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Abstract. Let A be a unital algebra, a Banach algebra module M is strongly fully
stable Banach A-module relative to ideal K of A, if for every submodule N of M and
for each multiplier 8 : N — M such that §(N) C NN KM. In this paper, we adopt
the concept of strongly fully stable Banach Algebra modules relative to an ideal which
generalizes that of fully stable Banach Algebra modules and we study the properties
and characterizations of strongly fully stable Banach A-module relative to ideal K of A.
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1. Introduction

In [1], a non-empty set A is an algebra if, (A, +,-) is a vector space over a field
F,(A,+,0) is a ring and (aa) ob = a(aob) = ao (ab), for every a,b € A,
a € F. A ring R is an algebra < R,+,-,—,0 > where + and - are two binary
operations, — is unary and 0 is nullary element satisfying, < R,+,—,0 > is
an abelian group, < R,- > is a semigroup and z.(y + z) = (z.y) + (x.z) and
(z+vy).z=(x.2) + (y.2) (see [2]).

Following [1], let A be an algebra, recall that a Banach space F is a Banach
left A-module if E is a left A-module, and |ja.z|| < |al/[|z||(a € A,z € E).
A map from a left Banach A-module X into a left Banach A-module Y (A is
not necessarily commutative) is said a multiplier (homomorphism) if it satisfies
T(a.x) = aTxz, for all a € A,x € X (see [3]). In [4], a submodule N of
an R-module M is said to be stable, if f(N) C N for each R-homomorphism
f: N — M. M is called a fully stable module, each submodule of M is
stable. Following [5], a Banach algebra module M is called fully stable Banach
A-module if for every submodule N of M and for each multiplier 6 : N — M
such that §(N) C N. In this paper the concept of strongly full stability relative
to ideal for Banach A-modules has been introduced. A Banach algebra module
M is called strongly fully stable Banach A-module relative to ideal K of A if
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for every submodule N of M and for each multiplier § : N — M such that
O(N)CNNKM.

Structure of fully stable Banach A-module relative to an ideal in term of their
elements is considered see (2.2) Studying Baer criterion gives another charac-
terization of fully stable Banach A-module relative to ideal K of A, corollary
(2.8).

2. Main results

In [6], a left Banach A-module X is n-generated for n € N if there exists
Z1,...,%n € X such that each € X can represented as x = ) ,_, aj.z, for
some ai,...,a, € A. A module which is 1-generated is called a cyclic module.

Definition 2.1. Let X be Banach A-module, X is called fully stable Banach
A-module relative to ideal K of A, if for every submodule N of X and for
each multiplier § : N — X such that (N) C NN KX. It is clear that every
fully stable Banach A-module is fully stable Banach A-module relative to an
ideal. Moreover, every fully stable Banach A-modules is strongly fully stable
Banach A-modules relative to ideal, therefore X is strongly fully stable Banach
A-modules relative to ideal, if and if for every 1-generated submodule L of X
and for each multiplier 6 : L — X such that #(L) C LN KX.

Let X be a Banach A-modules and K be a non-zero ideal of A. If M is
fully stable Banach A-modules and X = KX then X is strongly fully stable
Banach A-modules relative to K, since for each 1-generated submodule N of X
and A-homomorphism f: N —- X, f(N)CN=NNX=NNKX.

Following [7] for a nonempty subset M in a left Banach A-module 6, the
annihilater anng of M is anna(M) = {a € A;a.x = 0 for all x € M}. In [6],
Let X be a Banach A-module, N, = {N;|n € N,z € X} and P, = {pylp €
Py € X}, annaN, = {a € A an, = 0,Yn, € N} and annaPy = {a €
A, a.py = 0,Yp, € P,}. The following proposition gives another characterization
of strongly fully stable Banach A-modules relative to an ideal.

Proposition 2.2. X is fully stable Banach A-module if and only if for each
x,y € X and Ny, P, subsets of X,y ¢ NxNKX implies anna(N,) € anna(Py).

Proof. Suppose that X is fully stable Banach A-module relative to ideal K of
A, there exists z,y € X such that y ¢ N, N KX and anna(N;) C anna(Py).
Define 6 :< N, >— X by 0(a.n;) = a.py, for all a € A, if a.n, = 0 then
a € anna(Ny) € anna(Py). This implies that a.p, = 0, hence 6 is well define.
It is clear 0 that is a multiplier ,because X is strongly fully stable relative to an
ideal, there exists an element ¢ € A such that 6(m,) = tm,, for each m, € N,.
In particular, p, = 0(n,) = tn, € N, N KX. Which is a contradiction. Thus X
is strongly fully stable Banach module relative to an ideal. Conversely, assume
that there is a subset N, of X and a multiplier § :< N, >— X such that 6(N;)
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N, N KX then there exists an element m, € N, such that (m;) ¢ N, N KX.
Let s € anna(Ny) therefore sn, = 0, s6(mg) = 0(stny) = O(tsny) = 6(0) = 0.
Hence anna(N,) C anns(6(m,)). Which is a contradiction. O

Corollary 2.3. Let X be a strongly fully stable Banach A-module relative to
an ideal K of A. Then for each x,y € X, anna(Py) = anna(N,) implies
N, NKX =P, NKX.

Proof. Assume that there are two elements x,y in X such that
ann(Ng) = anny(Py)

and N; N KX # P,N KX. Then without loss of generality there is an element
zz in N, not in P,. By proposition (2.2) we have anna(P,) € anna(Z,;) but
anna(Ng) C anna(Zy), hence anna(Py) € anna(N,) which is a contradiction.[]

Definition 2.4. A submodule N of Banach A-module is called pure submodule
if KN = NN KX for each ideal K of A.

When the submodule of strongly fully stable Banach A-module relative to
ideal have been partial answer in the following proposition.

Proposition 2.5. Let X be a strongly fully stable Banach A-module relative
to a non-zero ideal K of A. Then every pure submodule is strongly fully stable
Banach A-module relative to an ideal.

Proof. Let N be pure submodule of X. For each submodule L of N and a
multiplier f: L — N, put g =iof : L — X (where i is the inclusion mapping of
N to X), then by assumption f(L) = g(L) C KX, and since f(L) C N. Hence
f(L) CLNKXNN. Since N is pure submodule of X then NN KX = KN, for
each ideal K of A, therefore f(L) C LN KN. Thus N is strongly fully stable
Banach A-module relative to K. g

Definition 2.6. A Banach A-module X is said to satisfy Baer criterion relative
to an ideal K of A, if each submodule of X satisfies Baer criterion, that is, for
every l-generated submodule N of X and A-multiplier 8 : N — X, there exists
an element a in A such that §(n) = an € KX for all n € N.

The following proposition and its corollary give another characterization of
strongly fully stable Banach A-module relative to ideal.

Proposition 2.7. Let X be a Banach A-module. Then Baer criterion holds for
1-generated submodules of X if and only if annx(anna(N,)) € N, N KX, for
each z € X.

Proof. Assume that Baer criterion holds for 1-generated submodule of X. Let
y € annx(anna(N,)) and define 6§ :< N, >— X by 6(a.ng) = a.py,, for all
a € A. Let aj.ny = ag.ng, thus (a; — az)ny = 0, where a1 — ay € annyg(N,),
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so (a1 — az) € anna(Py). Therefore (a1 — as)p, = 0, then ai;py, = aspy,, hence
0 is well define. It is clear that clear 0 is an A -multiplier. By the assump-
tion, there exists an element ¢ € A such that #(m,) = tm, € KX for each
my € N,. This implies that, in particular, p, = 0(n,) = tn, € KX, therefore
annx (anna(N;)) € N,NKX, hence annx (anny(N;)) = N,NKX. Conversely,
assume that annx(anna(N;)) = N, N KX. For each N, C X. Then for each
A-multiplier  : N, — X, and s € anny(N,), we have s(n,) = 0(sn,) = 0.
Thus 0(n;) € annx(anna(Ny)) = N N KX, then 0(n,) = tnx € KX for some
t € A, thus Baer criterion holds. O

Corollary 2.8. X is strongly fully stable Banach A-module relative to ideal K
of A if and only if annx(anna(Ny)) C N, N KX, for each x € X.

In [9], let A be a unital Banach algebra. A-module X is called quasi a-
injective if, ¢ : N — X is A-module homomorphism (multiplier) such that
llol| < 1, there exists A-module homomorphism (multiplier) 6 : X — X, such
that 0ot = ¢ and ||0|| < «, where 7 is an isometry (A-module isomorphism is an
isometry A-multiplier) from submodule N of X. We shall say that X is quasi
injective if it is quasi a-injective for some a.

The concept of strongly quasi a-injective relative to an ideal K of A has
been introduce.

Definition 2.9. Let A be a unital Banach algebra. A-module X is called
strongly quasi a-injective relative to an ideal K of A if, ¢ : N — X is A-
module homomorphism (multiplier) such that ||| < 1, there exists A-module
homomorphism (multiplier) 6 : X — X, such that (foi)(n) = ¢(n) € KX and
|0]] < o where i is an isometry from submodule N of X to X. We shall say that
X is strongly quasi injective relative to ideal if it is strongly quasi ainjective
relative to ideal for some a.

The following proposition give the relation between strongly quasi a-injective
Banach A-module relative to ideal and strongly fully stable Banach A-module
relative to an ideal K of A has given

Proposition 2.11. Let X be Banach A-module and K be a non-zero ideal of
algebra A. If X is strongly fully stable Banach A-module relative to ideal then
X is strongly quasi injective Banach A-module relative to ideal.

Proof. Let N be a submodule of X and f : N — X be any A-module
homomrphism. Since X is a fully stable Banach A-module relative to K,
then f(N) C N N KX, thus there exist t € A such that f(n) = ¢tn. Define
g: X — X by g(x) = tx, it is clear that g is a well defined A-module homo-
morphism (multipler). Now f(z) = g(z) = tz € KX, and for each y € N,
(foi)(ly)—gly) = fly) —g(y) € KX, where i is isometry, and ||g|| < « for some
a therefore X is strongly quasi injective Banach A-module relative to ideal. [J
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