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Abstract. The aim of this paper is to introduce and investigate a new class of conti-
nuity, called almost strongly w-continuous function, which contains the class of strongly
f-continuous functions and it is contained in the class of almost w-continuous functions.
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1. Introduction

Throughout this paper, spaces always mean topological spaces with no separa-
tion axioms assumed, unless otherwise stated. Let (X, 7) be a space and A be
a subset of X. The closure of A and the interior of A are denoted by cl(A) and
Int(A), respectively. A point x € X is called a condensation point of A [4] if
for each open set U containing z, the set U — A is uncountable. A is said to be
w—closed [5] if it contains all its condensation points. The complement of an
w—closed set is said to be w—open. Note that a subset A of a space (X, 7) is
w—open [2] if and only if for each x € A there exists an open set U containing
x such that U — A is countable. The family of all w—open subsets of a space
(X, 1), forms a topology on X, denoted by 7, finer than 7. The closure of A
in (X, 7,) and the interior of A in (X, 7,) are denoted by cl,(A) and Int,(A).
Several characterizations of w—closed subsets were proved in [5]. A subset A
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is said to be regular open [11] (resp. regular closed) if Int(cl(A)) = A (resp.
c(Int(A)) = A).

A point z € X is called a d—cluster [12] (resp. Oq,-cluster [3]) point of A if
ANInt(c(U)) # ¢ (resp. ANecl(U) # ¢) for each open (resp. w-open) set U
containing z. The set of all d—cluster (resp. 6,-cluster) points of A is called
the d-closure (resp. the 6,,-closure) of A and is denoted by [A]s (resp. [4]g,,)-
If [A]s = A (resp. [A]y,, = A), then A is said to be d—closed (resp. 6,,—closed).
The complement of a d—closed (resp. O,-closed) set is said to be d-open (resp.
Oow-open).

A subset A of a space X is said to be an H-set [12] or quasi H-closed relative
to X [8] if for every cover {U, : @ € A} of A by open sets of X, there exists
a finite subset A, of A such that A C U{cl(U,) : @ € As}. A space X is said
to be quasi H-closed [8] if the set X is quasi H-closed relative to X. Quasi
H-closed Hausdorff spaces are usually said to be H—closed.

For a nonempty set X, 74;s will denote the discrete topology on X. R and Q
denote the sets of all real numbers and rational numbers. Finally if (X, 7) and
(Y, o) are two space, then 7 x o will denote the product topology on X x Y.

Definition 1.1. A function f : (X,7) — (Y, 0) is said to be J-continuous [7]
(resp. almost continuous [9] , strongly #-continuous [7]) if for each z € X and

each open set V containing f(x), there exists an open set U of x such that
fInt(c(U))) C Int(cl(V)) (resp. f(U) C Int(cl(V)), f(cl(U)) C V).

Definition 1.2. A function f : (X,7) — (Y,0) is said to be w-continuous [6]
(resp. weakly w-continuous [1], almost w-continuous [1]) if for each z € X and
each open set V' of Y containing f(z) there exists an w—open set U containing

x such that f(U) CV (resp. f(U) Ccl(V), f(U) C Int(cl(V))).

Definition 1.3. A space (X, 7) is said to be w — Tg[1] (resp. w—Uryshon [1]) if
for each pair of distinct points x and y in X, there exist w—open sets U and V
containing x and y, respectively, such that UNV = ¢ (resp. cl,(U)Ncly,(V) = ¢).

Proposition 1.4. [3] Let A be a subset of a space (X, T), A is Oo,—open if and
only if for each x € A there exists an w—open set U containing x such that

cl(U) C A.
Lemma 1.5. [2] Let A be a subset of a space (X, 7). Then:
b (Tw)w = Tw-

it (TA)w = (Tw) A-

2. Almost strongly w-continuous functions

Definition 2.1. A function f : (X,7) — (Y,0) is said to be almost strongly
w-continuous if for each x € X and each open set V of Y containing f(x), there
exists an w—open set U containing x such that f(cl(U)) C Int(cl(V)).
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Clearly, the following diagram follows immediately from the definitions and
facts.

Continuous — w-continuous — almost w-continuous — weakly w-continuous

T T

Strongly #-continuous — almost strongly w-continuous

Note that almost strong w-continuity and continuity (resp. w-continuity) are
independent of each other as the following examples show.

Example 2.2. Let X={a, b, ¢, d} with the topology 7={¢, X, {c}, {a, b},{a,b,c}}
and let Y = {p,q,r} with the topology o = {¢,Y,{p},{q},{p,q}}. Define a
function f: (X,7) — (Y, 0) as follows:

_Jp rxz=ab
=270

r o x=c,

Then f is continuous (hence, w-continuous) but it is not almost strongly w-
continuous at x = a.

Example 2.3. Let X = R with the topologies 7 = 7, and 0 = {¢, R,R — {0}},
where 7, is the standard topology. Let f : (X,7) — (X,o0) be the function

defined by
0, zeR-Q
flx) = :
1, z€Q

Then f is not w-continuous since V=R — {0} € o, but f~14(V) =Q ¢ 7,,. On
the other hand, f is almost strongly w-continuous.

Next, several characterizations of almost strongly w-continuous functions are
obtained.

Theorem 2.4. For a function f: (X,7) — (Y, 0), the following are equivalent:
i. [ is almost strongly w-continuous.

ii. The inverse image of a regqular open set in (Y, o) is Oy,-open in (X, 7).

iii. The inverse image of a regqular closed set in (Y,0) is Opy-closed in (X, T).

iv. For each x € X and each regular open set V in (Y, o) containing f(x), there
exists an w-open set U in (X, T) containing x such that f(cl(U)) C V.

v. The inverse image of a d—open set in (Y, o) is Oy,-open in (X, 7).
vi. The inverse image of a 0-closed set in (Y,0) is O-closed in (X, T).

vit. f([Ala,,) C [f(A)]s for each subset A of X.
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viii. [f~1(B)]e,, C f~1([B]s) for each subset B of Y.

Proof. (i—ii) Let V be any regular open set in (Y,0) and z € f~1(V). Then
f(z) € V and there exists an w—open set U in (X,7) containing x such that
f(el(U)) c V. Thus z € U C cl(U) C f~1(V) and hence, by Proposition 1.4,
F7HV) is fpu-open.

(ii—iii) Let F be any regular closed set in (Y,0). By (ii), f71(F) = X —
7YY — F) is Oy,-closed in X.

(ili—iv) Let # € X and V be any regular open set in (Y, o) containing f(x).
By (iii), fH(Y = V) = X — f~5(V) is Ogu-closed in (X,7). Since f~1(V) is
a 6,,-open set containing x, by Proposition 1.4, there exists an w—open set U
containing z such that cl(U) C f~1(V); hence f(cl(U)) C V.

(iv—v) Let V be a é-open set in (Y,0) and = € f~1(V). There exists a
regular open set G in (Y, o) such that f(z) € G C V. By (iv), there exists
an w-open set U containing z such that f(cl(U)) € G. Therefore, we obtain
r €U C c(U) C f~5V). Hence, by Proposition 1.4, f~1(V) is fy.-open in
(X, 7).

(v—vi) Let F be a é-closed set in (Y,0). By (v) we have f~1(F) = X —
7YY — E) is O,,-closed in (X, 7).

(vi—vii) Let A be a subset of X. Since [f(A)]s is d—closed in (Y, o), by
(vi), F7Y[f(A)]s) is Ogu-closed in (X, 7). Let = ¢ f~1([f(A)]s). Then for
some w-open set U in (X, 7) containing x, cl(U) N f~1([f(A)]s) = ¢ and hence
d(U)yNA=¢. Sox ¢ [Alg,,. Therefore, we have f([A]s,,) C [f(4)]s-

(vii—sviii) Let B be a subset of Y. By (vii) we have f([f~1(B)]s,,) C [B]s
and hence [f~1(B)]g,, € f1([B]s).

(viii—i) Let x € X and V be an open set in (Y, o) containing f(x). Then
G =Y — Int(cl(V)) is regular closed and hence d-closed in (Y, o). By (viii),
[f~H@))p,, € fHG) and hence f~1(G) is Op-closed in (X, 7). Therefore,
f~YInt(cl(V))) is a Oy,—open set in (X,7) containing z. By Proposition
1.4 there exists an w-open set U containing x such that x € U C cl(U) C
F~(Int(cl(V))). Therefore, we obtain f(cl(U)) C Int(cl(V)). This show that
f is almost strongly w—continuous. O

Note that the family of all 6,,—open [3] (resp. —open [12]) sets in a space
(X, 7) form a topology for X which is denoted by 7y, (resp. 7s).

Theorem 2.5. For a function f: (X, 7) — (Y, 0), the following are equivalent:
i. f:(X,7)— (Y,0) is almost strongly w— continuous.

ii. f:(X,719,,) — (Y,0) is almost continuous.

iii. f:(X,719,,) = (Y,05) is continuous.

Proof. (i—ii) Let V be any regular open set in (Y, o). By Theorem 2.4 f~1(V)
is f,-open in (X, 7) and hence open in (X, 7y, ), it follows from Theorem 2.2
of [9] that f is almost continuous.
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(ii—iii) Let V' be an open in (Y,0s). Then V is d-open in (Y, o) and it is
the union of regular open sets in (Y,o). By (ii), f~1(V) is open in (X, 7g,,).
Therefore, f: (X, 7y,,) — (Y, 05) is continuous.

(ili—i) Let V be a regular open set in (Y,0). Since V is open in (Y, 0y),
by (iii), f~*(V) is fp,-open in (X,7) and hence by Theorem 2.4, f is almost
strongly w-continuous. O

The composition of two almost strongly w—continuous functions need not
be almost strongly w—continuous as the following examples shows.

Example 2.6. Let X =R, Y = {0,1} and Z = {1,2,3} with the topologies

T={¢,X,Q}, 0 ={0,Y,{0}}, p= {0, Z,{1},{2},{1,2}} defined on X, Y and
Z respectively. Let f:(X,7) = (Y, 0) be the function defined by

~fo0, zeR-Q
O

and let g : (Y,0) — (Z, p) be the function defined by

L, y=1
g(y)—{& y=0

Then f and g are almost strongly w—continuous. However g o f is not almost
strongly w—continuous at x € Q. For more clarify, let z € Q C X, (go f)(x) =
g(f(x))=9g(1) =1€V = {1} € p. Now for every w—open set W containing z,
cl(W) = R, therefore (g o f)(cl,(W)) = g(f(R)) = g({0,1})={1,3} Z {1}.

Theorem 2.7. Let f : (X,7) — (Y,0) and g : (Y,0) — (Z,p) be functions.
Then the following hold:

a. go f is almost strongly w-continuous if f is almost strongly w-continuous and
g 18 d-continuous.

b. go f is almost strongly w-continuous if f is almost strongly w-continuous and
g s continuous and open.

c. Letp: (X xY,7x0)— (X,7) be the projection function. If (fop) is almost
strongly w-continuous, then f is almost strongly w-continuous.

Proof. The proof of a. follows immediately from Definitions 1.1 and 2.1. Thus
we prove only part b and c.

b) Let x € X and V be any open set in (Z, p) such that (go f)(z) € V.
Therefore f(z) € g~(V) which is open in (Y,0). Since f is almost strongly
w-continuous, there exists an w-open set W in (X, 7) such that x € W and
fled(W)) C Int(cl(g=1(V))). Therefore (go f)(cl(W)) = g(Int(cl(g~1(V)))) C
Int(cl(V)).
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c) Let x € X and V be any open set in (Y, o) such that f(z) € V. Choose
y € Y. Then (f op)(z,y) = f(z) € V. Since (f o p) is almost strongly w-
continuous, there exists an w-open set W in X x Y such that (z,y) € W and
(fop)(clixe(W)) C Inty(cly(V)). Since (z,y) € W, choose W; € (X, 7,) and
Wy € (Y,0,) such that x € Wy, y € Wy and (x,y) € Wi x Wy C W and so
(f 0 P)clrro(Wh X Wa)) = F(el(W1)) C (f 0 ) (clono(W)) C Tnt(cl(V)). Thus
flel;(Wy)) CInt(cl(V)) and so f is almost strongly w—continuous. O

To show that the assumption g is a continuous open function in part (b) of
Theorem 2.7 is essential and that the projection function p in the same theorem
part (c) can not be replaced by arbitrary open continuous function we consider
the following examples.

Example 2.8. Let X = R with the topologies p = {¢,R,Q} and 7 = {U CR:
Q CU}U{¢} and let Y = {0,1,2} with the topology o = {¢,Y,{0},{1,2}}.
Let f: (X, p) — (Y,0) be the function defined by

f(:v):{l’ reR-Q

0, z€Q

and g : (X,7) — (X, p) be the function defined by

g(x)_{L reR-Q

z, T€Q

Then g is open and continuous but f is not almost strongly w-continuous. Note
that ¢71(Q) = Q € 7 and g~ !}(R) = R, so we get that g is continuous and for
every open set U in (X, 7), g(U) = Q € p therefore g is open. Now (fog)(x) =0
for every x € X and so (f o g) is almost strongly w-continuous.

Example 2.9. Let X = R with the topology p = {¢,R,Q}, let Y = {0,1}
with the topology o = {¢,Y,{0}} and let Z = {0,1,2} with the topology
T={¢,Z,{0},{1,2}}. Let f: (X, p) — (Y,0) be the function defined by

40, reR-Q
ﬂ@{Ler

and let g : (Y,0) — (Z,7) defined by

2, y=0
g(y)—{l, y=1

Then f is almost strongly w-continuous, g is continuous function but not open
and (g o f) is not almost strongly w-continuous at z € Q.
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Example 2.10. Let x = R with the topology 7 = {¢,R,Q} and let Y = {0,1}
with the topology ¢ = {¢,Y,{0}}. Let f : (X,7) — (Y,0) be the function

defined by
0, zeR-Q
flw) =
1, z€Q

and g : (Y,0) — (Y, 74s) be the identity function. Then f is almost strongly
w—continuous function, g is open but not continuous and (g o f) is not almost
strongly w-continuous. For every open set V in (Y, 0); g(V') is open in (Y, 74:s)
and ¢g~1({0}) ¢ o and hence is not continuous. To show that (g o f) is not
almost strongly w-continuous. Let z € Q C X, (go f)(z) = g(f(x)) = g(1) =
1 €V = {1} € 714s. Now for every w-open set W containing z, cl(W) = R,
therefore (g 0 £)(cl,(W) = g(f(R)) = g(¥)= Y ¢ Int(cl({1})) = {1},

Corollary 2.11. Let A be an index set and let fo : (Xo,Ta) = (Ya,04) be a
function for each oo € A. If the product function f = [[,ca fo @ [[ Xa = 1 Ya
is almost strongly w-continuous, then f, is almost strongly w-continuous for
each a € A.

Proof. For each 8 € A, we consider the projections pg : [[,ca Xa — Xp and
43 : [laen Yo — Ys. Then we have ggo f = fgopg for each 3 € A. Since f
is almost strongly w-continuous and gg is a continuous open function for each
B € A, ggo f is almost strongly w-continuous by Theorem 2.7 and hence fgopg
is almost strongly w-continuous. Thus fg is almost strongly w-continuous by
Theorem 2.7 . O

Proposition 2.12. Let f : (X,7) — (Y1 x Ya2,01 X 02) be a function, where
(X,7), (Y1,01) and (Ya,02) are topological spaces. Let f; : (X, 1) — (Y, 04) be
defined as f; = p; o f for i = 1,2 where p; : (Y1 X Yo,01 X 02) — (Y;,0;) is
the projection function. If f is almost strongly w-continuous, then f; is almost
strongly w-continuous fori =1, 2.

Proof. Since p; is a continuous open function and f is almost strongly w-
continuous, then by Theorem 2.7, f; = p; o f is almost strongly w-continuous
fori=1,2. O

Theorem 2.13. Let f : (X,7) — (Y,0) be an almost strongly w-continuous
function. Then the restriction fla : (A,74) — (Y,0) is almost strongly w-
continuous for any subset A of X.

Proof. Let a € A and V' be an open set in (Y, o) containing f(a). Since f is
almost strongly w-continuous, there exists an w-open set W in (X, 7) such that
x € W and f(cl(W)) C Int(cl(V)). Therefore by Lemma 1.5 WN A € (74)w
and (f]a)(cl(W N A)) C Int(cl(V)). And the result follows. O

The following example shows that the converse of the previous theorem is
not true in general.



HEYAM H. AL-JARRAH, ABDO QAHIS, TAKASHI NOIRI 764

Example 2.14. Let X = R with the topology 7 = {¢,R,Q} and let ¥ =
{0,1,2} with the topology o = {¢,Y,{0},{1,2}}. Let f: (X,7) — (Y,0) be
the function defined by

(@) = {0’ e
1, zeR-Q
Then f is not almost strongly w-continuous, since if we take x € Q, then f(z) =
0 € {0} € o and for any w-open set W containing z, f(cl(W)) = f(R) =
{0,1} ¢ Int(cl({0})) = {0}. Let A = Q. Then A € 7 and 74 = {¢, A}. Note
that (f|a)(z) = 0 for every z € A and so (f|4) is almost strongly w-continuous.

Note that if A is a clopen subset of a space (X, 7). Then cl(UNA) = cl(U)NA
for every U C X.

Proposition 2.15. Let f : (X,7) — (Y,0) be a function and let v € X. If
there exists a clopen subset A of X containing x and (f|a) is almost strongly
w-continuous at x, then f is almost strongly w-continuous at x.

Proof. Let V be an open set in (Y, o) containing f(z). Since (f|4) is almost
strongly w-continuous at z, there exists an w-open set W in (A, 74) such that
x € W and (fla)(cly,(W)) = f(clr,(W)) C Int(cl(V)). So by Lemma 1.5
W € (Ta)w = (7w)a and there exists an w-open set U in (X, 7) such that W =
UNA. Therefore W is an w-open set in (X, 7) and f(cl.(W)) = f(cl,(ANU)) =
fle-(U)NA) = fc-(UNA)NA) = fcl-(W)NA) = f(clr, (W) € Int(cl(V))
and the result follows. O

The following example shows that if the set A is w-clopen then the result in
proposition 2.15 need not be true.

Example 2.16. Let f : (X,7) — (Y,0) be the function defined in Example
2.14. Then f is not almost strongly w-continuous. Let A = R — Q. Then A is
an w-clopen set in (X, 7) and (f|4) is almost strongly w-continuous. Note that
(fla)(x) =1 for every x € A so (f|a)(z) is almost strongly w-continuous.

3. Basic properties

A space (X, 7) is said to be weakly Hausdorff [10] if each point of X is expressed
by the intersection of regular closed sets of (X, 7) and it is said to be w*-regular
if for every w-open set U and each point « € U there exists an open set V' such
that 2 €e U Ccl(U) C V.

Theorem 3.1. Let f: (X,7) — (Y,0) be a function such that X is w*-regular
and let g : (X,7) = (X x Y, 7 x o) be the graph function of f defined by
g(x) = (z, f(x)) for each x € X. Then g is almost strongly w— continuous if
and only if f is almost strongly w— continuous.
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Proof. Necessity. Suppose that g is almost strongly w—continuous. Let z € X
and V be an open set in (Y, o) containing f(z). Then X x V is an open set
of X x Y containing g(x). Since g is almost strongly w-continuous, there exists
an w-open set U in (X, 7) containing x such that g(cl(U)) C Int(cl(X x V)).
It follows Int(cl(X x V)) = X x Int(cl(V)). Therefore, we obtain f(cl(U)) C
Int(cl(V)).

Sufficiency. Let x € X and W be any open set of X x Y containing g(z).
There exist open sets Uy € X and V' C Y such that g(z) = (z, f(x)) e U1 xV C
W. Since f is almost strongly w-continuous, there exists an w-open set Us in
(X,7) containing « such that f(cl(Uz)) C Int(cl(V)). Let U = Uy N Us, then
U is an w-open in (X, 7) containing x. Since X is w*-regular, there exists an
open set Z such that € Z C ¢l(Z) C U. Therefore, we obtain g(cl(Z)) C
Uy x f(Usz) C Int(cl(W)). O

Theorem 3.2. If f,g: (X,7) — (Y,0) are almost strongly w-continuous func-
tions and (Y,0) is a Hausdorff space, then the set E = {x € X : f(z) = g(z)}
is Opw-closed in (X, T).

Proof. By Theorem 2.5 f, g: (X, 1p,,) — (Y, 0s) are continuous functions and
hence A is closed in (X, 7y, ). Therefore, A is f,,-closed in (X, 7). O

Theorem 3.3. Let f : (X,7) — (Y,0) be an almost strongly w-continuous
injection. If'Y is a Hausdorff (resp. weakly Hausdorff) space, then X is an
w-Urysohn (resp. w-Hausdorff) space.

Proof. Let (Y,0) be Hausdorff and x; # x3 for any x1,z9 € X and there exist
disjoint open sets V7 and Vs containing f(x1) and f(x2), respectively. Since Vj
and V, are disjoint, we obtain Int(cl(V1)) N Int(cl(V2)) = ¢. Since f is almost
strongly w-continuous, for ¢ = 1,2, there exists an w-open set U; containing x;
such that f(cl(U;)) C Int(cl(V;)). It follows from cl(Uy) N cl(Usz) = ¢ that X is
an w-Urysohn space. Next, let Y be weakly Hausdorff and z1, x2 distinct points
of X. Then f(x1) # f(z2) and there exists a regular closed set V' of Y such that
f(xz1) ¢ Vand f(z2) € V. Since f is almost strongly w-containuous, by Theorem
2.4, there exists an w-open set U containing x; such that f(cl(U)) CY—V. Then
we have 3 € f~1(V) C X — cl(U). This show that (X, 7) is w-Hausdorff. O

For a function f : (X,7) — (Y, 0), the subset {z, f(z) :z € X} C X x Y is
called the graph of f and is denoted by G(f).

The G(f) is said to be 0,,-closed with respect to X x Y if for each (x,y) ¢
G(f), there exists an w-open sets U and V' containing x and y, respectively, such
that cl(U x V)NG(f) = ¢. Tt is easy to see that G(f) is 0,,-closed with respect
to X x Y if and only if for each (z,y) ¢ G(f) there exist w-open subsets U C X
and V C Y containing = and y, respectively, such that f(cl(U)) Necl(V) = ¢.

Definition 3.4. A subset S of a space X is said to be quasi H,-closed (resp.
N,-closed) relative to X if for every cover {U, : o € A} of S by w-open sets of
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X, there exists a finite subset A, of A such that S C U{cl(Uy,) : @ € As}(resp.
S CU{Int(cl(Uy)) : @« € As}). A space X is said to be quasi H,-closed (resp.
nearly w-compact) if the set X is quasi H,-closed (resp. N,-closed) relative to
X.

Theorem 3.5. Let f : (X,7) — (Y,0) be a function whose graph is 0,,,-closed
with respect to X x Y. If K is quasi Hy-closed relative to Y, then f~1(K) is
0o, -closed in X.

Proof. Let x € X — f~}(K). For each y € K, (x,y) ¢ G(f) and there exist
w-open sets U, and V, containing = and y, respectively, such that f(cl(Uy)) N
cl(Vy) = ¢. The family {V, : y € K} is a cover of K by w-open sets of Y and
K C U(cl(Vy) : y € Kp) for some finite subset K, of K. Put U = N{U, : y €
K,}. Then U is an w-open set containing x and f(cl(U))NK = ¢. Therefore, we
have cl(U) N f~1(K) = ¢ and hence z ¢ [f~(K)]g,,,. This shows that f~!(K)
is f,,-closed in X. O

Theorem 3.6. If f : (X,7) — (Y,0) almost strongly w-continuous and K is
quasi Hy,-closed relative to X, then f(K) is N,-closed relative to Y .

Proof. Let {V,, : « € A} be a cover of f(K) by w-open sets of Y. For each
x € K, there exists a, € A such that f(z) € V,,. Since f is almost strongly
w-continuous, there exists an w-open set U, containing x such that f(cl(U,)) C
Int(cl(Va,)). The family {U, : x € K} is a cover of K by w-open sets of (X, 7)
and hence there exists a finite subset K* of K such that K C Ugeg~ cl(Us).
Therefore, we obtain f(K) C f(Uzer= cl(Uy)) € Uger= Int(cl(Va,))- O

Lemma 3.7. If X is nearly w-compact and A is reqular closed in X, then A is
N,,-closed relative to X (and hence quasi Hy-closed relative to X ).

Proof. Let {U, : a € A} be any cover of A by w-open sets of X. Then
X =U{Uy:a e A} N (X — A). Since X — A is regular open, it is open and
hence w-open. Since X is nearly w—compact, there exists a finite subset A, of
A such that X = [U{Int(cl(Uy,)) : a« € A} UInt(cl(X —A)) = (U{Int(cl(Uy)) :
a € A })U(X —A). Therefore, A C U{Int(cl(U,)) : @ € Ao} and A is N,,-closed
relative to X. O

Theorem 3.8. Let f : (X,7) — (Y,0) be a function and (Y,o) nearly w-
compact Hausdorff. Then, the following are equivalent:

i. f is almost strongly w-continuous.
ii. G(f) is Oow-closed with respect to X x Y.

iii. If K is quasi H,,-closed relative to Y, then f~1(K) is 0o, -closed in (X,T).
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Proof. (i—ii) Let (z,y) € X xY —G(f). Since (Y, 0) is Hausdorff, there exist
two open sets V and W such that y € V| f(z) € W and VN W = ¢. This
gives cl(V) N Int(cl(W)) = ¢. By (i), there exists an w-open set U containing x
such that f(cl(U)) C Int(cl(W)). Hence f(cl(U)) Ncl(V) = ¢, that is, G(f) is
Oo.,-closed with respect to X x Y.

(ii—iii) This follows from Theorem 3.5.

(ili—1) Let € X and V be a regular open subset of Y such that f(z) € V.
Then Y — V is a regular closed set and Y is nearly w-compact, by Lemma 3.7
Y — V is quasi H,-closed relative to Y. By (iii) f~%(X — V) is fy,-closed in
X and z ¢ f~1(Y — V). Hence there exists an w-open set U containing x such
that cl(U) N f~1(Y — V) = ¢. This implies that f(cl(U)) C V. Therefore, it
follows from Theorem 2.4 that f is almost strongly 6-continuous. O
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