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Abstract. In this paper we introduce some generalized difference sequence spaces
by using Musielak-Orlicz function, ideal convergence and an infinite matrix defined on
n-normed spaces. We study some basic topological and algebraic properties of these
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1. Introduction and preliminaries

The concept of 2-normed spaces was initially developed by Géhler [10] in the
mid of 1960’s, while that of n-normed spaces one can see in Misiak [20]. Since
then, many others have studied this concept and obtained various results, see
Gunawan ([11], [12]) and Gunawan and Mashadi [13] and many others. Let
n € N and X be a linear space over the real field R of dimension d, where

d >n > 2. A real valued function |-, ..., || on X™ satisfying the following four
conditions:

1. ||z1,22,...,zy|| = 0 if and only if x;, z9, ..., x, are linearly dependent in

X

2. ||x1,x2, ..., 2, is invariant under permutation;

3. |laxy, xe, ... x| = | |1, 22,. .., 2] for any o € R, and

4. ||z + 2 2o, .. x| < ||l @, .o x| |12 22, |
is called an m-norm on X, and the pair (X, |-,---,-||) is called an n-normed

space over the field R.

*. Corresponding author
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For example, we may take X = R" being equipped with the n-norm ||z, z2,
..., Zy||p = the volume of the n-dimensional parallelopiped spanned by the

vectors 1, X2, ..., T, which may be given explicitly by the formula
w1, 22, -+, 2all g = | det(wij)],
where z; = (21,22, ,Tin) € R™ for each i = 1,2,--- ,n, where script E
denotes Euclidean space. Let (X, |[|-,--- ,-||) be an n-normed space of dimension
d > n > 2 and {ay,as,...,a,} be linearly independent set in X. Then the
following function [|-,--- ,||cc on X"~ ! defined by
||l‘]_,332, e 7mn71HOO — maX{HIh.IQ, o 7xn717aiH 1= 17 27 e 7”}

defines an (n — 1)-norm on X with respect to {ai,as,...,an}.

A sequence (xj) in a n-normed space (X, |[|,---,-||) is said to converge to

some L € X if

lim ||z — L, 21, -+ ,2p—1|| =0, for every z1,...,2,-1 € X.
k—o00
A sequence (zp) in a n-normed space (X, ||-,---,||) is said to be Cauchy if
lim ||z — @i, 21, ,2n—1]| =0, for every z1,...,2z,-1 € X.
,i—00

If every Cauchy sequence in X converges to some L € X, then X is said to be
complete with respect to the n-norm. Any complete n-normed space is said to
be n-Banach space.

The notions of statistical convergence and convergence in density for se-
quences has been in the literature, under different guises, since the early part of
the last century. Over the years and under different names, statistical conver-
gence has been discussed in the theory of Fourier analysis, ergodic theory and
number theory. Statistical convergence was recently investigated by Fast [9] and
Schoenberg [29] independently.

The concept of ideal convergence was first introduced by P. Kostyrko et
al. [16] as a generalization of statistical convergence which was further studied
in topological spaces by Das et al. [1]. More applications of ideals can be
seen in ([1], [2]). We continue in this direction and introduce I-convergence of
generalized sequences in more general setting.

A family I C 2% of subsets of a non empty set X is said to be an ideal in
Xif

1. p €1
2. A,Belimply AUB € I

3. A€ I, B C Aimply B € I, while an admissible ideal I of X further
satisfies {x} € I for each x € X (see [14]).
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A sequence (xy,)nen in X is said to be I-convergent to = € X, if for each € > 0
the set A(e) = {n € N : ||z, — z|| > €} belongs to I (see [13]). A non empty
family of sets F' C 2% is said to be filter on X if and only if ® ¢ F, for A, B € F
we have AN B € F and for each A € F' and A C B implies B € F. An ideal
I C 2% is called non trivial if T #* 2X A non-trivial ideal I C 2% is called
admissible if {{z} : 2 € X} C I. A non-trivial ideal is maximal if there cannot
exist any non-trivial ideal J # I containing I as a subset. Further details on
ideals of 2% can be found in [16].

An Orlicz function M : [0,00) — [0, 00) is a continuous, non-decreasing and
convex function such that M(0) = 0, M(xz) > 0 for x > 0 and M(z) — oo as
T — 00.

Lindenstrauss and Tzafriri [18] used the idea of Orlicz function to define the
following sequence space,

ly = {(a;k) Gw:gMU‘TpkU < 00, for some p>0}

which is called as an Orlicz sequence space. Also ¢j; is a Banach space with the

norm o
I @)ll = inf {p >0 ZM('x;') <1}.
k=1

Also, it was shown in [18] that every Orlicz sequence space £); contains a sub-
space isomorphic to £,(p > 1). An Orlicz function M satisfies Ay—condition
if and only if for any constant L > 1 there exists a constant K (L) such that
M(Lu) < K(L)M (u) for all values of v > 0.

A sequence M = (M) of Orlicz functions is called a Musielak-Orlicz func-
tion see ([19], [24]).

A Musielak-Orlicz function (Mj) is said to satisfy Ag-condition if there exist
constants a, K > 0 and a sequence ¢ = (c)?2, € ¢} (the positive cone of (')
such that the inequality

Mk(2u) < KMk(u) + ¢k

holds for all k € N and v € Ry whenever My (u) < a.

The notion of difference sequence spaces was introduced by Kizmaz [17],
who studied the difference sequence spaces oo (A), ¢(A) and co(A). The notion
was further generalized by Et and Colak [8] by introducing the spaces I (A™),
c(A™) and ¢o(A"™). Let w be the space of all complex or real sequences = = (zy,)
and let m, n be non-negative integers, then for Z = I, ¢, ¢y we have sequence
spaces

Z(AT) ={z = (zx) € w: (AN'ay) € Z},
where ATz = (AMxy,) = (AT Lz, — A" lpy, ) and AVxy, = 2, for all k € N,
which is equivalent to the following binomial representation

AZI.’L‘]C = Z(—l)v < ’,Z]L > Th+nv-

v=0
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Taking n = 1, we get the spaces which were studied by Et and Colak [8]. Taking
m =n = 1, we get the spaces which were introduced and studied by Kizmaz
[17].For more details about sequence spaces (see (3], [4], [5], [6], [7], [21], [22],
[23], [25], [26], [27], [28], [30], [31]) and reference therein.

Let X and Y be two sequence spaces and A = (a,x) be an infinite matrix
of real or complex numbers a,, where n,k € N. Then we say that A defines
a matrix mapping from X into Y if for every sequence x = (z3)72, € X, the

sequence Az = {A,(z)}72,, the A-transform of x, is in Y, where

Ap(z) = iank:ck (n € N).
k=0

By (X,Y), we denote the class of all matrices A such that A : X — Y. Thus,
A € (X,Y) if and only if the series on the right-hand side of above equention
converges for each n € N and every x € X.
The matrix domain X 4 of an infinite matrix A in a sequence space X is
defined by
Xa=A{x= () : Az € X}.

A sequence space F is said to be solid(or normal) if () € E implies (ozy) € E
for all sequences of scalars (ay) with |ag| < 1 and for all k£ € N.

Let I be an admissible ideal of N, let p = (py) be a bounded sequence of positive
real numbers and A = (ay) be an infinite matrix. Let M = (M}) be a Musielak-
Orlicz function, u = (ug) be a sequence of strictly positive real numbers and
(X,]];.--,.]]) be an m-normed space. Suppose A = (),) is a non-decreasing
sequence of positive real numbers such that A\, < A\, + 1,0 =1, A\, = o0 as
n — oo. Further w(n—x) denotes the space of all X-valued sequences. For every
21,29, ...y 2n—1 € X, for each € > 0 and for some p > 0 we define the following
sequence spaces:

WA, AT A Mup, ||y s ]

— {x = (zr) € w(n —z): for given € >0,

1 Ay — L P
{n eN: > ank [k_sMk<IIM,21,22,---,znqll)} > 6} el,
" kel, P

for L e X andsEO},
WOI [A,A?,A,M,u,p, ., s |H = {x = (z) € w(n —x) : for given € > 0,

1 AM
{n eN: — Z Ank [k‘*sMk<HM,z1,22, ...,zn_1H>]pk > e} el, fors>0
An kel, P
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and

wi (A, AT A M, = {a: = () ew(n—x): 3K >0,

1 A™
{n EN: T Y am [k*SMk(HW,WQ, ~--72n—1H)]pk2K}€I7 for s > 0},

n
n

where I,, = [n — A\, + 1,n|. Some special cases of the above defined sequence
spaces are arises: If m = 0, then we obtain the spaces as follows:

w! [A,A,M,u,p, | P ||] = {x = (z) € w(n —z): for given € >0,

1 - L p
{TL eN: — Z Ank |:]{Z_SM]€(”%721’ZQ, "'7zn71H)i| ' > E} € I7
An keln P

forLeXandSEO},

Wi [A, A, M u,p, ||y sy ||] = {:c = (zg) € w(n —x): for given € >0,
1 s UL Pk
D ooy Bp— > >
{n eN " Z ank[k} Mk<H P T 1H>} > e} eI, for s > O}
kel,
and
W;[A,A,M,u,p, e ll] = {x = (zg) €Ew(n—z): 3K >0,

1
{n eN: — Z Ank [kisMk(||Uk$k,Zl,ZQ, ...,Zn_lu)]pk > K} S I, for s > 0p.
An kel P

If m =n =1, then the above spaces are as follows:

w! [A,A,A,M,u,p, Il -y H] = {x = (z) € w(n —x) : for given € > 0,

1 Axy — L p
{n eN: — Z ank [k_sMk<||Mazlaz27 "'7Zn71||)1| ' > 6} € Ia
An kel P

forLEXandsEO},

WOI [A,A,A,M,u,p, | P H] = {x = (zx) € w(n —x) : for given € > 0,

1 A
{n eN: — Z Ank [k‘*sMk<Huk xk,zl,zg,...,zn_lHﬂpk > e} el, fors>0
An kel, P
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and

W;[A,A,A,M,u,p, oo l] = {:U =(zy) €wn—x):IK >0,

1 A P
{n eEN: — Z Ak [k_sMk<||uk xk,Zl,ZQ,...,Zn_1||):| * > K} el, fors>0,.
An kel, p

If s =0 and M(x) = z for all x € [0,00), then we have

wi A AT Au,p, || ] = {x = (zg) € w(n —x): for given € >0,
1 Ay, — L P

{n eN: — Z ank<HM,zl,22, ...,zn_lH) * > 6} el,
An kely, P

for Le X andsZO},
wd (A AT Aup, ||y ] = {aj = (z) € w(n —x) : for given € > 0,

1 A j2
{n eN: — Z ank(HM,zl,z2,...,zn,1||> * > e} el, for s>0
An kel, p

and

WL A, AT A u,p, || ] = {:1: =(zg) Ew(n—2x): 3K >0,

1 Am P
{n eN: — Z ank<HM,z1,z2,...,zn_1H> * > K} el, fors>0;.
An kel, P

If p= (pr) =1 for all k, then the above spaces are as follows

wi (A, A AT Mo, | ] = {x = (zg) € w(n —x): for given € >0,
1 Ay — L
{n eN: )\nk; Ank [k:*sMk(H%,zl,zQ, ...,zn_lH)}

26}6[, for LeX andsZO},

WEA, AT A, M.,y || = 2= (23) € win —z) : for given e > 0,
0 n
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AT
{nEN Zank[k SM (HUk Tk 21,22,...,2’“_1”>}
" kel,

e} el, forsZO}
and

WLA AT A Mu, ., .. ]]] = {x = (zx) ew(n—2): 3K >0,

1 s up Ay Ty,
{n eN: — Z Gk [k Mk<H7,z1,22,...,zn_1H>] > K} el, fors>0;.
An kel, P

If A= (C,1), the Cesaro matrix, then the above spaces are as follows:

wit (A, AT Mou,p, .,y ]l] = {x = (zr) € w(n — z) : for given € > 0,
A L
{TL €N: Z |:k SM ( M7217227.”’2n_1”):|pk > 6} € I7
" kel,

forLEXandsz()},

Wi [A, AT Mu,p, ||y s ] = {x = (z) € w(n —z) : for given € > 0,

{n eN: Ai 3 [k—SMk(|yw“Afx’f,z1,z2, ...,zn,lu)]pk > e} el fors> o}
" kel,

and

WLA AT Mu,p, ||y ||] = {x = (z1) ewn—z): 3K >0,

{nen: - k; [ ( W,zl,z%...,zn_lﬂﬂpk > K} el, fors> o}.

By a lacunary sequence 6 = (k,);r = 0,1,2,... where kg = 0, we shall mean an
increasing sequence of non-negative integers with k. —k._1 — oo as r — co. The
intervals determined by 6 will be denoted by I, = (k,_1, k] and h, = k, — k,_1.
We finally arrived, let

—, fk_1<k<k,

0, otherwise.



IDEAL CONVERGENT GENERALIZED DIFFERENCE SEQUENCE SPACES ... 41

Then the above classes of sequences are denoted by W/ [A, 0, A" M,p,|., ..., H] ,
WEA, 0, AT M, p,||., ..., .||] and WL A, 0, A7, M, p, |-, ..., .|[].

The following inequality will be used throughout the paper. If 0 < pg <
sup pr = G, D = max(1,2¢71) then
(1) |a + bg"* < D{|ax|™* + |bk[* },
for all k and ay, by € R. Also |a[P < max(1,]|a|%) for all a € R.

The main aim of this paper is to introduce some generalized difference se-
quence spaces defined by ideal convergence, Musielak-Orlicz function and an

infinite matrix. We have also make an effort to study some inclusion relations
and their topological properties.

2. Main results

Theorem 2.1. Let M = (M) be a Musielak-Orlicz function, p = (pr) be a
bounded sequence of positive real numbers and u = (uy) be a sequence of strictly

positive real numbers. Then W' [A, ATVA Mu,p, | - H] [A AT A M, u,
Pl ] and WLA, AT A, M, u, p, ., ... ||| are lmear spaces over the real
field R.
Proof. We shall prove the result for the space W/ [A, AT A Mup, |y ey H]
Let © = (z1) and y = (yi) be two elements of Wd [A, A, A, M, u,p, ||., ..., ||].
Then there exists p; > 0 and p2 > 0 and for 21, 29, ..., 2,1 € X such that
1 ukA Tk Pk €
A% :{HEN:EZank[ (H Zl,ZQ,...,Zn_1H>:| 25}61
kely,
and
1 ’LLkA k Pk €
B;:{nEN:A—nZank{ (|| Y 21,z2,...,zn_1||>} 25}61.
kely
Let a, 5 € R. Since |.,...,.|| is a n-norm, A" is linear and the contributing of

M = (Mk) the following inequality holds:

o Zank[kz Mk<|]ukAZl(axk+Byk),z1,zQ,...,zn_1H>]pk

rel |alpr + |B]p2
o _ wup A" xy Pk
<D Z nk[#k SMk(Hin,Zl,Zz,---7Zn—1Hﬂ
nior Halpr+ 18l p1
_ up A Dk
+D 3 nk[ B, SMk(HM,zl,zg,...,zn,lu)]
kel alp1 + [Blp2 p2
up AT Pk
< DK Z ank{ SMk<”71 Zl,ZQ,...,Zn_1||>]
" kel,

Uk A k Pk
+ DK+~ Zank[ Mk(HTSyﬂhzm--~72n—1H)] ;

" kel,
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B o] E
where K = max{L, 55 g, |a|m+lﬁlpz}

From the above relation, we get

1 _ ug A (g + Byk) Pk
neN: — an {k SM( n Y21y 22y eeey 2 )} 26}
R (P T ok e

ukA T Pk €
{TL eN: DK)\ kz; ank[ (H Zl,ZQ,...,Zn_1H>:| > 5}

1 A p
U {n eN: DK— Z Ank [k_sMk<HM,Zl,22, ...,zn,lH)] * > E}.
A i p2 2

Since both the sets on the R.H.S of above relation are belongs to I, so the set
on the L.H.S of the inclusion relation belongs to . Similarly we can prove other
cases. This completes the proof of the theorem.

Theorem 2.2. Let M' = (M}) and M" = (M]!) be two Musielak-orlicz func-

tions. Then we have W{[A, A", A, M u,p, |.,...,.|] 0 W [A, AT, A M 0
Pl l] SWEA A A M + M Ju,p, .o ]
Proof. Let z = (z5) € Wl [A, AT A, M u, p, ||,y J] NWE[A, AT A, M 0
Dy l[es ey ||] Then we get the result by the following inequality:
up Al Pk
A Zank[ Mk+ )(H k k 21,22,...,Zn,1||):|
kEIn
Am
< D)\ L SMI;(H—“’“ ko]
kel,
ug Az Pk
+D > e [0 (122 2 2,z
" kel,
Hence,
1 AT p
{n eN: o Z Ak [l{:*S(M,{f +M )(Huk ) 21, 22, ...,zn_1H>] * > 6}
" ke In
{n eN: D Z a [ mf(u% 21, 2 2 H)}pk > E}
= nk k p 3 A1y 22y eeey #n—1 - 2
" kel,
P SN P =S o
)\ = nk 1542525 #n—1 =9

Since both the sets on the R.H.S of above relation are belongs to I, so the set
on the L.H.S of the inclusion relation belongs to I. This completes the proof of
the theorem.

Theorem 2.3. The inclusions Z[A, AT~ A, M, u,p,|.,.....||] € Z[A, AT,
Mu,p, |y ey H] are strict form > 1. In genele[A, AL Mou,p, |- - ]
Z[A,Anm,A,M,u,p, ) -y |H, form =0,1,2,... where Z = W/, WOI,WI

A,
-
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Proof. We give the proof for W{ [A, AL A M p, ||y ey H] only. The others
can be proved by similar argument. Let z = (x) be any element in the space
WA, AL A M, u,p,||., ... .||]. Let € > 0 be given. Then there exists p > 0
such that the set

1 Am-t P
{n eN: o Z Ank [l{:_sMk<HW,Z1,Z2,...,zn_1H>] F> e} el
" kel

Since M = (M},) is non-decreasing and convex for every k, it follows that

1 _ up AT Pk
7 E Ank |:k‘ SMk(HM,Zl,ZQ,...,Zn_1||>:|
n

kel 2)0

1 _ ukAm_lmk 1 — ukAm_liL'k Dk
= ) an [k sMk<|| n—t = 721722,”-’277,—1”)}

An kel 2p

S D— Z Ank |:7k_sMk(HM7zl7z27 -"7Z77»—1H>] ’
An kel 2 P

ukAnmfl.%k

1 1 _ Dk
+D)\* Z Ank bk SMk(H ,217227--',Zn71||>}

" kel,
1 Am—l P
< DH—— Z Qnk {kisMk(“MﬂzluzQ? "'72’,71—1H>i| '
An kel P

ukAﬁflmk

1 B Pk
+ DI 3 kM ] e zal)]

" keln

where H = max {1, (%)G} Thus we have

1 _s ukA,"fa;k Pk
{TL € N: )\7 Z Ank |:/€ Mk<H7,Zl,22, ...,Zn_1H>] > 6}

" kel, 2p
1 AVICE p
- {n eEN: — Z ank [k_sMk(HM,ZhZQ,...,Zn71||>} > E}
An p 2
kel,
1 AL p
U {TL eN: — Z Ank [k*SMk<HM721’Z2’ ...,Zn_l”)} * > E}
An (7 P 2

Since both the sets in right hand side of the above relation belongs to I, therefore
we get the set

1 A p
{n eN: — Z Ak {kfsMk(HM,zl,zg, ...,Zn_1||>} * > 6} el.
An kel P
This inclusion is strict follows from the following example.

Example. Let My(z) = x, for all k € N, u, = pp, = 1 for all k € N, s = 0,
A = 1l and A = (C,1), the Cesaro matrix. Now consider a sequence x =
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(z) = (k'). Then for n = 1,z = (z}) belongs to W{ [A, A7, M, u,p, ||., ..., .[|]
but does not belongs to W({ [A, AU Mou,p, ||y e H], because A"z = 0 and
ALy = (=)™ Y m — 1)L

Theorem 2.4. For any two sequences p = (px) and ¢ = (qx) of positive real
numbers and for any two n-norms ||.,...,.||1 and ||.,...,.|[2 on X, we have the
following Z[A, ATA Mo, p, | e Hl] N Z[A, ATCA M, g, - ||2] + ¢
where Z = WI W{E and WL,

Proof. Since the zero element belongs to both the classes of sequences, so the
intersection is non-empty.

Theorem 2.5. The sequence spaces W [A, AT A Mu |y e H] and WL [A,
AT A Mup, e ||] are normal as well as monotone.

Proof. We shall prove the theorem for W{ [A, AT A M, u,p, ||,,H] Let
x = (zg) € WOI[A, Anm,A,./\/l,u,p,||.,...,.H] and o = (ai) be a sequence of

scalars such that |ay| <1 for all £ € N. Then for given € > 0, we have

{n eN: )\i Z Ok [k:_sMk<||M,z1,z2, ...,zn,1||>rk > e}

" kel, p
1 A™
- {n eN: — Z Ak [k:_sMk(Hw,zl,zz, ...,zn_1||)}pk > 6} el.
An P
kel,
Hence, apxp € WOI[A, AT A M u, p,H.,...,.H]. Thus, the space WOI[A,A;”,
A, M, u, ..., H] is normal. Therefore, W{ [A, AT A Mup, | e |H is

monotone also (see [15]). Similarly, we can prove the theorem for other case.
This completes the proof of the theorem.
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