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Abstract. In the present paper we prove a general theorems on generating functions
involving the two-parameter one-variable Srivastava polynomials, Hermite and Laguerre
polynomials of two variables. It is also shown how these theorems can be used to derive
several bilateral generating functions (known or new) involving Hermite and Laguerre
polynomials of two variables and other classical polynomials of one variable which are
contained by the two-parameter one-variable Srivastava polynomials.
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1. Introduction

In 1972, Srivastava [8] introduced the following family of polynomials:

(1.1) SN(x)=>" m/xn,kxk (n e Ng=NU{0}; N e N),
where N is the set of positive integers, {An,k}zok;:o is a bounded double sequence
of real or complex numbers, [a]denotes the greatest integer in @ € R and (),

denotes the well-known Pochhammers symbol.
In [4],Gonzalez at al. extended the Srivastava polynomials S (z) as follows:

(1.2) SN(@)=>" mﬁlnm,kxk (m,n € Ng; N € N).

*. Corresponding author
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In 2013, Kaanoglu and Ozarslan [5] introduced the following family of two-
parameter one-variable Srivastava polynomials:

—n
13 @)= A st ke M)
k=0 ’

where {A,, 1} is a bounded double sequence of real or complex numbers.
Also the following remarks are given in [5]:

Remark 1.1. Choosing Ay, ,, = (—a —m),,, (m,n € Np) in (1.3), we get

-1 !
4 o <> = (~1)a+p+n+ Dy L) (@),
x (—x)"
where LS{I) (z) are the classical Laguerre polynomials [9]
@ _ (—Z)" I ¢
(15) Ln (.’L’) - n 2F0 n,—« n; —; T
Remark 1.2. Choosing A, , = (a(f;f;;,kmé ) 25— (m,n € No) in (1.3), we
get
Sp-d ( 2 > _ (04 + /8 + 1)2p+2q+2n(_/3 _p_q_n>q(1+06+5+2p+Q)n
" \1+2z (4B + 1) ptgen(—a—B—2p—2¢—2n)4(1+a+5 + 2p + q)2n
i ! plotp+a,s+p)
(1.6 aal (13 P (@)

where P (x) are the classical Jacobi polynomials [7]

Péa"g) (l‘) _ <a + /B + 2n> %

n

1+2\"
(1.7) ><< 5 > zFl[—n,—B—n,—oz—B—2n,1+$

Further, we add the following remark:

Remark 1.3. Choosing A, , = (((;)“EH ,(m,n € Np) in (1.3), we get

(1.8) SPA(x) =nl(a+p+2q+ 2n),R,(a+ p+2¢; ),

where R, (a,x) are the Shivelys pseudo Laguerre polynomials [7]

(1.9) Ry(a,z) = (.O[)Q” 1Fi[—n,a + n; x].
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The Hermite polynomials of two variables are defined by [6]

(3]

N3

(_1)Tn!Hn—2r (x):L.ern—Qr

(1.10) Hp(z,y) = A —2r)! ’

r=0

where H,(z) are the well-known Hermite polynomials [7].
The Laguerre polynomials of two variables are defined by (see [2],[3])
ki kg =k

"L (-1
(1.11) Lo(z,7) :n!kz_om.

Also, we note that the Hermite and Laguerre polynomials of two variables (1.10)
and (1.11) are satisfy the following generating functions respectively :

o0
Hy (z,y)t"
(1.12) > ”T = exp[2xyt — (22 + )%,
n=0
o
(©)n Hn (x, y)t" -
(1.13) > % =[1 — 2xyt] ¢
n=0
><FQ:O;O %,%—l—% Co— o — o —da?? — 49212
0:0;0 — o= s — 5 (1=2ayt)2’ (1 —2ayt)? ]’
here F : B D [,y] is the Kamp de Friet function [9]
wher B Byl mp riet function

(1.14) > (@nLn(zy)t" _ (1—yt) ™ 1F [a; 1 _ﬂ] (lyt| < 1),

ot n! (1 —yt)
2 Lo(z, y)t"

(1.15) D _ exp(yt) o).
n=0 ’

where C,,(x) denotes the n'* order Tricomi function [9]
= (1)t
1.16 Cn(z) = —_—
(1.16) (z) kZ:Ok!(n—i-k)!

2. Main results
In this section ,we have proved the following theorems :

Theorem 2.1. The following family of bilateral generating functions involving
the two-parameter one-variable Srivastava polynomials and Hermite polynomials
of two variables holds true:

oo
(2.1) > Halw,y)Sh4(2)

p,q,n=0

uP vl t"

pl gl n!
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o0
(u—+t)P (v — 2t)?
= Z Hpy i q(2,y)Aptqq P! ¢

P,q=0

Theorem 2.2. The following family of bilateral generating functions involving
the two-parameter one-variable Srivastava polynomials and Laguerre polynomi-
als of two variables holds true:

oo

S Lu(ey)Siaz)s

p,q;n=0

uP vl t"
ol gl n!

> (u+t)P (v — zt)?
(22) = Z Lp+‘1($a y)Aerq,q p! q! :

p,q=0

Proof of 2.1. Denoting the left hand side of (2.1) by S, expressing Sh?(2) as
in (1.3) and using the result[9]

(—1)kn!
(2.3) (—n)k = mao <k<n,
we obtain
n
uP vl "
(2.4) Z Hygn(@,y Z: k, Aptatnatk 1 T 0 Rl
p,q;n=0 k=0

Using the following result [9]:

n

(2.5) SN Alkn) =>") Alk,n+k),

n=0 k=0 n=0 k=0
we get
uP v " (—zt)"

plgln! k!

(2.6) Z ptgn+k (T Y) Aptgrnthgrh
p,q,n,k=0

Now, using the following results [9]:

(2.7) SN Alkn) =YY A(k,n—k)

n=0 k=0 n=0 k=0

o0 xn
(2.8) D My =(1—2)"A,

n=0
we get

(u +t)P v (—zt)*
(2.9) Z pa+k (T, Y) Aptgih,gk P! a A
P,q:k=0

Finally using the results (2.7) and (2.8), after a little simplification, we arrive
at the right-hand side of (2.1). This completes the proof of Theorem 2.1.The
Theorem 2.2. can be established similarly .
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Remark 2.1. On taking v = —¢ in Theorems 2.1.
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and 2.2., we obtain the

following family of bilateral generating functions:

Corollary 2.1.

> Hyygin(@,y)SH(2)

p,q,n=0

Corollary 2.2.

(2.10)

ST Lpgrn(z,y)S29(2 )=

p,g;n=0

(2.11)

Remark 2.2. On taking v = 0 in Theorems 2.1.

relation S5°(z) =
functions :

Corollary 2.3.

uP "

(2.12) T

> Hypn(z,9)S) ,(2)—

p,n=0

Corollary 2.4.

> uP "
(2.13) Z Lp+n(957y)5%,p( )ﬁﬁ
p,n=0 ’

() LT R — (v — zt)d
—— = H(x,y)A ——.
p! C]! n! qzz[:) Q( ) 4,9 q!
)P vl " (v— zt)
g g n! ZL (,y)Agq o

and 2.2. and using the

S p(2) , we obtain the following family of bilateral generating

u—+t zt)?
ZHerqﬂfy)Aerqq( p!) ( q!) :

p,q=0

u—+t)P (—zt)?
Z Lpiq(7,y) Aptq, q(p!)( )

p,g=0

where Sfl\fm(z) is the extended Srivastava polynomials (1.2).

3. Applications

I. In (2.10) and (2.11) Choosing A,, , = (—a —

(e 9]

p,q,n=0
(3.1) =Y (a+1)4Hy(z,y)
q=0
and
(3.2)

p,q,n=0

o0
Za+1
q=0

> (I +a+p+n)gHyygmn(,y) L) (2 )t - (t)n

m), and using (1.4), we get

plgl \z

(v+z/t)1
q!

plq!

tPol (t\"
Y (At atp+n)oLprgen(z,y) LI (2) <>

(v+ z/t)d
¢

z,y)
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Now, by using (1.13) and (1.14) in (3.1) and (3.2) respectively , we get

> Pl [\
33 Y Mratptnygenle @5 5 (1) = 1-2ep

[ gl
,q,n=0 PP A%
(200 [ 5545 1~ = 2t —dy*w?
0:0;0 — D= 5 = 5 (T =22yw)?’ (1 - 2ayw)? |’

where w = v + % and

o0

ol (t\"
B X GratptnLpgm@ (0 5 ()
P,q,n=0 P
1+a
— t
_ z F las1it, z(vz+1) .
z—yt —yvz (z —yt — yvz)
Further, if we take v =0 in (3.3) and (3.4) respectively we obtain
> P (t\" .
33 Y HualeLEP5 (1) == 2o
p,n=0
Y F 2:0,0 | 5,5 +% o= — o —dx?t? — 4?2
0:0;0 - D= s = (2= 2ayt)? (2 — 2zyt)?
and
oo n 1+a
[t z —at
(etp)( N [ Z2) = 1Y

p,n=0

II. In (2.10) and (2.11) Choosing A,y = e 2 =2=0%— and using (1.6),
we get

o0

(I+a+B+p+q+n)prgn(=B—p—q—n),
(3.7) Z l+a+B+2p+qg+n)(—a—p5—2p—2q—2n),

Hp+q+n($ ,Y)
p,q,n=0

(atpta,B4p) (o (ZDP VT (2t " - (v—=2t/(1+ 2))?
XPn bra P (Z) p| q' 1 + P - ;(/8 + l)qu(iE,y) q'
and

[e.e]

(I+a+B8+p+q+n)prgn(—=B—p—g—n)g
(3:8) Z Ql+a+p+2p+q+n)(—a—LB—2p—2¢—2n),

Lptgin (z,y)
p,q,n=0

Pl (2t \" & — 2/ :
XP£a+p+q,B+p)(Z)( p!) % <1 — z> = qz:;](ﬁ +1)gLg(z,y) (U /q(' +2) '
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Now, using (1.13) and (1.14) in (3.7) and (3.8) respectively , we get

o0

(I+a+B+p+q+n)prgn(=B—p—q—n)
(3.9) Z I4+a+p+2p+qg+n)y(—a—F—2p—2q—2n),

Hpigin (z,y)
p,q,n=0

—_+\P 4 n
XP7(lO¢+p+qﬁ+P)(z)( t)P v < 2t > :[1—2:Uyw]_6_1

p gl \1+2
F2:0;0 [52“5'2"2 D= — 0 —4x?w? —4g%w? ]
0:0;0 — - 5 = 5 (1=2zyw)?’ (1 —2zyw)?
and
o0

(3.10) Z (1(1+a+ﬁ+p+q‘i‘n)p+q+n(_ﬁ—p—q—n)q

L x,
+a+B+2p+qg+n)p(—a—F—2p—2q¢—2n), pratn(®:Y)

p,q,n=0

—t)Poe (2t \" - —zw
P(a+p+q,f3+P) ( _ =(1— 1-8 F 1:1:

Xy (Z) p' q| 1+ 2 ( yw) 141 /B+ ) 71_yw
2t

1+z"

Further, if we take v =0 in (3.9) and (3.10) respectively we obtain

where w = v —

o0

—t)P (2t \"
(311) > (I+a+B+p+n)pHypn(z,y) PP (z)# ( >
o p! 142
1+ 2+ 4oyt —A-1
B 1+2
W 2100 [ERER = =y —(dat)? ~(4yt)?
0:0;0 — D= 5 = s (T4 2+ 4xyt)?’ (1+ 2 + 4ayt)?
and
oo n
—t)P 2t
(312) Y (I+a+B+p+n)pLy(z,y)Pletrite)(z) ( ‘) ( >
om0 p! 1+ 2z
1 1+5 2t
= () R nL |
14242yt 14242yt
II1. In (2.10) and (2.11) choosing A,, ., = (@am_ 5nq using (1.8), we get
’ (@)m+n
oo
_H)P
(313) 3 (a4 p+ 20+ 20)pHyigin(e,y)Rulo+p + 20:0)" pl) oz
P,q,n=0 o

> v — zt)?
=3 Hyw )
q!
q=0
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c- (=t)P vt
(3.14) D (a4 p+29+20)pLysgin(@,y) Rala+p +2¢;2)———t"
p.qm=0 p: q:
oo
(v — zt)?
SIS

Il
=)

q
Now, by using (1.12) and (1.15) in (3.13) and (3.14) respectively , we get

o0

. (_t)p v n
(315) D7 (a+p+ 20+ 20)pHyrqin(w, y)Rulo+p+ 2,2)°— =
p,q,n=0 p: q:
= exp[2zyt(v — 2t) — (22 + y*) (v — 2t)?],
and
o]
4P
(3.16) Z (a+p+2q+2n),Lyigin(z,y)Rn(a+p+2¢; ) ( p‘) % n
p,q,n=0 ! !

= exp(y(v — 2t))Co(z(v — 2t)).

Further, if we take v =0 in (3.15) and (3.16) respectively we obtain

(3.17) Z (a+p+2n)pHyin(z,y)Ry(o + p; ) ( p‘) t"
p,n=0 ’

= exp[tz(—ZI'yZ — 2'2(552 + yZ))]

and
- (_t)p n
(3.18) > (a+p+2n)pLysn(,y)Rula+p; o) ot
p,q,n=0

= exp(—yzt)Co(—xzt).
Remark 3.1. The results (3.6), (3.12) and (3.18) are a known results of Al-
Gonah [1].
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