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1. Introduction

The BFGS method is a known quasi-Newton method and has been used exten-
sively for solving unconstrained minimization problems in the past two decades
[4], [8] and [9]. The global convergence quasi-Newton methods have also estab-
lished especially for convex unconstrained minimization problems [2], [3], [8],
[14], [15], [16] and [17]. However, in [11], the authors studied the nonconvex
case. They also proposed a modified BFGS method with global and superliner
convergence. Moreover, the global convergence result for nonlinear equations
is due to Griewank [14] for Broyden’s rank one method. However, a potential
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trouble with the mentioned method is that the line search may not be executed
finitely in a certain special situation ([14], pp. 81-82).

On the other hand, little is known concerning global convergence of the
BFGS method for nonconvex optimization problems. in fact, the global con-
vergence of the BFGS method for nonconvex minimization problems has not
been proved until now by any one or has given a counter example that shows
nonconvergence of the BFGS method. Whether the BFGS method converges
globally for a nonconvex function remains unanswered.

In recent work [12], the authors proposed a globally convergent Gauss—
Newton-based BFGS method for symmetric nonlinear equations which contain
unconstrained optimization problems as a special case. The results obtained in
[12] and [11] positively support the unsolved problem. However, their question
still remains unanswered. Then in [11], the authors studied the last motioned
problem of whether the BFGS method with inexact line search converges glob-
ally when applied to nonconvex unconstrained minimization problems. In addi-
tion, they proposed a cautious BFGS update and proved that the method with
either a Wolfe type [18] or an Armijo-type [13] line search converges globally if
the function to be minimized has Lipschitz continuous gradients.

The purpose of this paper is to study this problem further which an extension
on the work of Li and Fukushima in [13], as we have mentioned above, the
authors proved the convergence of an appropriate method for the BFGS, but
they did not completely proved that their method converged to the BFGS. On
the other hand, in the current paper we are interested to prove that the condition
of the appropriate method is satisfied implicitly with inaccurate linear search
of Wolfe type. Furthermore, we have checked directly the convergence of the
method BFGS with the inaccurate linear search of Wolfe.

The outline of the paper is as follows: In section 2, we introduce some nec-
essary notations and introduce BFGS method with appropriate update. Then
in section 3, we propose an algorithm in order to analyze the convergence of the
BFGS method. In addition, in sections 3 and 4, we give a new proposed algo-
rithm and its global convergence with the linear search of Wolfe type isproved.
Furthermore, the convergence of the BFGS method for noncovex unconstrained
minimization problem is given as well. We prove that this method is interpreted
according to the BFGS method.

2. Global convergence of the BFGS method in the nonconvex case

We introduce some notation: Consider M > 0 (resp. M > 0) is a symmetric
positive semi-definite matrix (resp. positive definite) and define the following
sets

(2.1) St ={MeS":M2>0, necN}
and

(2.2) Yo ={MecS":M>0,ncN,}
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where S symmetric matrices of order n such that:

We know that in [1]: to impose on My (k € N) to be close to My (k € N)
and minimize the gap between My and My, still requesting that to Mg
is symmetric and satisfies the equation of quasi-Newton. We are thus led to
consider the problem in the following variable matrix:

min(gap) (M, My,),
(2.3) yr = Msg, M € R,
M=M"T.

So, we say that the matrix is obtained by the variational approach. It is
often useful to impose also the positive definition of matrices M. Because, for
dp = —M, lgk is a descent direction, M}, is positive definite must be needed,
symmetric matrix, for more detail, in fact, we know that any real symmetric
and positive definite matrix is invertible, and its inverse is also positive definite.
Therefore, it can be written:

(2.4) gndi, = —gi My ' gp <0,

so,dy, is a descent direction. This condition defining an open set that cannot
directly be used as a constrained in defining the problem M}, and for this
purpose, we first introduce the following function:

(2.5) P:S" =R,

whose domain is ST, and forms a "barrier” to the edge of the cone S7 (it
devolves to infinity when its argument approaches the edge of S ) and infinity:

(2.6) ¥ (1) = trY + 1dT,

where the function log-determinant Id : S™ — R U {+oc0} is defined T € S™ by

1d(T) = —logdetY, if T €S,
B 400, otherwise.

It can be given the following properties of 1) defined in (2.6):
If we denote {c;},_; , eigenvalues of T, it should be got

(2.7) trY = Zai and det Y = Hai
i=1 i=1

and so

(2.8) P ()= (o —loga;), if T € 7.

i=1
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Being given the shape
tends to infinity if one of the eigenvalues of T tends to zero or to infinity, i.e.,

(2.10) Jje{l,..,n}; lim P(T)=o0.

aj—0 or oo

Formula (2.8) also shows that the only minimizer of ¢ is T = I the identity
matrix.

If My, is areal symmetric matrix then the matrix M} is positive definite if
and only if there exists a positive definite matrix Ay as: Ai = M, such that,

1
the positive definite matrix Ay and it can be put that A, = M}? is a unique.
In fact, if M is a real symmetric matrix, then we can write:

(2.11) U MU = A

where U satisfies

(2.12) U'u=0U" =1

and A is a diagonal matrix where the diagonal elements are the eingenvalues of

M}, which are strictly positive. Because M, is a positive definite matrix. Thus
we can write

1 1
(2.13) My =UAUT = UA3ASUT = (UA%UT) (UA%UT) = M2 M.

It means that we must find a matrix M that is symmetric and positive
definite and be close to M. Therefore,

11
(2.14) M = MM
implies
_1 _1
(2.15) M, *MM, *=1.

-

In order to minimize the gap between M and My, we seek that M 3 MM 2

is close to I; and this can be get by minimizing the term (M, M M, ),
that we shall get My 1 close to My, by solving :

min (M 2MM )
M € S% . (implicit constraint).
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If s =0 and yg # 0, then (2.16) has no solution or if s = 0 and yx = 0 so
the solution of (2.16) is M = M}, , otherwise; the non-trivial case where s # 0
is discussed in the following proposition.

Proposition 1 ([1]). We assume that My, is symmetric positive definite and
that s # 0. Then, the problem (2.16) has a solution if and only if y;—sk > 0.
Under this condition the solution M1 of (2.16) is unique and is only given by
one of the following formulas :

ykyl  Myssi My,

(2.17) Myy1 = My + -
YL sk sF Mysy,
and
T T T
SkY YkS SES
(2.18) Bk+1:<l— Ts’f>3k<l— T’f>+<1— T’f),
Yi. Sk Yi. Sk Yi. Sk

where By 1= Z\Jk_1 and Bgiq = Mk_+11

2.1 Algorithm 1 for BFGS Method

We give the following algorithm

Initial step:

Let ¢ > 0 be a determined criterion of stopping. Choose 37 be an initial
point and M; be any positive definite (e.g. : My = I).

Put £ =1 and go to the main stages

Main stages.

Step 1:

If |Vf ()| < e STOP; otherwise, put dy = —Mygx and determine the
optimal step A\; optimal solution of problem

(2.19) min f (2 + Adg) ,A >0
and putting
(2.20) M1 = 7 + Apdy.

Step 2:
Do Mp41 as follows:

(221) M]g+]_ _ Mk + yky];r - MkSkS;—Mk

y;—sk s;—Mksk
with
yr = Vf Ga1) — Vf Ga)

Replace k& by k + 1 and go to step 1.
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2.2 BFGS method with appropriate update

It has been seen that the properties of the BFGS formula is that the matrix My
inherits the positive definiteness of My, if the condition ykTsk > 0 is checked. It
can be noted if one uses an exact linear search or inexact search of Wolf, then the
condition y;sk > 0 is checked. where as, linear search of Armijo [13] does not
guarantee this condition, and therefore My 1 is not necessarily positive definite
even if My, is positive definite. To ensure the positive definiteness of My 1, the
condition y,;rsk > () is sometimes used to decide whether My, is an update or
not, i.e. we set

Yeyn  Mysgs) My,
Mk + T - T )

(2.23) Mk+1 = Y. Sk Sp. Mksk
M., otherwise.

if y,jsk >0,

The condition y,;rsk > 0 is often replaced by ykTsk > 7 where n > 0 is a
small constant. Li and Fukushima [11] and [12] often appropriate update to
the BFGS method similar to what is mentioned before and stating from this
they establish a global convergence theorem for nonconvex problems. Before
describes the appropriate update, first, we shall need the following important
lemma due to Powell [16] which will be useful later.

Lemma 1. (Powell [16]) If the BFGS method with Wolfe linear research (wolfel)-
(wolfe2) [18] is applied to a function f which is continuously differentiable; and
if there exists a constant ¢ > 0 such as:

2
Nyl
Y4 sk

(2.24) <c¢, forall keN.

Then we have
(2.25) lim inf ||gx|| = 0.
k—o0

Remark 1. If f is two times continuously differentiable and strictly convex, so
we shall always get the inequality (2.24), but in the case where f is not convex,
it is difficult to guarantee (2.24). May be it is one of the reasons why the global
convergence of the BFGS method has not been proven.

Now, we shall present the BEFGS method with appropriate update and show
later that is globally convergent without the economic function be convex. To
be more precise, we determine M1 depending on M}, function :

M, + Uye _ Misks{ My T,
(2.26) Myy1 = ylsk  s) Mysp | Nk
M, otherwise,

> € ”nga )

where € and « are positive constants.
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2.3 Algorithm 2 of BFGS method with appropriate update

We give the following algorithm:
Step 0. Choose an initial point > € IR"™ with an initial matrix My € R™*"
which is symmetric and positive definite choose the constants

0<op<oyg<l,a>0ande>0.

Let k=0

Step 1: Solve the linear equation Mydy + g = 0 to have dy.

Step 2: Determine the domain A > 0 by the inexact linear search of Wolfe
or Armijo[18].

Step 3: Calculate sy := 20 + Apdy.

Step 4: Determine My by

I Myses] M, T
) ha g B RIS g B s g
(2.27) M1 = Yy, Sk s, Mysy llskll
M., otherwise
with
(2 28) Sk = HAk4+1 — g,
Yk = Vf (1) =V () -

Step 5: Replace k by k + 1 and go to stepl.

Remark 2. It is not difficult to see that the matrix M} generated by algorithm
2 are symmetric and positive definite for all £ € N. This implies that only with
the use of inexact linear search of Wolfe or Armijo, we can obtain that the
sequence {f (»)},cy is decreasing. Also, we have the considerations of the
following: (wolfel) or (wolfel)-(wolfe2) and if f is an inferiorly bounded:

(o]
(2.29) —> g sk < 0.
k=0

This implies that

(2.30) — lim (—gj s) =
k—o0

and since

(2.31) Sk = Ak4+1 — Ak = )\kdk‘

Thus, we have

(2.32) (Akgp di) = 0.

— lim
k—o0
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3. Global convergence of BFGS method with an appropriate update

In this section, we shall prove the global convergence of algorithm 1 under the
following hypothesis:

Hypothesis 1. Consider the following set
(3.1) Q= {x € IR"/f () < f ()}

We assume that € is contained in a bounded convex set D and that the economic
function f is continuously differentiable on D and there exists a constant [ > 0
such as:

(3.2) g (30) — g ()| < 1||se—y|,for all 5,y € D ie., f € CH(D).

Since the sequence{ f () } ¢y is decreasing, it is clear that the sequence {s¢.}; oy
generated by the algorithm 2 is contained in 2. Because

[ Gten) < f Ga) <o < f (1) < f (500) -

Define the following sets of indices:

(3.3) K= {z \

-
A > e o}
[EA
and
We note through iy, the set of indices i € K.

We can rewrite (2.26) of the form:

T T
M M —
My + A DR TR i e R,
(3.4) MkJrl = Y Sk Sp. Mksk

My, otherwise

and considering the trace of both sides of (3.4), we can write for any k € N

2 2
[yl [ Misi]

T.. TAr e
18, — 5. M;s;
Y, Si €Ky, i 91

(3.5) Tr (Myt1) = Tr (My) +
€Ky,

Theorem 1. We assume that the hypothesis 1 is true and be {3}, oy the se-
quence generated by algorithm 2. If K is a finite set, so

(3.6) lim. [lge]| = 0.
k—o00



A NEW PROOF FOR THE GLOBAL CONVERGENCE...

Proof. If K is a finite set, so, there exists an index ko such as

Mk :Mko é]\4 fOT all kZ ko.

477

By the positive definiteness of M, there exists positive constants c¢; < Cy

such as

(37) cr||d|* < d"Md < Cy |ld|)?,
‘ c||d? <d"M~'d < Cy ||d|?, for all d € R™.

1-If the inexact linear search is of Wolfe, by using (3.2) we have

skl = | (7 Gavin) =97 Ga)) s = wl s

and by using (3.7), we have

Isell> > oa2gf sk — g sk
> (1 — Ug)AkngMilSk
> (1—o9)\ e |lsel?, for all k> ko,
where
Sk = A\idy,
and
di = )\];18; and g} = —dj M~ 1.

Therefore, it can be deduced

e > (1 —0a9)ell™t, for all k > k.

Thus, we get from (3.2)

lim Ay dy = lim (—g,jsk> ~0
k—o0 k—o0

with

M > (1 —02)erll™ >0, for all k > ko.

We can write

and from (3.7) we have :

then

with ¢1 # 0, so

g Mg = —gldy — 0

c1llgrll® < gf Mg — 0,
c1|lgrll” = 0

lim ||gx|| = 0.
k—o00
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Now we shall prove the global convergence of algorithm 2 in the case where
K is an infinite set. If by way of contradiction, there exists a constant § > 0
such as

(3.8) llgk|| > 0, for all k € N

and we shall see that this produces is a contradiction. Before establishing the
global convergence theorem of the algorithm 2, we first show some useful lemmas.

Lemma 2. We assume that the hypothesis 1 be true and that {s},cy be a
sequence generated by algorithm 2, assume also that the relation (3.8) be true
for all k € N so, there exists a constant ca > 0 such as:

(39) Tr (Mk+1) < Cg’ik
and
|| M4 ,
(3.10) ——— < colp,
ZGZKk SZTMiSi

for all k sufficiently dig.
Proof. By using (3.3) and (3.8), we have for all i € K
vi s = e l|gill* 1sill* = 6% [|sil?
implies
(3.11) yi si > €0 ||si|?.
Under (3.2) and (3.11), we have for all i € K

llgi+1 — gill < Ulseiq1 — il -

Therefore,
il < 12 ]3| -
Since
1 1
< 35
Yi i €0 |[si|
we have
2 2
; l
(3.12) ”yT’” <2
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Since

_ HyzH 1 M;si)?
) = Trn)+ S-SR

— yZ . TM iSi
h,_/
positive term
< Tr(M ZH‘%” < (co + ) = ixca.
yz i
€K

Putting
Co — Imax (Co, CI2) .

Thus, we have:
Tr (Mygy1) < igco.

Since Tr (Mgy1) > 0 for any k € N, we get from (3.5) and (3.12),

HyzH M|
0<Tr(M
R b Dl v
ZGK ’LEKk
implies
Mis;||” . :
Z M <Tr (Ml) + ZkCIZ < 1kC2.
iefk ¢ v
Therefore,

§ 1isi? sl _
ColL.

< s/ M;s;

lGKk

4. Global convergence of algorithm 2 with the linear search of Wolfe
type

For this purpose, we prove first the following lemma as lemma 2.

Lemma 3. We assume that the hypothesis 1 be a true. Let {3}, be a
sequence generated by algorithm 2 with A\ determined by the search linear of
Wolfe (wolfel)-(wolfe2) [18]. If we have (3.5) for all k € N, so there exists a
constant cs > 0 such that for all k big enough we have:

(4.1) I x>

Proof. The formula (3.4) gives the following recurrence relation

Ts, _
(4.2) det (M;41) = det (M;) < .?r/Z il ) , forallie K

Si Misi



HAKIMA DEGAICHIA, SALAH BOULAARAS 480

and
(4.3) det (M;41) = det (M;), for alli ¢ K.

If we note through ny, the largest index in the set K, so we can write:

(4.4) det (Mp, 1) = det (M1) ] STM.;,‘

€K
On the other hand, from (wolfe2) we get:

9" Ga+Ndy)di > 029" (54) d;

implies
(4.5) yilsi = (giv1—9i) s> 029 si— g7 si

> —(1—o09) g;rsi = (1 —09) A;lsg—Misi,
where

g' = —d] M; = —\ts] M.

Similarly to the proof of Lemma 2, we obtain (4.1) by using the last inequality
(4.5), (3.9) up to (4.4)
Indeed: from the last inequality (4.5), we can write

H Y s S 1—o0o
S;‘rM’iSi - = )\z

€K}, €K
with (4.4), we can deduce
1—
(4.6) det (My, +1) > det (M) A'JQ
€Ky, !
or
Tr (M, "
(4.7) det (M, +1) < [T(n’f“)]

Using (4.6), (4.7) and from (3.9)

1—o09 < det (Mnk—&-l) < 1 Tr (Mnk-i-l) " < 1 ColL "
i - det (Ml) — det (Ml)

ie?k
o1 e
— det(My) | n
< onw %)
— det (Mp)nm 2

1 .
N1tk
det (My) n™ 2]

)
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so, there exists constant cs such as

’iEI’(Vk. =

Now we are able to prove the global convergence of algorithm 2 with the
linear search of Wolfe which given by the following theorem:

Theorem 2. Assume that the hypothesis 1 is true. Be {s},cy a sequence
generated by algorithm 2 with A\g, k € N determined by the linear search of
Wolfe (wolfel)-(wolfe2). So, we have

(4.8) liminf ||gx|| = 0.
k—o00

Proof. Taking into consideration the theorem 1, It is sufficient to check (4.8)
in the case where K is infinite. We note K by

K= {]{71 <k <..< kn}

We observe that (2.29) gives that:

o
)
Sus <o
Jj=0

and as, Mkjskj = —)\kjgkj, then
s Mk Sk;
(4.9) Z [ & ng Sk, < 00.
Y M, |
Since
T T
- Ir; Sk; )\k}jgkjskj
—gisr, = oA s = Mo P Ay
Y H a,|I° X3, ° g I
SkMkjjsk]
S P i
’ JH kjsijQ

If (2.25) is not satisfied, then, there exists a constant § > 0 such as ||gi|| > 9,
for all k. Also (4.9) implies

iAk.S;MkjSk; 00
= Mg s |
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Therefore, for any & > 0, there exists an integer jo > 0, such as for all
positive integer q, we get

Jota S,Iij]-Sk]- ! 1 ot SLMkj k;
T — > 7 j
j=jo+1 HMkjSij qj:j0+1 HMkjskju
< ¢
g
implies
1 1
. q ; q
i) < (i
j=in+l N+t Sy ks Sy
€ B
< £J0+qHMkjsij

Using (3.10), it cab be easily deduced

1
Jotq a .
o+qg+1
IT M) < €(‘7—2)027
j=jo+1 1
where
ik =Jo+q+ 1.

If ¢ — oo, then we obtain a contradiction. Because, Lemma 8 certifies that
the left term of the above inequality is larger than a positive constant. O

Remark 3. To show the global convergence of the BFGS method and the
inexact linear search of Wolfe, it is sufficient to show implicitly the existence

¢

of the condition ﬁ/: 5”’; > ¢ |lgr]|*.That is to say, the BEGSA is devoted to the
k

BFGS method with inexact linear search of Wolfe.

First step: for all k> 1

]
Yy Sk -
Jsul? =

el

(4.10)

indeed, using (Wolfe 2), we have

T T T 1T -1
Y Sk = 020y Sk — gg Sk > (1 — 02) A, s, M sy,
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where
Sk = Apdy,
and
(4.11) dp =\, 'spandg, = —d M, "

and if the inexact linear search used is Wolfe’s, then we have the condition
ykTsk > 0 i.e. the positive definiteness of M} is preserved, so, there exists
positive constants ¢; < C such as

e |l2l” < 2" Myz < C |27,
e ||2)I” < 2T Mt < Cy ||2|? for all 2 € R,
by (4.11), we have
v sk = (1= o2)A; e ||kl
implies
y}l—sk 1 -
H H2 Z (1 — 02)61>\I; Z (1 — 02)61>\k
Sk

Second step: For all k> 1

1
k &
4.12 [Triloild) <+ 0.
( ) (iZI ”g HQ) = ka c>

Indeed, we have:

==

k

k 2 2
[Misilly — ~—=allgalls

§ : T = § : T Sc

i—1 Si Misi i1 —gi S;

Then, we use the inequality of the averages twice, and the first condition of
Wolfe so

Nlgills < er (~gi's:)

implies

AN
O,
o
—=
|
L
4|
&
N

k
[Trlal? <
=1

IN

IN

IN

IN
TN /N N/
Q‘Q
= .
M=
[
X
|
-
X
+
=
~
e
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We deduce (4.12), with ¢ = ¢1 (f (321) — fmin) /o1 where fumin € R is a lower
bound of {f (»a)}en -

Third step: To conclude that

-
Yi Sk
s el
skl

Indeed, from (4.12) we get for all k>1

(rellael?)* < ¢

implies for all £ > 1

k 2 -1
(113) E gl < x*.
From (4.13), (4.10), it implies
! _1
yk 8k2 =~ (]_ — 0'2)61)\k k
sl

c 2
> (1- 02)0% 9wl
and if we put @ = % and ¢ = (1 — 02)c1 7, so we obtain

y;;rsk
2
skl

> ellgrll®-

5. Conclusion

This paper proposes a new proof for the global convergence of the BFGS method
for nonconvex unconstrained minimization problem which an extension of the
work of Li and Fukushima in [13]. The authors proved the convergence of
an appropriate procedures for the BFGS method, but they did not completely
proved that their method converged to the BFGS method. However, in the
current paper we are interested in proving that the condition of the appropriate
method is to satisfy implicitly with inaccurate linear search of Wolfe type [18].
Furthermore, we have checked directly the convergence of the method BFGS
with the inaccurate linear search of Wolfe.
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