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Abstract. Let M,(C) be the algebra of all complex n x n matrices. Let zy be a
nonzero vector in C". We show that a linear unital map ¢ : M, (C) — M, (C) preserves
the inner local spectral radius zero at xg, if and only if there exists an invertible matrix
A € M, (C) such that ¢(T) = ATA™L.
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1. Introduction

Let B(X) be the algebra of all linear bounded operators on a complex Banach
space X, and let M, (C) be the algebra of n x n complex matrices. The local
resolvent set of an operator T' € B(X) at a point € X, denoted by pr(x), is
the union of all open subsets U C C for which there exists an analytic function
f:U — X such that (T'— X\)f(\) =z for all A € U. The local spectrum of T’
at x is defined by or(x) := C\ pr(z) and is a (possibly empty) closed subset of
o(T), the usual spectrum of 7" € B(X). The local spectral radius of T" at x is
defined by :
rr(x) := lim sup ||T”x\|%
n—oo

An operator T' € B(X) is said to have the single-valued extension property
(abbreviated SVEP) if for every open subset U of C, the equation (A—T) f(\) =
0, (A € U), has no nontrivial X-valued analytic solution f on U. Note that T
has SVEP provided that its point spectrum has an empty interior. In particular,
every matrix 7' € M,,(C) has SVEP and thus o (z) # 0 for all T € M,,(C) and
all nonzero vectors x € C".
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For a closed subset F' of C, the glocal spectral subspace Xr(F) of T' associ-
ated with F' is defined by

Xr(F)={xe€ X :(A—=T)f(\) =z has an analytic solution f on C\F}.
The inner local spectral radius, vp(x), of T at € X is defined by
tr(z) = sup{r > 0:z € Xp(C\ D(0,r))},

where D(0,r) is the open disc centered at the origin with the radius r. The inner
local spectral radius coincide with the minimum modulus of o7 (z) provided that
T has the single-valued extension property. For further information on spectral
and local spectral theory we refer the reader to [1, 12].

An active research topic in matrix theory is the linear preserver problems
(LPP) that deal with the characterization of linear operators on matrix spaces
with some special properties such as leaving certain functions, subsets or rela-
tions invariant. Recently many authors have devoted their studies to maps that
preserve local spectral quantities; see [1, 3, 4, 5, 6, 8, 9, 10].

In [3], Bourhim characterized continuous surjective linear maps on B(X)
preserving the inner local spectral radius at a fixed nonzero vector in C™.

recently, M. Ech-chrif El Kettani and H. Benbouziane, in [7], described sur-
jective additive maps on B(X) which preserve the operators of inner local spec-
tral radius zero at all points of X. They showed that a surjective additive maps
¢ B(X) — B(X) satisfying

Lory(x) =0 & up(x) =0 for all v € X and T € B(X),

if and only if there is a nonzero scalar ¢ € C such that ¢(T) = T, for all
T € B(X). This result has been extended in [11] to the non additive setting
where T. Jari gave the form all surjective not necessarily linear or additive ¢ :
B(X) — B(X) satistying to,1)—p(s)(7) = 0 & 1p_g(z) = 0 for all T, S € B(X)
and z € X.

The aim of this paper is to study the linear unital map from M,,(C) into its
self which preserve operators of inner local spectral radius zero a fixed nonzero
vector zp in C". We show that a unitaly linear map ¢ : M,(C) — M, (C)
satisfies

(1.1) vr(wo) =0 <= 1y1)(20) = 0, (T € My(C)),
if and only if there exists an invertible matrix A € M,,(C) such that Azy = z9

and ¢(T) = ATA™L, for all T € M, (C).

2. Notations and preliminaries

In this section, we introduce some notations and preliminary results which will
be used to prove our main results in the next section. The duality between the
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Banach space X and its dual, X*, will be denoted by (.,.) . For an z € X and
f € X*, we denote as usual by x ® f the rank one operator on X given by
z = (z, fHz.

The following lemma summarizes some basic properties of the local spec-
trum.

Lemma 2.1. Let T € B(X).

(1) osu(T) = Upex or(2).
(2) If x =y + z, then or(z) C or(y) Uor(z).
Proof. See [1, 12]. O

An operator T' € B(X) is said to have the single-valued extension property
at A\g € C, abbreviated T has the SVEP at )y, if for every neighbourhood U of
Ao the only analytic function f : U — X which satisfies the equation

A=DT)f(A)=0 (AeU)

is the constant function f = 0. The operator T is said to have the SVEP if T" has
the SVEP at every A € C. Evidently, T has SVEP at every A € C\ int(o,(T)),
where int(o,(T")) denotes the interior of the point spectrum of T'. In particular,
if 0,(T") has empty interior, then 7" has SVEP. For example, every finite rank
operator has SVEP.

In the finite dimensional case, every T belonging to M, (C) has the single-
valued extension property. we can see, for example, the books [1, 12] for further
information on the local spectral theory.

We shall make extensive use of the following result.

Lemma 2.2 ([1, Theorem 2.22]). Let T € B(X), let A\ € C and let z €
ker(T'— X). then or(x) C {A}. If, further, x # 0 and T has SVEP at A,
then op(z) = {A}.

Given an operator T' € B(X), for every closed subset Q of C, the glocal
spectral subspace X7(€Q) of T associated with € is defined by

Xr(Q)={z e X :(A\=T)f(\) =« has an analytic solution f on C\Q}.

It is a T-hyperinvariant subspace but not necessarily closed. Recall that the
local spectral radius of T' at z coincides with inf{r > 0: 2 € Xr(D(0,7))}; see
[12, Proposition 3.3.13]. Here, D(0,r) (resp. D(0,7)) denotes the closed (resp.
the open) disc centered at the origin with radius r. Analogously, the inner local

spectral radius, vp(x), of T at x € X is defined by

tp(z) :=sup{r > 0:x € Xp(C\D(0,7))},
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and coincides with the minimum modulus of or(z) provided that T' has the
single-valued extension property; see [13]. For more details on the local spectral
theory, we refer the reader to the remarkable books [1, 12].

Next lemma, quoted from [13], summarizes some elementary properties of
the inner local spectral radius.

Lemma 2.3. For an operator T € B(X) and a vector x € X, the following
hold.

(a) = =0 is the only vector for which vp(x) = co.
(b)
(c)
(d

) For every bijective operator A € B(X,Y), we have tgps-1(Ax) = vr(z).

tr(z) =0 if and only if 0 € op(z).
tp(z) < min{|A| : A € op(z)}. The equality holds if T has SVEP.

Let K(C) denote the set of all nonempty compact subsets of C, endowed
with the Hausdorff metric. The following lemma proved by Aupetit [2].

Lemma 2.4. Let X be a finite dimensional normed space. Then the map
o:TeB(X)—o(T)eK(O)
18 continuous.

Proof. It is a consequence of [2, Corollary 3.4.5]. O

Let xo be a nonzero fixed vector in C", we denote by M, the set given by
My, :={T € M,(C) : {Txzy, T?xy, ...,T"x0} is a basis of C" and |o(T)| = n},

where |o(T")| is the number of elements of o(T").
The following lemma that summarizes some important properties of Mg,
which plays an important role in the proof of the main theorem.

Lemma 2.5. Let z¢ be a nonzero fixed vector in C". The set My, is dense in
M, (C) and o(T) = or(xg) for all T € My,.

Proof. See [5, Lemma 2.5]. O

We close this section with this lemma in which we give a characterization of
the zero matrix of M, (C) )in terms of inner local spectral radius.

Lemma 2.6. Let xg be a nonzero fized vector in C". Let A be a matriz in
M, (C). The following conditions are equivalent:

(1) A=0.
(2) tayr(xo) =0 for every nilpotent T € M, (C).

Proof. We only need to prove (2) = (1). indeed, let T" be a nilpotent operator
in M,,(C) such that tg17(x9) = 0. By Lemma 2.3 we have 0 € o447(z9) C
0(A + T), which implies, by [14, Propositio 5.2] , that A = 0; as desired. O
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3. Main results

Theorem 3.1. Fir a nonzero vector fixed xg in C". A unitaly linear map

¢ : My (C) — M, (C) satisfies
(3.1) tr(w9) =0 <= 14(7)(20) =0, for all T € M,(C),

if and only if there exists an invertible matriz A € M, (C) such that Azy = xq
and ¢(T) = ATA™Y, for all T € M,(C) .

Proof. The ”if 7 part is obvious by Lemma 2.3, then we only need to check
the necessity condition. So, assume that ¢ is a unitaly linear map from M, (C)
into its self satisfying (3.1). Let us first show that ¢ is bijective. To do so, let
R € M,, such that ¢(R) = 0. For every nilpotent operator 1" € M, (C), we have
vr(zo) = 0 and tg(7)(w0) = 0. On the other hand i1y 1¢(r)(Z0) = tg()(70) =0
therefore i1 gy (7o) = 0 for every nilpotent operator 7. By [14, Propositio 5.2],
we have R = 0 which implies that ¢ is injective. It is in fact a bijective map
since M,,(C) is a finite dimensional space.
Next, we prove that

(3.2) o(T) C o($(T)), for all T € My(C).

Let T € M,,. By Lemma 2.1 there exists x such that 04,(T) = or(z) and
T =120+ ... + an_1T" 'zg. It follows from Lemma 2.5 that

U(T) = O'T(.’L') - UT(wo) U...u O'T(Tnfll'o) - UT(wo).

Therefore o(T) = op(xp).

Let A € o(T) = or(xog) we have 0 € op_x(z0), thus t7_x(x9) = 0. By
hypothesis 3.1, t4)—r(70) = 0 and 0 € oy)—x(w0). This implies that A €
o(¢(T')) and therefore

o(T) Co(e(T)), for all T € My,.

Now, let T' € M,(C), by Lemma 2.5, there exists a sequence (7)) in My, such
that T, — T". The continuity of ¢ and the continuity of the spectrum on M,,(C)
(Lemma 2.5) imply that

o(T) =limo(T,) C limo(¢(Ty)) = o((T)), for all T € M,(C).

Since ¢ is bijective and ¢! satisfies 3.1, with similar reasoning, we get the
reverse inclusion. And therefore

o(@(T)) =o(T), for all T € M,(C).

By [15, Theorem 2], there exists an invertible matrix A € M, (C) such that
either

(3.3) H(T) = ATA™L, (T € M,(C))
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(3.4) H(T) = AT* AL, (T € M,(C)),

where T denotes, as usual, the transpose of T' € M,,(C).

The second form 3.4 is not possible. Indeed, assume for sake of contradiction
that ¢ takes a such form. Let y be a non zero vector such that zy and y are
linearly independent and (y, A~'2¢) = 1, and let f be a linear functional on C"
such that f(zp) =0 and f(y) = 1. Set T := y ® f. Note that Tzy = 0 and thus
ir(w9) = 0. On the other hand T* (A_lxg) = fand T'f = f. Then

ot (A_lxo) = ot (TtA_l:ro) =or (f) ={1}.
Which proves, by Lemma 2.3, that

i¢(T) ({L‘o) = ’L.ATtAfl (.ro) = iTt (A_ll‘o) 7& 0.

This contradiction shows that ¢ takes the form (3.3).

It remains to prove that Azg = xg. Assume on the contrary that A~z and
xg are linearly independent. We could find a linear functional f : C"* — C such
that f(A 'zg) = 0 and f(xg) = 1. Then for T := z9 ® f we have Tzg = zo.
Thus, ir(zo) = 1. On the other hand AT A~ g = 0 then iy (z0) = 0, arriving
to a contradiction. We conclude that Axg = pxg for some nonzero scalar p.
Dividing A by p if necessary, we may assume that Axg = x¢. This finishes the
proof. O
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