, § > 0
be such that f(z),g(x) > —ko for all 2 > 0, P(z)|V¢1,[P — Apa(z)dy, >

m on Qs = {x € Q : d(z, GQ) < 0}. We shall verify that (i1,¢2) = (
p ()‘aoko) ¢1p , p ()‘b%ko) 145” 1) is a subsolution of (1.1) for A large. Let
¢ € WHP(P,Q) with ¢ > 0.
A calculation shows that

/Q P(@)|[ Vi [PV - Vida

= Aizko P(2)$1p|V1,[P V1, - VCda

= Aciiko { /Q P(2)|V1,[P V1,V ($1,¢)dx — /Q P(x)\wlp\pgdx}
Aaok

= 200 | Qupa(a)ah, — P(@)|Veryl?)Cda.

Similarly, we have
[ P@Iveap Vi Vs =220 | ()it ~ Pla) Vorp)cds.
Q Q

Now, on Q5, we have P(x)|V¢1,[P — Aipa(x)¢, > m. Hence,

Aboko

(Apa(z)gh, — P(x)|Vr1p) < —Xagko < Aa(z) f(¢)2).
A similar argument shows that
Abok
2 (Apb() 8, — P(2)|[Vipl?) < —Aboko < Ab(x)g(1).

Next, on Q — Qs, we have ¢y, > p for some p > 0. Also f(1)2) and g(31) are
depending on A and nondecreasing functions and therefore for A large we have,
using (2.4),

k k
fln) 2 > 2 (a()dl, - P@)|Voyl?),
ko ko

9(¥1)

v

D 2 2 apb(a)dh, — PVl
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Hence
()| Vin P29 - Véda < A /Q a() f(62)Cd.

Similarly, we have

| P@ITel 20 Tedo < [ a)glin)cas
Q Q
i.e. (¥1,12) is a subsolution of (1.1) for A large.
Next, let e, be the solution of (see [17])
—Apyep, =1 in Q, ep =10 on 0f).
Let
C . 1 BRI
(21,22) = <M)\P—1ep, (lpA)P=1 [g(CAP—T )]P—lep>
P

where 11, = [lep|| o, Iy = ||b(2)]|cand C > 0 is a large number to be chosen later,
We shall verify that (21, 22) is a supersolution of (1.1 ) for A large. To this end,
let ¢ € WyP(P,Q) with ¢ > 0. Then we have

C\"?
/ P(x)|V21 P72V 2 - Vidz = /\<> / P(x)|Ve,|P~2Ve, - V(dx
Q Hp
1
g — C)\P /Cdl‘
Mp

By (Hz), we can choose C' large enough so that

1

(CANFTP > (12 0, ([N 7 ) [g(CAFT)]7T),

where I, = ||a(z) and therefore,

Hoo’

/ P(2)|Va|P~2Vz - Vidz > N, / FUGN T ) [g(CAF T 7T ) dx
Q Q

> 2 [ ato)fc.

Next, we have

/ P(2)|V2a P2V - V(dz = Ayg(CAFT) / P(x)|Ve,|P~2Ve, - V(dx
Q Q

- Albg(mpil)/gdx
Q

Y

Ay / 9(Cpy AT e)Cdar
Q

> A /Q b(a)g(z1)Cde

i.e. (z1,22) is a supersolution of (1.1) with z; > 1); for C large, i = 1,2. Thus,

there exists a positive weak solution (u,v) of (1.1 ) with ¢ <wu <z, 9 <v <
zo. This completes the proof.
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4. Example and related result

4.1 Example

Many illustrative examples for the results obtained in this paper can be easily
constructed. We just give the following one below.
Let
f(2) = aa”, g(z) = ba,

where, a,b,7,5s > 0 and rs < (p—1)%.

(Hy), (Ha).

Then it is easy to see that f and g satisfy

4.2 Related result

Existence results obtained in this article can be established in a similar way for
the following nonlinear system

—Apyu=Aa(z)v? in Q,
—Appv = Ab(z)u® in Q,
u=v=0 on 0f,

under the assumptions that

(A1) a(x) and b(x) are weight functions such that a(z) > ag > 0, b(z) >
bo > 0.

(A7) 0<a<p—land0<fB<p-—1.

Remark 5. Existence results of positive weak solutions for system (1.1) still

ST (M (g(2) 7T

hold if we replace the condition limg_; o ) — 0, for every M > 0,

1
given in (Hs), by the condition limy,_, 4 W =0, for every M > 0.
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