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Abstract. In the present paper we prove a general theorems on generating functions
involving the two-parameter one-variable Srivastava polynomials, Hermite and Laguerre
polynomials of two variables. It is also shown how these theorems can be used to derive
several bilateral generating functions (known or new) involving Hermite and Laguerre
polynomials of two variables and other classical polynomials of one variable which are
contained by the two-parameter one-variable Srivastava polynomials.
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1. Introduction

In 1972, Srivastava [8] introduced the following family of polynomials:

(1.1) SN
n (x) =

[ n
N
]∑

k=0

(−n)Nk

k!
An,kx

k (n ∈ N0 = N ∪ {0};N ∈ N),

where N is the set of positive integers, {An,k}∞n,k=0 is a bounded double sequence

of real or complex numbers, [a]denotes the greatest integer in a ∈ R and (λ)n
denotes the well-known Pochhammers symbol.
In [4],Gonzalez at al. extended the Srivastava polynomials SN

n (x) as follows:

(1.2) SN
n,m(x) =

[ n
N
]∑

k=0

(−n)Nk

k!
An+m,kx

k (m,n ∈ N0;N ∈ N).
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In 2013, Kaanoglu and Ozarslan [5] introduced the following family of two-
parameter one-variable Srivastava polynomials:

(1.3) Sp,q
n (x) =

n∑
k=0

(−n)k
k!

Ap+q+n,q+kx
k (p, q, n, k ∈ N0),

where {An,k} is a bounded double sequence of real or complex numbers.
Also the following remarks are given in [5]:

Remark 1.1. Choosing Am,n = (−α−m)n, (m,n ∈ N0) in (1.3), we get

(1.4) Sp,q
n

(
−1

x

)
= (−1)q(α+ p+ n+ 1)q

n!

(−x)n
L(α+p)
n (x),

where L
(α)
n (x) are the classical Laguerre polynomials [9]

(1.5) L(α)
n (x) =

(−x)n

n!
2F0

[
−n,−α− n;−;

−1

x

]
.

Remark 1.2. Choosing Am,n = (α+β+1)2m(−β−m)n
(α+β+1)m(−α−β−2m)m

, (m,n ∈ N0) in (1.3), we
get

Sp,q
n

(
2

1 + x

)
=

(α+ β + 1)2p+2q+2n(−β − p−q−n)q(1+α+β+2p+q)n
(α+β + 1)p+q+n(−α−β−2p−2q−2n)q(1+α+β + 2p+ q)2n

(1.6) ×n!

(
2

1 + x

)n

P (α+p+q,β+p)
n (x),

where P
(α,β)
n (x) are the classical Jacobi polynomials [7]

P (α,β)
n (x) =

(
α+ β + 2n

n

)
×

×
(
1 + x

2

)n

2F1

[
−n,−β − n;−α− β − 2n;

2

1 + x

]
.(1.7)

Further, we add the following remark:

Remark 1.3. Choosing Am,n = (α)2m
(α)m+n

, (m,n ∈ N0) in (1.3), we get

(1.8) Sp,q
n (x) = n!(α+ p+ 2q + 2n)pRn(α+ p+ 2q;x),

where Rn(α, x) are the Shivelys pseudo Laguerre polynomials [7]

(1.9) Rn(α, x) =
(α)2n
n!(α)n

1F1[−n, α+ n;x].
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The Hermite polynomials of two variables are defined by [6]

(1.10) Hn(x, y) =

[n
2
]∑

r=0

(−1)rn!Hn−2r(x)x
2ryn−2r

r!(n− 2r)!
,

where Hn(x) are the well-known Hermite polynomials [7].
The Laguerre polynomials of two variables are defined by (see [2],[3])

(1.11) Ln(x, y) = n!

n∑
k=0

(−1)kxkyn−k

(k!)2(n− k)!
.

Also, we note that the Hermite and Laguerre polynomials of two variables (1.10)
and (1.11) are satisfy the following generating functions respectively :

(1.12)

∞∑
n=0

Hn(x, y)t
n

n!
= exp[2xyt− (x2 + y2)t2],

(1.13)

∞∑
n=0

(c)nHn(x, y)t
n

n!
= [1− 2xyt]−c

×F
2 : 0; 0
0 : 0; 0

[
c
2 ,

c
2 + 1

2
−

:
:

−
−

;
;

−
−

;
;

−4x2t2

(1− 2xyt)2
,

−4y2t2

(1− 2xyt)2

]
,

where F
A : B;D
E : G;H

[x, y] is the Kamp de Friet function [9]

∞∑
n=0

(a)nLn(x, y)t
n

n!
= (1− yt)−a

1F1

[
a; 1;

−xt

(1− yt)

]
(|yt| < 1),(1.14)

∞∑
n=0

Ln(x, y)t
n

n!
= exp(yt)C0(xt),(1.15)

where Cn(x) denotes the nth order Tricomi function [9]

(1.16) Cn(x) =

∞∑
k=0

(−1)kxk

k!(n+ k)!
.

2. Main results

In this section ,we have proved the following theorems :

Theorem 2.1. The following family of bilateral generating functions involving
the two-parameter one-variable Srivastava polynomials and Hermite polynomials
of two variables holds true:

(2.1)
∞∑

p,q,n=0

Hn(x, y)S
p,q
n (z)

up

p!

vq

q!

tn

n!
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=

∞∑
p,q=0

Hp+q(x, y)Ap+q,q
(u+ t)p

p!

(v − zt)q

q!
.

Theorem 2.2. The following family of bilateral generating functions involving
the two-parameter one-variable Srivastava polynomials and Laguerre polynomi-
als of two variables holds true:

∞∑
p,q,n=0

Ln(x, y)S
p,q
n (z)

up

p!

vq

q!

tn

n!

=

∞∑
p,q=0

Lp+q(x, y)Ap+q,q
(u+ t)p

p!

(v − zt)q

q!
.(2.2)

Proof of 2.1. Denoting the left hand side of (2.1) by S, expressing Sp,q
n (z) as

in (1.3) and using the result[9]

(2.3) (−n)k =
(−1)kn!

(n− k)!
, 0 ≤ k ≤ n,

we obtain

(2.4) S =

∞∑
p,q,n=0

Hp+q+n(x, y)

n∑
k=0

(−z)k
k!

Ap+q+n,q+k
up

p!

vq

q!

tn

(n− k)!
.

Using the following result [9]:

(2.5)
∞∑
n=0

n∑
k=0

A(k, n) =
∞∑
n=0

∞∑
k=0

A(k, n+ k),

we get

(2.6) S =

∞∑
p,q,n,k=0

Hp+q+n+k(x, y)Ap+q+n+k,q+k
up

p!

vq

q!

tn

n!

(−zt)k

k!
.

Now, using the following results [9]:

∞∑
n=0

∞∑
k=0

A(k, n) =
∞∑
n=0

n∑
k=0

A(k, n− k),(2.7)

∞∑
n=0

(λ)n
xn

n!
= (1− x)−λ,(2.8)

we get

(2.9) S =

∞∑
p,q,k=0

Hp+q+k(x, y)Ap+q+k,q+k
(u+ t)p

p!

vq

q!

(−zt)k

k!
.

Finally using the results (2.7) and (2.8), after a little simplification, we arrive
at the right-hand side of (2.1). This completes the proof of Theorem 2.1.The
Theorem 2.2. can be established similarly .
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Remark 2.1. On taking u = −t in Theorems 2.1. and 2.2., we obtain the
following family of bilateral generating functions:

Corollary 2.1.

(2.10)

∞∑
p,q,n=0

Hp+q+n(x, y)S
p,q
n (z)

(−t)p

p!

vq

q!

tn

n!
=

∞∑
q=0

Hq(x, y)Aq,q
(v − zt)q

q!
.

Corollary 2.2.

(2.11)
∞∑

p,q,n=0

Lp+q+n(x, y)S
p,q
n (z)

(−t)p

p!

vq

q!

tn

n!
=

∞∑
q=0

Lq(x, y)Aq,q
(v − zt)q

q!
.

Remark 2.2. On taking v = 0 in Theorems 2.1. and 2.2. and using the
relation Sp,0

n (z) = S1
n,p(z) , we obtain the following family of bilateral generating

functions :

Corollary 2.3.

(2.12)

∞∑
p,n=0

Hp+n(x, y)S
1
n,p(z)

up

p!

tn

n!
=

∞∑
p,q=0

Hp+q(x, y)Ap+q,q
(u+ t)p

p!

(−zt)q

q!
.

Corollary 2.4.

(2.13)

∞∑
p,n=0

Lp+n(x, y)S
1
n,p(z)

up

p!

tn

n!
=

∞∑
p,q=0

Lp+q(x, y)Ap+q,q
(u+ t)p

p!

(−zt)q

q!
,

where SN
n,m(z) is the extended Srivastava polynomials (1.2).

3. Applications

I. In (2.10) and (2.11) Choosing Am,n = (−α−m)n and using (1.4), we get

∞∑
p,q,n=0

(1 + α+ p+ n)qHp+q+n(x, y)L
(α+p)
n (z)

tp

p!

vq

q!

(
t

z

)n

=
∞∑
q=0

(α+ 1)qHq(x, y)
(v + z/t)q

q!
(3.1)

and

(3.2)

∞∑
p,q,n=0

(1 + α+ p+ n)qLp+q+n(x, y)L
(α+p)
n (z)

tp

p!

vq

q!

(
t

z

)n

=
∞∑
q=0

(α+ 1)qLq(x, y)
(v + z/t)q

q!
.
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Now, by using (1.13) and (1.14) in (3.1) and (3.2) respectively , we get

(3.3)

∞∑
p,q,n=0

(1+α+p+n)qHp+q+n(x, y)L
(α+p)
n (z)

tp

p!

vq

q!

(
t

z

)n

= [1−2xyw]−α−1

×F
2 : 0; 0
0 : 0; 0

[
α
2 ,

α
2 + 1

2
−

:
:

−
−

;
;

−
−

;
;

−4x2w2

(1− 2xyw)2
,

−4y2w2

(1− 2xyw)2

]
,

where w = v + t
z and

(3.4)

∞∑
p,q,n=0

(1 + α+ p+ n)qLp+q+n(x, y)L
(α+p)
n (z)

tp

p!

vq

q!

(
t

z

)n

=

(
z

z − yt− yvz

)1+α

1F1

[
α+ 1; 1;

−x(vz + t)

(z − yt− yvz)

]
.

Further, if we take v = 0 in (3.3) and (3.4) respectively we obtain

(3.5)
∞∑

p,n=0

Hp+n(x, y)L
(α+p)
n (z)

tp

p!

(
t

z

)n

= [1− 2xyt/z]−α−1

×F
2 : 0; 0
0 : 0; 0

[
α
2 ,

α
2 + 1

2
−

:
:

−
−

;
;

−
−

;
;

−4x2t2

(z − 2xyt)2
,

−4y2t2

(z − 2xyt)2

]
and

(3.6)

∞∑
p,n=0

Lp+n(x, y)L
(α+p)
n (z)

tp

p!

(
t

z

)n

=

(
z

z − yt

)1+α

1F1

[
α+1; 1;

−xt

z − yt

]
.

II. In (2.10) and (2.11) Choosing Am,n = (α+β+1)2m(−β−m)n
(α+β+1)m(−α−β−2m)m

and using (1.6),
we get

(3.7)
∞∑

p,q,n=0

(1 + α+ β + p+ q + n)p+q+n(−β − p− q − n)q
(1 + α+ β + 2p+ q + n)n(−α− β − 2p− 2q − 2n)q

Hp+q+n(x, y)

×P (α+p+q,β+p)
n (z)

(−t)p

p!

vq

q!

(
2t

1 + z

)n

=

∞∑
q=0

(β + 1)qHq(x, y)
(v − 2t/(1 + z))q

q!

and

(3.8)

∞∑
p,q,n=0

(1 + α+ β + p+ q + n)p+q+n(−β − p− q − n)q
(1 + α+ β + 2p+ q + n)n(−α− β − 2p− 2q − 2n)q

Lp+q+n(x, y)

×P (α+p+q,β+p)
n (z)

(−t)p

p!

vq

q!

(
2t

1 + z

)n

=
∞∑
q=0

(β + 1)qLq(x, y)
(v − 2t/(1 + z))q

q!
.
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Now, using (1.13) and (1.14) in (3.7) and (3.8) respectively , we get

(3.9)
∞∑

p,q,n=0

(1 + α+ β + p+ q + n)p+q+n(−β − p− q − n)q
(1 + α+ β + 2p+ q + n)n(−α− β − 2p− 2q − 2n)q

Hp+q+n(x, y)

×P (α+p+q,β+p)
n (z)

(−t)p

p!

vq

q!

(
2t

1 + z

)n

= [1− 2xyw]−β−1

F
2 : 0; 0
0 : 0; 0

[
β+1
2 , β+2

2
−

:
:

−
−

;
;

−
−

;
;

−4x2w2

(1− 2xyw)2
,

−4y2w2

(1− 2xyw)2

]
and

(3.10)

∞∑
p,q,n=0

(1 + α+ β + p+ q + n)p+q+n(−β − p− q − n)q
(1 + α+ β + 2p+ q + n)n(−α− β − 2p− 2q − 2n)q

Lp+q+n(x, y)

×P (α+p+q,β+p)
n (z)

(−t)p

p!

vq

q!

(
2t

1 + z

)n

= (1− yw)−1−β
1F1

[
β + 1; 1;

−xw

1− yw

]
where w = v − 2t

1+z .
Further, if we take v = 0 in (3.9) and (3.10) respectively we obtain

(3.11)
∞∑

p,n=0

(1 + α+ β + p+ n)pHp+n(x, y)P
(α+p,β+p)
n (z)

(−t)p

p!

(
2t

1 + z

)n

=

(
1 + z + 4xyt

1 + z

)−β−1

×F
2 : 0; 0
0 : 0; 0

[
β+1
2 , β+2

2
−

:
:

−
−

;
;

−
−

;
;

−(4xt)2

(1 + z + 4xyt)2
,

−(4yt)2

(1 + z + 4xyt)2

]
and

(3.12)
∞∑

p,n=0

(1 + α+ β + p+ n)pLp+n(x, y)P
(α+p,β+p)
n (z)

(−t)p

p!

(
2t

1 + z

)n

=

(
1 + z

1 + z + 2yt

)1+β

1F1

[
β + 1; 1;

2xt

1 + z + 2yt

]
.

III. In (2.10) and (2.11) choosing Am,n = (α)2m
(α)m+n

and using (1.8), we get

(3.13)
∞∑

p,q,n=0

(α+ p+ 2q + 2n)pHp+q+n(x, y)Rn(α+ p+ 2q;x)
(−t)p

p!

vq

q!
tn

=
∞∑
q=0

Hq(x, y)
(v − zt)q

q!
,
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∞∑
p,q,n=0

(α+ p+ 2q + 2n)pLp+q+n(x, y)Rn(α+ p+ 2q;x)
(−t)p

p!

vq

q!
tn(3.14)

=

∞∑
q=0

Lq(x, y)
(v − zt)q

q!
.

Now, by using (1.12) and (1.15) in (3.13) and (3.14) respectively , we get

∞∑
p,q,n=0

(α+ p+ 2q + 2n)pHp+q+n(x, y)Rn(α+ p+ 2q;x)
(−t)p

p!

vq

q!
tn(3.15)

= exp[2xyt(v − zt)− (x2 + y2)(v − zt)2],

and

∞∑
p,q,n=0

(α+ p+ 2q + 2n)pLp+q+n(x, y)Rn(α+ p+ 2q;x)
(−t)p

p!

vq

q!
tn(3.16)

= exp(y(v − zt))C0(x(v − zt)).

Further, if we take v = 0 in (3.15) and (3.16) respectively we obtain

∞∑
p,n=0

(α+ p+ 2n)pHp+n(x, y)Rn(α+ p;x)
(−t)p

p!
tn(3.17)

= exp[t2(−2xyz − z2(x2 + y2))]

and

∞∑
p,q,n=0

(α+ p+ 2n)pLp+n(x, y)Rn(α+ p;x)
(−t)p

p!
tn(3.18)

= exp(−yzt)C0(−xzt).

Remark 3.1. The results (3.6), (3.12) and (3.18) are a known results of Al-
Gonah [1].
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