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Abstract. In this article, in more general categories than the abelian categories, we
define a homology functor with respest to a kernel transformation d, called the extended
d-homology. We then compare the standard homology and the extended d-homology
functors.
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1. Introduction and preliminaries

The definition of the standard homology functor has been extended from the
category of R-modules to abelian categories in [7]. In [4] we have defined the
homology with respect to a kernel transformation d, also called the d-homology,
in more general categories. In this section we give the definition of d-homology
and some of the results obtained in [4]. In Section 2, we define a second homology
functor called the extended homology with respect to a kernel transformation
d, or the extended d-homology. We furnish some illustrative examples and also
prove the extended d-homology is the cokernel of a certain map. In Section 3,
we compare the standard homology as given in [7] and the extended d-homology,
by giving a natural transformation from the standard homology functor to the
extended d-homology functor. We then consider conditions under which this
natural transformation is a natural isomorphism. We also show, in abelian
categories, the standard homology is the extended d-homology with respect to
a particular kernel transformation d. Some other results are also given at the
end of this section.

To this end, for a pointed category C, following the notation of [4], we recall:
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• For f :A −→ B, the maps Kf

kf // A , B
cf // Cf and Pf

π1 //
π2

// A are

respectively the kernel, the cokernel and the kernel pair of f .

• The image If of f is the coequalizer of the kernel pair of f . f can be
factorized to f = mfef that ef is the coequalizer of the kernel pair of f .

• For a pair of maps A
f //
g

// B , the maps Equ(f, g)
equ(f,g) // A and

B
coe(f,g) // Coe(f, g) are respectively the equalizer and the coequalizer

of (f, g).

For a pointed category C with pullbacks and pushouts, let C̄ be the arrow
category and Ĉ be the pair-chain category of C. Let K :C̄ −→ C be the
kernel functor and I :C̄ −→ C be the image functor.

• The functor j :Ĉ −→ C̄ takes the object (f, g) ∈ Ĉ to jfg and the morphism
(α, β, γ) to (I(α, β),K(β, γ)) and we have the following commutative dia-
gram

A

α

��

ef // //

f

��
If

I(α,β)

��

jfg // Kg

K(β,γ)

��

// kg // B

β
��

A′

f ′

??ef ′
// // If ′

jf ′g′
/ / Kg′

//
kg′

// B′

• The standard homology or s-homology functor Hs, takes (f, g) ∈ Ĉ to
Coker(jfg), and for a pair chain map (α, β, γ) : (f, g) −→ (f ′, g′), we have
the following commutative diagram

Kg
q //

k(β,γ)

��

Hs
fg

Hs(α,β,γ)

��
Kg′

q′
// Hs

f ′g′

where q = coker(jfg) and q
′ = coker(jf ′g′).

2. Extended homology with respect to a kernel transformation

In this section, unless stated otherwise, C is a pointed category with pullbacks
and pushouts.
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Definition 2.1. Let m : A −→ C and j : B −→ C be two maps in C. Define
A+C B also denoted by A+B by the pushout:

Pjm
α

po

//

γ

��

A

h
��

B
i
// A+C B

where B Pjm
α //γoo A is the pullback of (j,m).

With S : C −→ C the squaring functor, taking a
f // b to a2

f2
// b2, a

kernel transformation is a natural transformation d : S◦K −→ K : C̄ −→ C, such
that for all (f, g) ∈ Ĉ and diagonal map ∆ we have the maps mdg∆g :Idg∆g −→
Kg (such that mdg∆gedg∆g = dg∆g) and jfg :If −→ Kg. The sum Idg∆ + If is
therefore obtained by the following diagrams:

Pjm
α

pb

//

γ

��

Idg∆g

mdg∆g

��
If jfg

// Kg

and Pjm
α

po

//

γ

��

Idg∆g

h

��
If i

// Idg∆g + If

Since mdg∆gα = jfgγ, there is a unique map β : Idg∆g + If −→ Kg making
the following triangles commutative

Pjm
α

po

//

γ

��

Idg∆g

h

�� mdg∆g

��

If i
//

jfg //

Idg∆g + If

β $$J
JJ

JJ
JJ

JJ

Kg

Letting m = mdg∆g , e = edg∆g and j = jfg for simplicity and setting
H̄d

fg = Cβ, the cokernel of β, we have:

Lemma 2.2. For each morphism (σ, δ, ζ) : (f, g) −→ (f ′, g′) in Ĉ, there is a
unique map H̄d(σ, δ, ζ) : H̄d

fg −→ H̄d
f ′g′ , such that the following diagram com-

mutes:

Kg
cβ //

K(δ,ζ)

��

H̄d
fg

H̄d(σ,δ,ζ)
��

Kg′ cβ′
// H̄d

f ′g′
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Proof. Consider the following diagram in which the back squares commute by
naturality of d and ∆

Kg
∆g //

e "" ""F
FF

FF
FF

FF

K(δ,ζ)

��

K2
g

dg //

K2(δ,ζ)

��

Kg

K(δ,ζ)

��

Idg∆g

m

66lllllllllllllllll

l

��

Kg′
∆g′ //

e′ "" ""E
EE

EE
EE

EE
K2

g′

dg′ // Kg′

Idg′∆g′

m′

66mmmmmmmmmmmmmmmm

It follows that (K(δ, ζ),K(δ, ζ)) : dg∆g −→ dg′∆g′ is a map in C̄ and so we
get the map l = I(K(δ, ζ),K(δ, ζ)) :Idg∆g −→ Idg′∆g′ such that le = e′K(δ, ζ).

Since e is epic, K(δ, ζ)m = m′l. On the other hand j′I(σ, δ) = K(δ, ζ)j and
we get m′lα = K(δ, ζ)mα = K(δ, ζ)jγ = j′I(σ, δ)γ. So there is a unique map
y :Pjm −→ Pj′m′ such that γ′y = I(σ, δ)γ and α′y = lα. So in the diagram:

Pjm
α //

γ

��

y

""E
EE

EE
EE

EE
Idg∆g

h

��

l

''OO
OOO

OOO
OOO

O

Pj′m′
α′

//

γ′

��

Idg′∆g′

h′

��

If i
//

I(σ,δ) ""E
EE

EE
EE

EE
Idg∆g + If

z

''
If ′

i′
// Idg′∆g′ + If ′

the front and back squares are pushouts, and the left and top squares are
commutative. It follows that there is a unique map z such that: zi = i′I(σ, δ)
and zh = h′l. We then get

β′zi = β′iI(σ, δ) = j′I(σ, δ) = K(δ, ζ)j = K(δ, ζ)βi

and

K(δ, ζ)βh = K(δ, ζ)m = m′lγ = β′h′l = β′zh

Pushoutness of Idg∆g + If implies K(δ, ζ)β = β′z.
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Now cβ′K(δ, ζ)β = cβ′β′z = 0 and so there is a unique H̄d(σ, δ, ζ) : H̄d
fg −→

H̄d
f ′g′ making the right square in the following diagram commutative:

Idg∆g + If
β //

0
//

z

��

Kg

K(δ,ζ)

��

cβ // H̄d
fg

H̄d(σ,δ,ζ)
��

Idg′∆g′ + If ′
β′

//

0
// Kg′ cβ′

// H̄d
f ′g′

Theorem 2.3. The mapping H̄d : Ĉ −→ C that takes the object (f, g) ∈ Ĉ to
H̄d

fg and the morphism (α, β, γ) to H̄d(α, β, γ) is a functor.

The functor H̄d : Ĉ −→ C is called the extended d-homology or the extended
homology functor with respect to the kernel transformation d.

Example 2.4. Let C = Rmod and d = +(r× s) = rpr1 + spr2 with r, s ∈ R. If

A
f // B

g // C with gf = 0, Then:

H̄d
fg =

Kg

(r + s)Kg + If

Example 2.5. As a special case of the above example, let C = Abgrp, for
d = +(r × s) with r, s ∈ Z, Kg = Z, If = nZ, we have:

H̄ =
Z

(r + s)Z+ nZ
=

Z
(r + s, n)Z

= Z(r+s,n)

where (r + s, n) is the greatest common divisor of r + s and n.

Example 2.6 ([7, 4]). Let C be the category, ShR, of short exact sequences of
R-modules, (F,G) ∈ Ĉ and d = +(r × s) r, s ∈ R. Then:

M

F
��

0 // A
f //

α
��

B
g //

β
��

C //

γ
��

0

N

G
��

0 // A′ f ′
//

α′

��

B′ g′ //

β′

��

C ′ //

γ′

��

0

P 0 // A′′
f ′′

// B′′
g′′

// C ′′ // 0

IF

j

��

0 // If+Kβ

Kβ

//

ᾱ

��

B
Kβ

//

��

C
Igβ

//

��

0

KG 0 // Kα′ // Kβ′ // Ig′β′ // 0
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where Igβ is the image of the restriction of g to Kβ and ᾱ(f(a) +Kβ) = α(a).
We also have:

IdG∆G

m

��

0 // If ′α′+K2

K2

��

// Kβ′
K2

//

��

Ig′β′
K3

//

��

0

KG 0 // Kα′ // Kβ′ // Ig′β′ // 0

where K2 = {a ∈ Kβ′ |(r + s)a = 0} and K3 is the image of the restriction of g′

to K2. So the extended homology is:

H̄d
FG 0 // Kĝ

// Kβ′
Iβ+(r+s)Kβ′

ĝ // Ig′β′
Iγ+(r+s)Ig′β′

// 0

where ĝ is the quotient of the restriction of g′ to Kβ′ .

Example 2.7. Let d = 0. For any (f, g) ∈ Ĉ, H̄d
fg = Hs

fg.

Lemma 2.8. Let d = pr1 or d = pr2. For any (f, g) ∈ Ĉ, H̄d
fg = 0.

Proof. Since pr1∆ = 1, Idg∆g = Kg , Pjm = If and If + Idg∆g = Kg, β = 1
and H̄d

fg = 0. Similar argument holds for d = pr2.

Calling the projection transformations, pr1 and pr2, and the zero transfor-
mation, the trivial transformations we have:

Proposition 2.9 ([4, 5]). The only kernel transformations in the categories,

Top∗, of pointed topological spaces, Set∗, of pointed sets and the category,
−→
Set,

of partial sets, are the trivial ones.

Example 2.10. Let C be the category, Set∗, of pointed sets (
−→
Set, of partial

sets or Top∗, of pointed topological spaces). For d = pr1 and d = pr2, β = 1
and for d = 0, β = j. Therefore H̄d

fg = 0 or H̄d
fg = Hs

fg.

Given A
f // C and B

g // C in C, let A Pfg
ioo j // B be the pull-

back of (f, g), and A
m // A+B B

noo be the pushout of (i, j). We know
there is a unique β :A+B −→ C such that βm = f and βn = g. Let A

⨿
B be

the coproduct of A and B with injections l1 and l2. Then β(m⊕ n) = f ⊕ g.

Lemma 2.11. Let A
f // C and B

g // C be in C. Then:

(i) There is a regular epi σ :A+B −→ If⊕g such that σ(m⊕ n) = ef⊕g.

(ii) If β is monic, then A+B ∼= If⊕g and mf⊕g is monic.

(iii) cf⊕g
∼= cβ.
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Proof. (i) Since A + B is the pushout of (i, j), m⊕ n :A
⨿
B −→ A+B is

the coequalizer of Pfg

l1i //
l2j

// A
⨿
B . On the other hand, since (f ⊕ g)l1i =

fi = gj = (f ⊕ g)l2j, and Pf⊕g is the kernel pair of f ⊕ g, there is a unique
ξ :Pfg −→ Pf⊕g such that π1ξ = l1i and π2ξ = l2j. So we have the following
diagram in which the top and bottom rows are coequalizers and the square
commutes

Pfg

l1i //

l2j
//

ξ

��

A
⨿
B

m⊕n //

1A
⨿

B

��

A+B

σ

��
Pf⊕g

π1 //
π2

// A
⨿
B ef⊕g

// If⊕g

So there is a unique map σ :A+B −→ If⊕g such that σ(m⊕n) = ef⊕g and
σ is regular epic.

(ii) Since β(m ⊕ n) = f ⊕ g = mf⊕gef⊕g = mf⊕gσ(m ⊕ n) and m ⊕ n is
epic, β = mf⊕gσ. If β is monic, then σ will be monic and so is an isomorphism.
Then mf⊕g is monic.

(iii) Since ef⊕g and σ are epic, we have cf⊕g = coker(f⊕g)∼=coker(mf⊕gef⊕g)
∼=coker(mf⊕g) ∼= coker(mf⊕gσ) ∼= coker(β) = cβ.

Theorem 2.12. Let (f, g) ∈ Ĉ and d be a kernel transformation. Then H̄d
fg

∼=
Cj⊕m.

Proof. Replace the maps f and g of the previous lemma respectively by the
maps j : If −→ Kg and m :Idg∆g −→ Kg.

Lemma 2.13. Let C be a pre abelian category and A
f // C and B

g // C
be in C. Then:

(i) There is a regular epi δ :If⊕g −→ A+B such that δef⊕g = m⊕ n.

(ii) If mf⊕g is monic, then A+B ∼= If⊕g and β is monic.

Proof. Since f ⊕ g = fpr1 + gpr2, fpr1(π1 − π2) = gpr2(π2 − π1). The result
then follows similar to the proof given in Lemma 2.11.

Theorem 2.14. Let C be a pre abelian category and A
f // C and B

g // C
be in C. Then β is monic if and only ifmf⊕g is monic. In this case A+B ∼= If⊕g.

Proof. Follows from Lemmas 2.11 and 2.13.

Example 2.15 ([4]). Let C be the category, ShR, of short exact sequences of R-

modules. Then for any pair A
f // C and B

g // C be in ShR, β is monic,
since mf⊕g is.

Example 2.16. Let C be any abelian category. Then for any pair A
f // C

and B
g // C be in C, β is monic, since mf⊕g is.
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3. Standard homology versus extended d-homology

In this section, unless stated otherwise, we assume C is a category with a zero
object, pullbacks and pushouts, and we investigate the relation between the
standard homology and the extended d-homology.

Lemma 3.1. Let d be a kernel transformation in C. There is a natural trans-
formation p :Hs −→ H̄d. Furthermore p is pointwise regular epic.

Proof. For (f, g) ∈ Ĉ, pfg is obtained by applying Lemma 2.2 of [4] to the
following diagram

If
j //

i

��

Kg
cj //

1Kg

��

Hs
fg

pfg

��
If + Idg∆g β

// Kg cβ
// H̄d

fg

To show naturality, given (σ, δ, ζ) :(f, g) → (f ′, g′) in Ĉ, we have pf ′g′H
s(σ, δ, ζ)cj

= pf ′g′cj′K(δ, ζ) = cβ′K(δ, ζ) = H̄d(σ, δ, ζ)cβ = H̄d(σ, δ, ζ)pfgcj . Since cj is
epic, pf ′g′H

s(σ, δ, ζ) = H̄d(σ, δ, ζ)pfg.

Lemma 3.2. If for (f, g) ∈ Ĉ, i :If −→ If + Idg∆g is epic, then pfg : Hs
fg

∼= H̄d
fg

is an isomorphism.

Proof. H̄d
fg = Coker(β) ∼= Coker(βi) = Coker(j) = Hs

fg.

Corollary 3.3. If d∆ = 0 (hence if d = 0), then H̄d ∼=n Hs, i.e., H̄d is
naturally isomorphic to Hs.

Proof. Let (f, g) ∈ Ĉ. Since dg∆g = 0, Idg∆g = I0 = 0. It can be easily shown
that If + Idg∆g = If + 0 = Icj , where I

c
j is the cokernel of kernel of j, see [4],

and i :If −→ If + 0 = Icj is the map ckj and is therefore epic. The result then
follows from Lemma 3.2.

Corollary 3.4. Let C be an abelian category, d = +(r × s). If (r + s)Kg = 0,
then H̄d

fg
∼= Hs

fg.

Proof. Since Idg∆g = (r + s)Kg = 0, the result follows.

Corollary 3.5. Let C be an abelian category and d = +(r ×−r). Then H̄d ∼=n

Hs. In particular H̄− ∼=n H
s.

Proof. Follows from the Corollary 3.3.

Theorem 3.6. Let C be an abelian category. For (f, g) ∈ Ĉ, pfg :Hs
fg −→ H̄d

fg

is an isomorphism if and only if i :If −→ If + Idg∆g is an isomorphism.
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Proof. In an abelian category j and β are monic and so β = ker(coker(β)) =
ker(cβ) and j = ker(coker(j)) = ker(cj). So in the following diagram the rows
are equalizers and the right square commutes

If
j //

i

��

Kg
cj //

1Kg

��

Hs
fg

pfg

��
If + Idg∆g β

// Kg cβ
// H̄d

fg

By dual of Lemma 2.2 in [4], i is a regular mono and if pfg is a mono, i is
an isomorphism.

The converse has been shown previously.

Lemma 3.7. Let C be an abelian category. For (f, g) ∈ Ĉ, i :If −→ If + Idg∆g

is an isomorphism if and only if Idg∆g is a subobject of If , i.e., m :Idg∆g −→ Kg

factors through j :If −→ Kg.

Proof. Straightforward.

Corollary 3.8. Let C be an abelian category. For (f, g) ∈ Ĉ, pfg : Hs
fg

∼= H̄d
fg

is an isomorphism if and only if Idg∆g is a subobject of If .

Theorem 3.9. Let C be the category, Rmod. If Hs
fg

∼= Hs
f ′g′, then H̄

d
fg

∼= H̄d
f ′g′

and Hd
fg

∼= Hd
f ′g′.

Proof. Let (f, g), (f ′, g′) ∈ Ĉ and suppose ψ :
Kg

If
∼= Kg′

If ′
. Since in Rmod,

d = +(r × s) for some r, s ∈ Rmod, Hs
fg =

Kg

If
and H̄d

fg =
Kg

(r+s)Kg+If
, we have

an epi ϕ :Kg −→ Kg′
(r+s)Kg′+If ′

, which is the composition of the epis q :Kg −→ Kg

If
,

ψ :
Kg

If
−→ Kg′

If ′
and pf ′g′ :

Kg′
If ′

−→ Kg′
(r+s)Kg′+If ′

. Some computations show that

Kϕ = (r + s)Kg + If . The result then follows.
The proof of the second equality follows from the fact that Hd

fg = {[a]|a ∈
Kg}, where [a] = {b ∈ Kg|r(a − b) ∈ (r + s)Kg + If} = {b ∈ Kg|s(a − b) ∈
(r + s)Kg + If}, see [4].
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