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Abstract. The aim of this paper is to characterize near left almost rings by using
ideals. We define a fully idempotent near left almost ring and discuss some of their
properties. We then define prime, fully prime and irreducible ideals in a near left
almost ring and explore some of their properties. Lastly we define M -system, P -system
and I-system in a near left almost ring and discuss some of their properties.
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1. Introduction

The notion of a left almost semigroup was introduced by Kazim and Naseeruddin
[5]. A groupoid (G, ∗) is said to be a left almost semigroup, abbreviated as LA-
semigroup, if its elements satisfy the left invertive law, that is (y ∗ x) ∗ z =
(z ∗ x) ∗ y ∀ x, y, z ∈ G. In general a left almost semigroups doesn’t satisfy
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associative and commutative laws but, it possesses the properties which are
usually valid for associative and commutative algebraic structures. Further in
1993, Kamran [6] extended the concept of an LA-semigroup to a left almost
group (abbreviated as LA-group). An LA-semigroup (G, ∗) is said to be an LA-
group if G has a left identity element with respect to “∗” and every element of G
has a left inverse with respect to “∗”. It is non-associative and non-commutative
algebraic structure and is the generalization of a commutative group. In 2006,
Yusuf [13] introduced a left almost ring. A non-empty set R together with two
binary operations “+” and “·” is said to be a left almost ring (abbreviated as
LA-ring) if (R, +) is a left almost group, (R, ·) is a left almost semigroup and
distributive laws of “·” over “+” hold. Further different peoples in [2], [3], [7],
[8], [9] and [12] worked on an LA-ring and explored many useful properties of an
LA-ring. In 2011, Shah, Rehman and Raees [11] gave the concept of a near left
almost ring (abbreviated as nLA-ring). A non-empty set T together with two
binary operations “+” and “·” is said to be a near left almost ring if (T , +) is a
left almost group, (T , ·) is a left almost semigroup and left distributive property
of “·” over “+” holds. It is the generalization of a left almost ring. The authors
of [11] discussed many interesting properties of a near left almost ring. There is
another interesting paper [10] in which the authors discussed direct sum of ideals
in an nLA-ring. Further in the paper [4], the authors defined direct product of
two near left almost rings and explored some useful properties. In this paper,
we explore some properties of near left almost rings by using ideals.

2. Preliminaries

In this section, we discuss some of the basic definitions and fundamental results
which will be used later. We start with the following definition of a near left
almost subring (abbreviated as nLA-subring) which has been taken from [11].

Definition 2.1. Let (T,+, ·) be a near left almost ring and S a non-empty subset
of T . If S is itself a near left almost ring under the same binary operations of
T , then S is called a near left almost subring of T .

Let us state some properties of near left almost subrings. The following
result gives necessary and sufficient conditions for near left almost subrings.
The result has been taken from [11].

Proposition 2.2. Let S be a non-empty subset of a near left almost ring
(T,+, ·). Then, S is a near left almost subring of T if and only if m − n ∈ S
and m · n ∈ S for all m, n ∈ S.

We are now going to define left (right) ideals. The following definition is
taken from the source [11].

Definition 2.3. A non-empty subset I of a near left almost ring T is called a
left ideal of T if a− b ∈ I and t · a ∈ I ∀ a, b ∈ I and ∀ t ∈ T and I is called a
right ideal of T if a− b ∈ I and (i+ s) · t− s · t ∈ I ∀ a, b, i ∈ I and ∀ s, t ∈ T .
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Let us state some properties of ideals which have been taken from [11].

Proposition 2.4. Assume that I and J are two left (right) ideals of a near left
almost ring T . Then I ∩ J is also a left (right) ideal of T .

We are now going to define sum and product of two ideals of a near left
almost ring. The definitions have been taken from the paper [10].

Definition 2.5. Let (T,+, ·) be an nLA-ring. Let I and J be two ideals of T ,
then we define

I + J = {x+ y : x ∈ Iand y ∈ J}.

Definition 2.6. If I and J are two ideals of an nLA-ring (T,+, ·), then the
product of I and J is the set

IJ = {
∑
finite

aibi : ai ∈ I, bi ∈ J}.

It follows from [10] that if I and J are ideals then both I + J and IJ are
ideals.

3. Basic properties of ideals

This section is concerned with the fundamental properties of ideals of a near
left almost ring. The idea of these properties has come from the source [8] in
which the author has done similar calculations for an LA-ring. We start with
the result given below which is true for a left almost ring. Here we prove it for
a near left almost ring.

Proposition 3.1. Let (T,+, ·) be a near left almost ring and “e” the left identity
of T with respect to “·”. If I is a right ideal of T , then I is a left ideal of T .

Proof. Suppose I is a right ideal, then I is a near left almost subring of T .
Now let t ∈ T and c ∈ I, then

tc = (et)c = (ct)e ∈ I ∵ by left invertive law

It follows that I is a left ideal.

Lemma 3.2. Let (T,+, ·) be a near left almost ring and “e” the left identity of
T with respect to “·”. Let a, c, x, y ∈ T be such that ax = cy, then xa = yc.

Proof. Let ax = cy for all a, c, x, y ∈ T . Now xa = (ex)a = (ax)e = (cy)e =
(ey)c = yc.

Proposition 3.3. Let T be an LA-ring with left identity “e” and let N be a
right ideal of T . Then the following results are equivalent:

(i) N = T,
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(ii) e ∈ N,

(iii) N contain a unit,

(iv) N contains an element which is left invertible or right invertible.

Proof. (i) =⇒ (ii) Let us suppose that N = T, then e ∈ T =⇒ e ∈ N.

(ii) =⇒ (iii) Let e ∈ N. Then obviously N contains a unit.

(iii) =⇒ (iv) Suppose N contains a unit. Then N must contain an element
that must be left as well as right invertible.

(iv) =⇒ (i) Let N contain an element r such that r is left invertible or
right invertible. But by the above lemma in nLA-rings left invertibility implies
right invertibility and right invertibility implies left invertibility. Thus r is a
unit.

Proposition 3.4. Let M be a proper ideal of an nLA-ring T with left identity
“e”, then e /∈ M.

Proof. Suppose that e ∈ M. Now let t ∈ T, then t = et ∈ MT ⊆ M =⇒ T ⊆
M but M ⊆ T =⇒ M = T. This is a contradiction. Hence e /∈ M.

As we know that if T is an nLA-ring and N1, N2 are two left (right) ideals of
T , then N1 ∩N2 is a left (right) ideal of T . The following example shows that
if T is an nLA-ring and N1, N2 are two left (right) ideals of T , then N1 ∪N2 is
not necessary to be a left (right) ideal of T .

Example 3.5. Let T = {r, s, t, u, v, w}. Define “+” and “·” in T as follows:

+ r s t u v w · r s t u v w

r r s t u v w r r r r r r r

s w r s t u v s r s t u v w

t v w r s t u t r t v r t v

u u v w r s t u r u r u r u

v t u v w r s v r v t r v t

w s t u v w r w r w v u t s

Then according to [11], (T,+, ·) is an nLA-ring. Now let N1 = {r, t, v} and
N2 = {r, u}, then it is easy to see that N1 and N2 are ideals but N1 ∪N2 is not
an ideal because t, u ∈ N1 ∪N2 but t+ u = s and s /∈ N1 ∪N2.

The following results shows that when the union of left (right) ideals of an
nLA-ring becomes a left (right) ideal.

Theorem 3.6. Let {Yk : k ∈ Λ} be a family of left (right) ideals of an nLA-ring
T . If Yk ⊆ Yk+1 for all k ∈ Λ. Then ∪k∈ΛYk is an ideal of T.
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Proof. For left ideal, let x, y ∈ ∪k∈ΛYk, then there exist i, j ∈ Λ such that
x ∈ Yi, y ∈ Yj . Let i > j, then x, y ∈ Yi. Now since Yi is a left ideal, so it
follows that x − y ∈ Yi for some i ∈ Λ =⇒ x − y ∈ ∪k∈ΛYk. Now let a ∈ T ,
then a · x ∈ Yi for some i ∈ Λ because each Yi is a left ideal. This implies that
a · x ∈ ∪k∈ΛYk =⇒ ∪k∈ΛYk is a left ideal.

For right ideal, let x, y ∈ ∪k∈ΛYk, then there exist i, j ∈ Λ such that x ∈
Yi, y ∈ Yj . Let i > j, then x, y ∈ Yi. Now since Yi is a right ideal, so it follows
that x − y ∈ Yi for some i ∈ Λ =⇒ x − y ∈ ∪k∈ΛYk. Now let a, b ∈ T , then
(x+ a)b− ab ∈ Yi for some j ∈ Λ because each Yi is a right ideal. This implies
that (x+ a)b− ab ∈ ∪k∈ΛYk =⇒ ∪k∈ΛYk is a right ideal of T .

This completes the proof.

4. Fully idempotent near left almost rings

This section is concerned with the fully idempotent near left almost ring. We
start with the following definition and then explore some properties of the fully
idempotent near left almost ring.

Definition 4.1. An ideal M of an nLA-ring T is said to be idempotent if
M2 = M . If every ideal of the nLA-ring T is idempotent, then T is said to be
fully idempotent.

Let us describe some properties. The following result gives us equivalent
conditions for a fully idempotent nLA-ring. The result is true in case of a ring.
Here we prove it for an nLA-ring.

Proposition 4.2. If T is an nLA-ring, then the following conditions are equiv-
alent:

(i) T is fully idempotent.

(ii) For each pair of ideals M,N of T,M ∩N = MN.

Proof. (i) =⇒ (ii) As MN ⊆ MT ⊆ M and also MN ⊆ TN ⊆ N, so it
follows that MN ⊆ M ∩ N. Conversely M ∩ N = (M ∩ N)2 ⊆ MN. Hence
M ∩N = MN.

(ii) =⇒ (i) By (ii), we have M ∩M = MM for each ideal M of T. Hence
M = MM = M2. This shows that T is fully idempotent.

5. Prime, fully prime and irreducible ideals

In this section, we discuss prime, fully prime and irreducible ideals in an nLA-
ring. We define the said terms and then discuss some elegant and intersecting
results which give relations among the said terms. Firstly we are going to define
prime and semiprime ideals.
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Definition 5.1. If T is an nLA-ring and M a two sided ideal of T , then M is
known to be a prime ideal if for ideals I and J of T such that IJ ⊆ M implies
either I ⊆ M or J ⊆ M . If each ideal of an nLA-ring T is prime, then it is
called fully prime. M is said to be semiprime if for each ideal I of an nLA-ring
T such that I2 ⊆ M =⇒ I ⊆ M . If each ideal of an nLA-ring T is semiprime,
then it is called fully semiprime.

It is clear from the above definition that every prime ideal is semiprime. We
are now going to define totally ordered set of an nLA-ring under inclusion.

Definition 5.2. The set of two sided ideals of a near left almost ring T is
known as totally ordered under inclusion if ∀ ideals M,N of T , either M ⊆ N
or N ⊆ M . The set of two sided ideals of T is shortly denoted by ideal(T ).

Let us state and prove some properties. The idea of these properties has
come from the source [8] in which the author has done similar calculations for
an LA-ring. Here we generalize his idea to an nLA-ring.

Theorem 5.3. Suppose“e’ is the left identity of an nLA-ring T, then it is fully
prime if and only if each ideal of T is idempotent and the set ideal(T ) is totally
ordered under inclusion.

Proof. Suppose T is fully prime and let M be an ideal of T . Now clearly
M2 ⊆ M. Also MM ⊆ M2 =⇒ M ⊆ M2. Therefore M2 = M and
hence M is idempotent. Now let M,N be ideals of T , then MN ⊆ M and
MN ⊆ N =⇒ MN ⊆ M ∩N . As M and N are prime ideals, so clearly M ∩N
is also a prime ideal of T . Therefore either M ⊆ M ∩N or N ⊆ M ∩N =⇒
either M ⊆ N or N ⊆ M . Therefore the set ideal(T ) is totally ordered under
inclusion.

On the other hand suppose each ideal of T is idempotent and ideal(T ) is
totally ordered under inclusion. Assume I, J and M are some ideals of T with
IJ ⊆ M such that I ⊆ J . As I is idempotent, then I = I2 = II ⊆ IJ ⊆ M .
This implies that I ⊆ M . Hence T is fully prime.

Let us define strongly irreducible and irreducible ideals.

Definition 5.4. An ideal M of an nLA-ring T is strongly irreducible if for
ideals I and J of T such that I ∩ J ⊆ M =⇒ either I ⊆ M or J ⊆ M . M is
called irreducible if for ideals I and J,M = I ∩J =⇒ either M = I or M = J .

It is clear from the above definition that every strongly irreducible ideal is
irreducible. We now state and prove some results. The following results are true
in case of a ring. Here we prove them for an nLA-ring.

Proposition 5.5. An ideal M of an nLA-ring T is a prime ideal if and only if
M is semiprime and strongly irreducible.
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Proof. If M is a prime ideal, then it must be semiprime. Let I and J be ideals
of T and I ∩ J ⊆ M . Now as IJ ⊆ I ∩ J ⊆ M , so by primeness it follows that
either I ⊆ M or J ⊆ M . Hence I is strongly irreducible.

Conversely, suppose that M is an ideal of T which is both semiprime and
strongly irreducible. If I and J are ideals of T , IJ ⊆ M , then (I∩J)2 ⊆ IJ ⊆ M .
By semiprimeness, it follows that I ∩ J ⊆ M . Thus by strongly irreducible it
follows that either I ⊆ M or J ⊆ M . Thus M is a prime ideal.

Before starting the next result firstly we are going to state a result which is
called Zorn’s Lemma and will be used in the next result. The result has been
taken from [1].

Lemma 5.6. If A is a partially ordered set such that every chain in A has an
upper bound in A, then A has at least one maximal element.

Proposition 5.7. Let a be an element of a near left almost ring T and I a two
sided ideal of T such that a /∈ I. Then there exist an irreducible ideal M of T
such that I ⊆ M and a /∈ M .

Proof. If {Hi : i ∈ Λ} is a chain of ideals in T containing I and a /∈ I, then
∪Hi∈Λ is an ideal of T . Therefore by the above lemma, the set of all ideals of
T not containing a has a maximal element M . Assume M = J ∩ K where J
and K are ideals of T properly containing M . Then by choice of M,a ∈ J and
a ∈ K =⇒ a ∈ J ∩ K = M , which is a contradiction. Hence M must be
irreducible.

Proposition 5.8. Let T be an nLA-ring with left identity “e”. Then an ideal
M of T such that M ̸= T is the intersection of all irreducible ideals containing
it.

Proof. As e /∈ M , by the above proposition, there exists an irreducible ideal
of T containing M . Suppose N is the intersection of all irreducible ideals of T
containing M , then M ⊆ N . We now show that N ⊆ M . For this let a /∈ M ,
then again by the above proposition, there exists an irreducible ideals H of T
containing M but not containing a. Thus a /∈ N and hence M = N.

6. M-system, I-system and P -system in near left almost rings

In this section, we study M -system, I-system and P -system in an nLA-ring
containing a left identity element. We define the said terms and relate these
concepts through some results. We start with the following definitions.

Definition 6.1. Let T be an nLA-ring with left identity“e” and ∅ ̸= S ⊆ T.
Then S is called an M -system if ∀ x, y ∈ S there exist t in T such that x(ty) ∈ S.
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Definition 6.2. Suppose“e” is a left identity element of an nLA-ring T , then
the principal left ideal generated by an element x of T is defined by

⟨x⟩ = Tx = {tx : t ∈ T}.

Definition 6.3. Let T be an nLA-ring and N a left ideal of T . Then N is
called a quasi-prime ideal if for left ideals I and J of T such that IJ ⊆ N =⇒
either I ⊆ N or J ⊆ N and N is called quasi-semiprime if I2 ⊆ N =⇒ I ⊆ N ,
where I is a left ideal of T . A left ideal N of an nLA-ring T is known to be
quasi-strongly irreducible if for left ideals I and J of T such that I∩J ⊆ N =⇒
either I ⊆ N or J ⊆ N . N is known to be quasi-irreducible if for left ideals I
and J,N = I ∩ J =⇒ either N = I or N = J .

Let us state and prove some properties. The idea of these properties has
come from the source [8] in which the author has done similar calculations for
an LA-ring. We generalize his idea to an nLA-ring. The result given below gives
us equivalent conditions for a quasi-prime ideal.

Lemma 6.4. Let T be an nLA-ring having left identity“e” and N a left ideal of
T . Then the under below conditions are equivalent:

(i) N is quasi-prime.

(ii) If I and J are any left ideals of T such that IJ = ⟨IJ⟩ ⊆ N =⇒ either
I ⊆ N or J ⊆ N.

(iii) Let I ̸⊆ N and J ̸⊆ N , then IJ ̸⊆ N , where I and J are any left ideals of
T .

(iv) If m1,m2 are element of T such that m1 /∈ N and m2 /∈ N , then ⟨m1⟩ ⟨m2⟩ ̸⊆
N.

(v) If m1,m2 are elements of T satisfying m1(Tm2) ⊆ N , then either m1 ∈ N
or m2 ∈ N.

Proof. (i) ⇐⇒ (ii) Let N be quasi-prime. By definition if IJ = ⟨IJ⟩ ⊆ N ,
then it implies that either I ⊆ N or J ⊆ N for all left ideal I and J of T.
Conversely suppose that IJ = ⟨IJ⟩ ⊆ N implies that I ⊆ N or J ⊆ N . Then
this implies that N is quasi-prime.

(ii) ⇐⇒ (iii) is trivial.
(i) =⇒ (iv) Let ⟨m1⟩ ⟨m2⟩ ⊆ N then either ⟨m1⟩ ⊆ N or ⟨m2⟩ ⊆ N =⇒

either m1 ∈ N or m2 ∈ N . So, by contrapositive statement m1 /∈ N and
m2 /∈ N , then ⟨m1⟩ ⟨m2⟩ ̸⊆ N .

(i) ⇐⇒ (v) Let m1(Tm2) ⊆ N , then T (m1(Tm2)) ⊆ TN ⊆ N . Now
consider
T (m1(Tm2)) = (TT )(m1(Tm2))
= (Tm1)(T (Tm2)) ∵ by medial law
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= (Tm1)((TT )(Tm2))
= (Tm1)((m2T )(TT ) ∵ by paramedial law
= (Tm1)((TT )m2) ∵ by left invertive law
= (Tm1)(Tm2) ⊆ N.
Since Tm1 and Tm2 are left ideals, so either m1 ∈ N or m2 ∈ N.

Conversely suppose IJ ⊆ N where I and J are any left ideals of T . Let
I ̸⊆ N , then there exist a ∈ I such that a /∈ N . Now ∀ b ∈ J , we have
a(Tb) ⊆ I(TJ) ⊆ IJ ⊆ N =⇒ J ⊆ N and hence N is a quasi-prime ideal of
T.

Further we have the following result which gives equivalent condition for
quasi-prime ideal and for M -system.

Theorem 6.5. Let “e” be a left identity element of an nLA-ring T and N a
left ideal of T , then N is quasi-prime if and only if T \N is an M -system.

Proof. Suppose that N is a quasi-prime ideal. Assume x, y ∈ T \N =⇒ x /∈ N
and y /∈ N . So by the above lemma, x(Ty) ̸⊆ N =⇒ there exist t ∈ T such
that x(ty) /∈ N =⇒ x(ty) ∈ T \N =⇒ T \N is an M -system.

Conversely suppose T \ N is an M -system. Let x, y ∈ T be such that
x(Ty) ⊆ N . Suppose that x /∈ N and y /∈ N =⇒ x, y ∈ T \N . Since T \N is
an M -system, so there exist t ∈ T such that x(ty) ∈ T \ N =⇒ x(Ty) ̸⊆ N ,
which is impossible. Hence x ∈ N or y ∈ N =⇒ N is a quasi-prime ideal.

We are now going to define a P -system.

Definition 6.6. Let T be an nLA-ring with left identity “e” and ∅ ≠ S ⊆ T .
Then S is said to be a P -system if ∀ x ∈ S, there exist r ∈ T such that x(rx) ∈ S.

It is clear from the definition that every M -system is an P -system. Let us
state and prove some properties. Again the idea of these properties has come
from the source [8]. The following result gives us equivalent conditions for a
quasi-semiprime ideal.

Lemma 6.7. Let T be an nLA-ring having left identity “e” and N a left ideal
of T , then the under below conditions are equivalent:

(i) N is quasi-semiprime.

(ii) I2 =
⟨
I2
⟩
⊆ N =⇒ I ⊆ N , where I is any left ideal of T .

(iii) For every left ideal I of T such that I ̸⊆ N implies that I2 ̸⊆ N.

(iv) Let x ∈ T such that ⟨x⟩2 ⊆ N , then this implies that x ∈ N .

(v) ∀ y ∈ T such that y(Ty) ⊆ N implies that y ∈ N.
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Proof. (i) ⇐⇒ (ii) Let N be quasi-semiprime. Let I2 =
⟨
I2
⟩
⊆ N , then by

definition I ⊆ N , where I is any left ideal of T. Conversely, as I2 =
⟨
I2
⟩
⊆

N =⇒ I ⊆ N =⇒ N is quasi-semiprime.
(ii) ⇐⇒ (iii) is trivial.
(i) =⇒ (iv) Let ⟨x⟩2 ⊆ N . But by hypothesis N is quasi-semiprime

=⇒ ⟨x⟩ ⊆ N =⇒ x ∈ N.
(iv) =⇒ (ii) For all left ideal I of T , let I2 =

⟨
I2
⟩
⊆ N . If x ∈ I, then by

(iv), ⟨x⟩2 ⊆ N =⇒ x ∈ N =⇒ I ⊆ N.
(i) ⇐⇒ (v) clear.

Further the following result gives us equivalent conditions for quasi-semiprime
ideal and for P -system.

Proposition 6.8. Let “e” be a left identity element of an nLA-ring T and N
a left ideal of T , then N is quasi-semiprime if and only if T \N is a P -system.

Proof. Suppose N is quasi-semiprime and assume u ∈ T \N . Let us suppose
that there does not exist an element t ∈ T such that u(tu) ∈ T \N =⇒ u(tu) ∈
N . As N is quasi-semiprime, so by the above lemma, u ∈ N . This is a contradic-
tion. Thus there exists t ∈ T such that u(tu) ∈ T \N . Hence T \N is a P -system.

Conversely, suppose that T \ N is a P -system. Let u ∈ T be such that
u(Tu) ⊆ N . Suppose that u /∈ N =⇒ u ∈ T \ N . Since T \ N is a P -
system, so there exist t ∈ T such that u(tu) ∈ T \ N =⇒ u(Tu) ̸⊆ N which
is a contradiction. Hence u ∈ N and so by the above lemma, N is quasi-
semiprime

We are now going to define an I-system.

Definition 6.9. Let T be an nLA-ring with left identity “e’ and ∅ ̸= S ⊆ T .
Then S is said to be an I-system if (⟨x⟩ ∩ ⟨y⟩) ∩ S ̸= ∅ ∀ x, y ∈ S.

Let us state and prove some properties. Again the idea of these properties
has come from the source [8]. The following result gives us equivalent condition
for quasi-strongly irreducible ideal and for I-system.

Proposition 6.10. Let “e” be a left identity element of an nLA-ring T . Let N
be a left ideal of T , then the following conditions are equivalent:

(i) N is quasi-strongly irreducible.

(ii) For x, y ∈ T such that ⟨x⟩ ∩ ⟨y⟩ ⊆ N =⇒ x ∈ N or y ∈ N.

(iii) T \N is an I-system.

Proof. (i) =⇒ (ii) Let x, y ∈ T such that ⟨x⟩ ∩ ⟨y⟩ ⊆ N , then by definition
of a quasi-strongly irreducible ideal either ⟨x⟩ ⊆ N or ⟨y⟩ ⊆ N . Thus it follows
that either x ∈ N or y ∈ N .
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(ii) =⇒ (iii) Let x, y ∈ T \N and let us suppose that (⟨x⟩ ∩ ⟨y⟩)∩T \N =
∅ =⇒ ⟨x⟩ ∩ ⟨y⟩ ⊆ N =⇒ either x ∈ N or y ∈ N . It follows that our
supposition is wrong and so (⟨x⟩ ∩ ⟨y⟩) ∩ T \N ̸= ∅.

(iii) =⇒ (i) Let I and J be ideals of T such that I ∩ J ⊆ N . Suppose
I ̸⊆ N and J ̸⊆ N , then there exists an element x ∈ I and y ∈ J such that
x ∈ I \ N and y ∈ I \ N =⇒ x, y ∈ T \ N , so by hypothesis it follows that
(⟨x⟩ ∩ ⟨y⟩) ∩ T \ N ̸= ∅ =⇒ there exist an element z ∈ ⟨x⟩ ∩ ⟨y⟩ such that
z ∈ T \N =⇒ z ∈ ⟨x⟩ ∩ ⟨y⟩ ⊆ I ∩ J such that z /∈ N =⇒ I ∩ J ̸⊆ N , which
is a contradiction. Hence either I ⊆ N or J ⊆ N and so N is quasi-strongly
irreducible.
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