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Abstract. In this paper, we used the generalization of the modified-Hadamard pro-
ducts to obtain some interesting characterization theorems for certain general subclass
of uniformly functions with positive coefficients.
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1. Introduction and preliminaries

Let A denote the class of functions of the form:
(1.1) f(2) :z—i—Zanz",
n=2

which are analytic and univalent in the open unit disc U = {z : |2| < 1}.
This class of functions has been extensively exploited in some recent articles to
study subclasses of functions satisfy certain conditions [16, 17, 18, 19, 20]. For
functions f,g € A of the form f(z) = 2+ 7y an2" and g(z) = z+> -7 5 anz",
their Hadamard product or convolution f(z) * g(z) is defined by

(1.2) f(2)xg(z) =2+ ianbnz”, z e U.
n=2

Definition 1.1 ([14]). Let k — ST(«, B) denote the subclass of A consisting of
functions f(z) of the form (1.1) and satisfy the following inequality

SOV [
(13) Re{f(Z)} >

0<a<p<Lik(l-p)<l—ao;z€l).

5‘



A CERTAIN NEW FAMILIAR CLASS OF UNIVALENT ANALYTIC FUNCTIONS ... 327

Also let Kk —UCV (v, ) denote the subclass of A consisting of functions f(z) of
the form (1.1) and satisfy the following inequality

(1.4) Re {1 + ZJJ://;(Z;)} —a>kK Z;//;ii)

0<a<p<Lik(l-p)<l—a;z€l).

1+

_5’

The class k — ST(«, 8) denote the class of k—uniformly starlike functions of
order o and type 8 and the class k—UCV («, ) denote the class of xk—uniformly
convex functions of order o and type S.
Specializing the parameters «, 5 and k, we obtain many subclasses studied by
various authors (see [1-4] and [7-13]).

We now introduce the familiar subclass k — SC(®, ¥; o, §) of the functions
in class A as follows.

Definition 1.2. Given

z)=z+ Z)\nz" and V(z)=z+ Z,unz"
n=2 n=2
be analytic in U, such that A, > 0, up > 0 and Ay > pn for n > 2, we say that
f(z) € Ais in the class k — SC(®, V; o, B) if f(2)*¥(z) # 0 and

[ @)\ ()5 B(2)
f<z>w<z>} ~ TR w0z

0<a<pf<Lk(l-p)<l—a;z€l).

(1.5) Re{

¥

It is easy to check that various subclasses of A referred to above can be
represented as K — SC (CD U: o, B) for suitable choices of ®, U. For example

()K SC<(1 2)271 z7 ,B)ZK—ST(OZ,B)aHd/{ SC((T—Fj)Sv 1Z227 >B>
k—UCV(a, ) (see Sim et al. [14]);

(i) k — SC<(1 5 T 55, 1):SD(/<;,a)and/<; SC(( BEE ﬁ,a 1)
KD(k,a) (see Shams et al. [12]);

(iii) SC<(1 7 To 730, 1>:H—STaDd/€ SC(( SEERgE 2)2,0 1):

k —UCYV (see Kanas and Wisniowska [9, 10]);

(iv) 1= SC (3, 2550 1) = Syla) and 1 SC (G5, r5pianl) =
UCV (a) (see Ronning [4]),

(v) 1= SC (g 2510, 1) = Sp and 1 = SC (5, 7 22:0,1) = UCV
(see Goodman [1, 2], Ma and Minda [13] and Ronning [3, 4]).

Another subclasses are the subclasses

2f'(2)
f(z)

2O o

L se (g o) = Ustend) = Re{ 55

_5’
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and

z+22 z
1‘“((1—@?»’ <1—z>2;“’6>

— UC(a, B) = Re {1 n Zﬂz)} —a> ‘1 + ZJ{,/;S)) . 5‘ .

= 1, the Holder inequality is defined by (see [15]):

For p; > 1 and > ;0

= lp
(10 > (o) <11 (X) "
=2 \j=1 j=1 =

Let fj € A(j = 1,2) be given by
(L.7) [E) =24 an (G=12).
Then the modified Hadamard product or (convolution) fi * f2 is defined by

(1.8) (f1% f2) ( —z+Zan1an2z

For any real numbers p and ¢, the modified generalized Hadamard product
(f1iAf2) (p,q; z) defined by (see Choi et al. [6]):

(1.9) (1A f2) (pa; 2 —Z+Z an,1)" (an,2)?

In the special case, if we take p = ¢ = 1, then

(1.10) (fiAfo) (L Lz) = (fi* f2) (2) (2 €T).
In order to prove our results, we shall need the following lemma.

Lemma 1.3 ([5]). Let the function f(z) be given by (1.1). If

o0

(1.11) > 1+ ) — (a+ 5B) ] lan] <1—a— k(1 - B),

n=2
where Ay, > 0, iy, > 0 and Ny, > py, , then f(z) € K — SC(P, ¥; a, 5).

In the present paper, we will obtain several results for the generalized Ha-
damard product of functions in the class kK — SC(®, ¥; «, 3).



A CERTAIN NEW FAMILIAR CLASS OF UNIVALENT ANALYTIC FUNCTIONS ... 329

2. Main results

Unless otherwise mentioned, we assume in the reminder of this paper that;
0<a<fB<Lir(l-p)<l—a;z€l.

Theorem 2.1. If the function f; (j =1,2) defined by (1.7) belongs to the
subclass k — SC(®, Vs ay, B) (7 =1,2), then

(2.1) (fiAf2) < 2 z) €k —8C(?,V;0,p),

where p, ¢ > 1 and o is given by

(1—r(1—7)) ((1+a)>\n—(a1+nﬁ)un); ((1+H)An_(02+ﬁg)un>§

1—a1—k(1-P) 1—az—k(1-0)
) +/€ﬁ,un — (1 + /‘@))\n
g = 1min 1 1
n>2 ((1+/{)/\n7(a1+/@6)un) » ((l‘i’ﬁ))\n*(aQ“FK/B)“n) a
1—a1—k(1-P) 1—az—k(1-5) Hn

Proof. Let f; € k — SC(P,¥; o, B). Then by using Lemma 1.3, we have

o0 1 )\n _ . . |
B
n=2

Moreover,

o~ (L+K)An — (01 + KB)pin ’
- {1;2 1—oq —k(1—P) !an,ll} <1,
and

o~ (L 8)An — (a2 + KB) ;
(2.4) {7;2 1—as—r(1—B) |an,2]} <1.

Applying the Holder inequality (1.6) to (2.3) and (2.4), we obtain

1— a1 —#(1—B)

‘ [(1 + K)An — (2 + KB) pn,
1-— a9 — H(l - 5)

i [(1 k) — (an + f@ﬁ)un] v

n=2

q 1 1
(2.5) |7 Janalt < 1.

Since

(2.6) (712 f2) ( - z) —z+2 ann)? (an2)7 2",
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we see that

[+ &M — (0 + KB) 1 1
2. n n2l? < 1,
(2.7 S [ el fenal
with
_ . .
(I4r)An—(1+KB)un \ P [ (1+K)An—(c2+KB)pn | @
(1—-x(1-2)) ( 1_a1_,i(11_5) 2 >p ( 1—a2—n(21—,8) - >q
. +H61U'n - (1 + "'i))\n
o < min T T
nz2 ((1+n)>\n—(a1+ﬁ,3)un> P ((1+H)>\7L—(a2+m[5‘)un) 7
1-a1—k(1-0) 1—a2—k(1-P) Hn
Thus, by using Lemma 1.3, the proof of Theorem 2.1 is completed . O

Putting a; = a (j = 1,2) in Theorem 2.1, we obtain the following corollary.

Corollary 2.2. If the functions f; (j = 1,2) defined by (1.7) are in the subclass
k—SC(®,V;a, 3). Then

(2.8) i Af) (; ;) € 1= SCO,Uiaf) (pa>1).

Theorem 2.3. If the function f; (j =1,2,---,m) defined by (1.7) belongs to
the subclass k — SC(®,¥; a4, 8) (j =1,2,---,m), and Gy, () defined by

(2.9) =z+ Z Z an ;) | 2",
then
(210) gm (Z) € KZ—SC(@,‘I’;O’m,ﬁ),

where

(k(1 =28) — D)mpy, + (1 — k)mA,

(14+8)Ap—(at5B)pin |
[ 1—a—k(1-p) : :| — Miin

om=min{ 1 — k(1 —p)— ;a= min {a;}.
n>2

1<j<m

Proof. Since f; € kK — SC(®, ¥; a;, B) by using Lemma 1.3, we have

(L4 8)A — (o + KB) i, .
2.11 an.i| <1 =1,2,--- ,m;n > 2).
( ) nz; 1_0@_1%(1_5) ‘ 7]‘ (] )
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and

p

(14 KA, — (o + 6B)un | P .
;{ 1 —aj—r(l1-p) }|an’]

I [ L

n=2
it follows from (2.12), that

oo

i 14+ &)\, — (i + 6B ) ?
I M D S el M Y
n=2 j=1 J

Putting

2.14 = min {o;
(2.14) o= min {aj},

and by virtue of Lemma 1.3, we find that

= (1+K)An = (om + KB)un < '
Z 1—om—k(1-0) ]E_:lan,ﬂp

n=2
21 [+ RN = (a+ EB)pn |P — ‘
> m[ [—a—r(l-B) ];‘a””‘p
— | 1 = [+ r)A — (g + 6B "

if

(K(1 =28) = 1) mpy, + (1 — k)mA,

[(HT)_);L_—H((OIIJ:%B))M} !

< mi —k(1=0)—
(2.16) om < min 1—-k(1-75)

Thus the proof of Theorem 2.3 is completed. O

Taking p = 2 and a; = a(j = 1,2,--- ,m) in Theorem 2.3, we obtain the
following corollary:

Corollary 2.4. Let the functions fij(z) (j = 1,2,---,m) defined by (1.7) be in
the class k — SC(®,V; , B) and let the function Gy, (2) be defined by

[e.9] m

(2.17) Gm (2) =2+ (anj)? | 2"  zeU.
n=2 \ j=1
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Then G, (2) € kK — SC(P, V; (i, B)(z € U), where

(k(1 =28) — 1) muy, + (1 — k)mA,

(141 An—(atrB)un | 2
1-a—r(1-p) — Ml

(218)  Gn=mind 1 k(1= 0)-

Taking m = 2 in Corollary 2.4, we obtain

Corollary 2.5. Let the functions fj(z) (j = 1,2) defined by (1.7) be in the class
k —SC(®,V;a, ) and let the function G (2) defined by

(2.19) Ga(z)=2z+ Z(ail + aig)z” ) zeU.

n=2

Then G2 (2) € kK — SC(P,¥; (2, ) (2 € U), where

| (KL= 28) = 1) o + (1 = 0)An

2.20 = 1—k(1-— —

( ) C2 ﬂ21r21 K:( B) (1+H)>\n_(a+’iﬂ)ﬂn 2 _
Va(1—a—r(1-B)) Hn
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