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Abstract. In this paper, we show that the regular n-ary semigroups can be described
by using idealistic soft n-ary semigroups. The relationships between regular n-ary semi-
groups and soft regular n-ary semigroups are also discussed. Finally, we introduce
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1. Introduction

The generalization of classical algebraic structures to n-ary structures was first initiated
by Kasner [17] in 1904. In the following decades and nowadays, a number of different
n-ary systems have been studied in depth in different contexts. Sioson [20] introduced
regular n-ary semigroups and investigated their related properties. Since then, the
nature of regular n-ary semigroups were discussed in detail by Dudek [11]. In [6], [7], [8],
Dudek proved some results and presented many examples of n-ary groups. Earlier,
Crombez et al. [2], [3] gave the generalized rings and named it as (m,n)-rings and
introduced their quotient structure. Up till now, the theory of n-ary systems has many
applications, for example, application in physics [21], [22] and in automata theory [15],
fuzzy sets and rough set theory(see [4], [5], [9], [24]) and so on.

In dealing with uncertainties, many theories have been recently developed, includ-
ing the theory of probability, theory of fuzzy sets, theory of intuitionistic fuzzy sets and
theory of rough sets and so on. Although many new techniques have been developed as a
result of theories, yet difficulties are still. The major difficulties posed by these theories
are probably due to the inadequacy of parameters. In 1999, Molodtsov [19] initiated
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the concept of soft set theory, which was a completely new approach for modeling un-
certainty and had a rich potential for applications in several directions. Later on, Maji
et al. [18] introduced several operations in soft set theory and carried out a detailed
theoretical study on soft sets. The algebraic structure of soft sets has been studied by
several authors. For examples, Aktas and Cagman [1] introduced the notion of soft
groups and discussed their basic properties. Feng et al. [12] defined the notions of soft
semirings, idealistic soft semirings, soft ideals and introduced the algebraic properties
of semirings. Other applications of soft set theory in different algebraic structure can
be found in [16], 23] and so on. Feng et al. [13] initiated the soft binary relations, some
interesting properties of soft equivalence and soft congruence relations are discussed.

In this paper, we first recall some concepts and results on n-ary semigroups and
soft sets. In Section 3, we define the notion of soft n-ary semigroups and idealistic
soft nm-ary semigroups over an n-ary semigroup. Some basic related properties with soft
n-ary semigroups and idealistic soft n-ary semigroups are proposed. In Section 4, we
show that the regular n-ary semigroups can be described by using idealistic soft n-ary
semigroups. Moreover, we discuss relationships between regular n-ary semigroups and
soft regular n-ary semigroups. In Section 5, we give the concept of soft congruence
relations over an n-ary semigroup and introduce quotient m-ary semigroups via soft
congruence relations. Some homomorphisms and related properties with respect to soft
congruence relations are proposed.

2. Preliminaries

A non-empty set S together with one n-ary operation f : S™ — S, where n > 2, is called

an n-ary groupoid and is denoted by (5, f). According to the general convention used

in the theory of n-ary groupoids, the sequence of elements x;, z;11, ..., x; is denoted by

a:i In the case j < 4, it is the empty symbol. If 2,41 = zj49 = - -+ = x4 = x, then we
t .

write (:1:) instead of a:zfi In this convention,

f(l'l,.%’Q, 7xn) = f(l‘ril)v

and )
. (t
f@1, o, @i Ty B, T 1, -y Tn) = f(2], 2,2 41)-

t
An n-ary groupoid (S, f) is called (4, j)-associative if

5 o » o
Flai™h fagt =l eyt = flag T faf ),

hold for all z1,xo, ..., x2n—1 € S. If this identity holds for all 1 <4 < j < n, then we say
that the operation f is associative, and (S, f) is called an n-ary semigroup. An n-ary
semigroup (S, f) is called idempotent if f(z,...,x) =z for all z € S.

A non-empty subset H of an n-ary semigroup (S, f) is an n-ary subsemigroup if
(H, f) is an n-ary subsemigroup, i.e., if it is closed under the operation f. Throughout
this paper, unless otherwise mentioned, S will denote an n-ary semigroup.

Definition 2.1 [11], [20] A non-empty subset I of S is called an i-ideal of S if for
EVETY X1, .oy Tim1, Litl,---, Tn € S with a € I, then f(le_l,a,xﬁl) € 1. I is called an
ideal of S if I is an i-ideal for every 1 <14 < n.
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Definition 2.2 [4] Let R be an equivalence relation of S. R is called a congruence of S
if (@i, y;)€R implies (f(z7), f(y7))eR for all 1 <i < nand z1, 2, ..., Tn, Y1,Y2, -, Yn €S.

Definition 2.3 [4] A mapping ¢ : S — T from S into 7T is called a homomorphism if
o(f(27)) = g(p(x1), p(22), ..., p(xn)) for all zy,22,...,2n € 5.

Definition 2.4 [19] A pair (F,A) is called a soft set over U, where A C E and
F:A— P(U) is a set-valued mapping.

For a soft set (F, A), the set Supp(F,A) = {z € A|F(z) # 0} is called a soft
support of (F, A). Thus a null soft set is indeed a soft set with an empty support, and
we say that a soft set (F, A) is non-null if Supp(F, A) # 0.

Definition 2.5 [19] A soft set (F, A) over S is called an absolute soft set if F'(a) = S
for all a € A.

Definition 2.6 [14] A soft set (F, A) over S is called a full soft set if |J F(x) =S.
€A

Definition 2.7 [12] Let (F, A) and (G, B) be two soft sets over a common universe U.
The inclusion symbol “C” of (F, A) and (G, B), denoted by (F, A)C(G, B), is defined as
(1) AC B;
(2) F(z) C G(z) for all z € A.
If (F, A)C(G, B) and (G, B)C(F, A), then we denote (F, A) = (G, B).

3. Soft n-ary semigroups and idealistic soft n-ary semigroups

In this section, we define the notion of soft n-ary semigroups and idealistic soft n-
ary semigroups over S. Some basic related properties with soft n-ary semigroups and
idealistic soft n-ary semigroups are proposed.

Definition 3.1 Let (Fy, A1), (Fa, Az), ..., (Fp, An) be soft sets over S. Then the f-

product of them, denoted by f((F1, A1), (F2, A2), ..., (Fn, Ayn)), is defined as a soft set

(G,B) = f((F1,A1),(Fy, Ag), ..., (Fn, Ay)), where B = ({A;]i = 1,2,...,n} # 0 and
G : B — P(S) defined by G(a) = f(Fi(a), F2(a), ..., Fy(a)) for all a € B.

Definition 3.2 Let (F, A) be a non-null soft set over S. Then (F, A) is called a soft
n-ary semigroup over S if F'(a) is an n-ary subsemigroup of S for all a € Supp(F, A).

Example 3.3 Let S = {—i,0,i} be a set with a ternary operation f as the usual
multiplication of complex numbers. Then (S, f) is a ternary semigroup. Let (F, A) be a
soft set over S, where A = {a,b,c} and F' : A — P(S) be a set-valued function defined by
F(z) ={y € S|(z,y) € R} for all z € A, where R = {(a,0), (¢, —i), (¢, 0), (¢,4)}. Then
F(a) = {0}, F(b) = 0,F(c) = {—i,0,i}. Therefore (F,A) is a soft ternary semigroup
over S.

Proposition 3.4 A non-null soft set (F,A) over S is a soft n-ary semigroup if and
only if F((F,A), ... (F, A))C(F, A).
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Proof. Let (F, A) be a soft n-ary semigroup over S, then for all a € Supp(F, A), F(a) is
an n-ary subsemigroup of S. By Definition 3.1, we denote f((F, A), ..., (F, A)) = (G, A),
where G : A — P(S) defined by G(a) = f(F(a),...,F(a)) for all a € Supp(F, A).
F(a) is an n-ary subsemigroup of S, it follows that f(F(a),..., F'(a)) € F(a), that is
G(a) C F(a) for all a € A. Hence f((F,A), -, (F,A))C(F,A).

Conversely, if f((F,A), ..., (F, A))C(F, A), it follows that f(F(a), ..., F(a)) C F(a)
for all @ € Supp(F, A) . This means F'(a) is an n-ary subsemigroup of S. By Definition
3.2, (F, A) is a soft n-ary semigroup over S. "

Definition 3.5 Let (F, A) be a non-null soft set over S. Then (F,A) is called a j-
idealistic soft n-ary semigroup over S, if F'(z) is a j-ideal of S for all € Supp(F, A).
Moreover, if (F, A) is a j-idealistic soft n-ary semigroup of S for each j = 1,2,...,n,
then (F, A) is called an idealistic soft n-ary semigroup.

Example 3.6 Consider the natural numbers N with usual multiplication. Let S = 2N.
We define the 4-ary operation f, f(a,b,c,d) = % for all a,b,c,d € S. Then (S, f) is
a 4-ary semigroup. Let (F, A) be a soft set over S, where A = N and F : A — P(S)
is a set-valued function defined by F(x) = {4xn|n € N} for all z € N. Since for all
x1,x2,x3 € S and r € F(x), f(acil_l,r, x?H) € F(x) for i = 1,2,3,4. Hence F(z) is an
ideal of (S, f). Therefore (F, A) is an idealistic soft 4-ary semigroup of S.

Remark 3.7 If an idealistic soft n-ary semigroup (F, A) satisfying f((F, A), ..., (F, 4))
= (F, A), then (F, A) is called a soft idempotent idealistic soft n-ary semigroup.

Proposition 3.8 Let (H, E) be an absolute soft set over S. Then, a non-null soft set
~ (-1 (n—j)
(F, A) over S is a j-idealistic soft n-ary semigroup if and only if f((H, E), (F,A), (H, E))

C(F, A), where j = 1,2, ...,n.

Proof. Let (F, A) be a j-idealistic soft n-ary semigroup, then F'(a) is a j-ideal of S for
all a € Supp(F, A), it follows that f(z¥ 1, r, ri,,) € F(a) for all xy,23,...,2, € S and
- (k=1 (n—Fk)
all » € F(a). By Definition 3.1, we denote f((H, FE),(F,A),(H,E)) = (G, A), where
-1 n—j
G : A — P(S) defined by G(a) = f(H(a), F(a),H(a)) for all a € Supp(F,A). Since
(H,E) is an absolute soft set over S, so H(a) = S for all a € Supp(F, A). Hence

n—j (3-1)

i—1 ~ (n—=3) _
G(a) = £('S , F(a), S') C F(a). Therefore, F((H, E), (F, A), (H, E))C(F, A).
- G-1 (n—j) _ j—1 n—j
Conversely, if F((H, E), (F, A), (H, E))C(F, 4), then f(H(a), F(a), H()) € F(a)
for all a € Supp(F, A). Since (H, E) is an absolute soft set over S, so H(a) = S for all
- .
a € Supp(F, A). Hence f(JS ,F(a), S]) C F(a). This means F'(a) is a j-ideal of S. By

Definition 3.5, (F, A) is a j-idealistic soft n-ary semigroup over S. n
Proposition 3.9 Let (H, E) be an absolute soft set over S. Then, a non-null soft set

(F, A) over S is an idealistic soft n-ary semigroup if (F,A) is a j-idealistic soft n-ary
semigroup for all 1 < j < n.

Proof. It is straightforward. "
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4. The characterizations of regular n-ary semigroups

In this section, we show that the regular n-ary semigroups can be described by using
idealistic soft m-ary semigroups. Moreover, we discuss relationships between regular
n-ary semigroups and soft regular n-ary semigroups.

Definition 4.1 [11] An element a € S is called regular if there exist z9, 23, ..., 2,1 € S
such that f(a,z3 ' a) = a. S is called regular if every element of S is regular.

Definition 4.2 [20] S is called regular if for all a € S, there exist z;; € S (4, =
1,2,...,n) such that

a = f(f(aa CE%S), f(x21)a7x%g)v ceey f(xz’ililv CL))

Remark 4.3 In [11], Dudek proved that Definitions 4.1 and 4.2 are equivalent.

00 10 01 0 0 0 0
Example4.4LetS— {<OO>7<O 0>,<0 0)7(1 0)’(0 1>}>

where the ternary operation f is the usual matrix multiplication. One can easily show
that (.S, f) is a regular ternary semigroup.

Lemma 4.5 [20] The following conditions are equivalent:
(1) S is regular,
n
(2) N Bi = f(B1,Ba, ..., By) for all i-deals B;,
i=1

(3) every ideal is idempotent.

Theorem 4.6 S is regular if and only if
(F1, A1) @ (Fy, Ag)... @ (Fy An) = F((F1, Av), (Fa, Ag), ..., (Fn, An))
for every j-idealistic soft n-ary semigroup (Fj, A;)(j =1,2,...,n).

Proof. Let S be a regular n-ary semigroup and (F}, A;) be an j-idealistic soft n-

ary semigroup over S, respectively. Then (G,B) = f((F1, A1), (F2, A2), ..., (Fn, An)),

where B = () A; and G is defined as G(a) = f(Fi(a), Fa(a), ..., Fn(a)) for all a € B.
j=1

Also, (K,C) = (F1, A1) M (Fa, Ag)... M (F,, Ay,), where C = () A; and K is defined as
j=1
K(a) = Fi(a) N Fy(a)...N Fy,(a) for all a € C. By Proposition 3.8, we have

f((Fl’Al)’ (FZ’ AZ)? ey (Fn’An))éf((FhAl)’ (Hv E)v ey (Hv E))Q(FlaAl)a

FUFL, AL, (Foy A2), oy (Fy A))Cf (H, E), (Fa, Ay), ..., (H, E))C(Fy, A),
f((Fl, Al)? (F27A2)7 e (Fn7 An))éf((Hv E)v (H7 E)? At (FmAn))é(FmAn)v

where (H, E) is an absolute soft set over S.

Thus, ((Fl,Al), (FQ, Ag), ey (Fn,An))i(FlyAl) m (FQ,AQ)... m (Fn,An)
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Let b € Fi(a) N Fy(a)... N Fy(a), then b € Fj(a). Since S is regular, there exist
z;; € S(i,j = 1,2,...,n) such that b = f(f(b,z13), f(221,b,238), ..., f(x"7~1,b)). By
(Fj,Aj) is an j-idealistic soft n-ary semigroup over S, we have Fj(a) is an j-ideal
of S, so f(b,218) € Fi(a), f(x21,b,23%) € Fa(a),..., f(x") 71 b) € Fn(a). Hence b €
f(Fi(a ),};2( a), ..., Fp(a)). This means Fy(a)NFs(a).. ﬂF( )Q f(Fi(a), Fy(a), ..., Fp(a)),
for all CLEﬂ Aj. It implies (Fl,Al)@(FQ,Ag)...@(Fn,An)i‘fN((Fl,Al), (FQ,AQ), ooy (Fn,An))

j=1

Hence (Fy, Ay) A (Fy, Ag)... 0 (Fp, An) = f((F1, A1), (Fa, A), ..., (Fp, Ay)) for every
Jj-idealistic soft n-ary semigroup(F}, A;)(j = ,2, ,m).

Conversely, suppose that A1 = Ag = ... = An = S and Fj is a function from
Aj to P(S). For all a € S, we define Fl(a) = {a} U f(a,S,...,5), Fa(a) = {a} U
f(S,a,8,...,9),..., Fpo(a) ={a} U f(S,S,...,S,a). Since

f(Fi(a),S,....,8) = f({a}Uf(a,S,...,9),5,...,5)
g f(a7S7 )Uf(f( 7"'7S)7S"'7S)
= Fa S S U (@S, S, F(Ss o S)
c f(a,S,....9U f(a,S,...,S)
= f(a,S,...,9).

Hence a € Fi(a) N Fy(a)... N Fy(a) = f(Fi(a), F2(a), ..., Fp(a)) C
f(a,S,...,;S). In similar way, we have a € f(S,a,S,...,S),..,a € f(S,...,S,a). So

f(f(a,S,...,9), f(S,a,S,...,8), ..., f(S,...,S,a))
= f(a, f(S,....9), f(a,S,...;5), ..., f( ),a)
C f(a,S,...,S,a).
Therefore
f(Fl(a7F2(aa 7Fn(a’))
:f({a}Uf(a,S, 7S ) ,{a}Uf(S,S, 7S7a))
= f(a,...,a),...Uf(f(a,S,...,9), f(S,a,S,...,S),.., f(S,...,S,a))
= f(f(a,S,...,9), f(S,a,S,....,9), .., f(S,....S,a))
C f(a,S,...,S,a)
This means a € f(a,S,...,S,a). Hence S is regular. "

Theorem 4.7 S is regular if and only if every idealistic soft n-ary semigroup over S
is soft idempotent.

Proof. Let S be a regular n-ary semigroup and (F, A) an idealistic soft n-ary semi-
group. Putting (F, A) = (F1, A1) = (F», A2) = ... = (Fp, Ap), then by Theorem 4.1,
(F,A) = (F,AM(F,A)..m(F,A) = f((F,A),...,(F,A)). Thus (F, A) is soft idempotent.

Conversely, if all (F}, A;) are j-idealistic soft n-ary semigroups over .S, where j =
1,2,...,n. Then (Fy, A1) M (Fy, As)...m (F,, Ay) is an idealistic soft n-ary semigroup over
S and (F1, A1) M (Fa, Ag)... M (Fn,An)i(Fj,Aj) for each j = 1,2,--- ,n. This implies
that

(F1, A1) m (FQ,AQ)... m (Fn, An)
:I(<F1, Al) m (FQ,AQ)... m (Fn, An)7 ey (Fl,Al) m (FQ,AQ)... m (Fn, An))

Cf((F1, A1), (Fy, Ag), ..., (Fpn, An)).
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But f((Fl, Al), (FQ, AQ), ey (F’m A,l))g(Fl, Al)ﬁﬂ(FQ, AQ)...@(FR7 An) always holds. Thus,
(Fl,Al)@(FQ, AQ) m (Fn,An) = f((Fl, A1>, (FQ,AQ), . (Fn, An)) Hence, by Theorem
4.6, S is regular. n

By Theorems 4.6 and 4.7, we have the following Corollary.

Corollary 4.8 Then the following conditions are equivalent:
(1) S is regular,
(2) (F1, A) M (Fa, Ag).. @ (B, Ay) = F((F1, A1), (Fa, Ag), ...y (F, A))
for every j-idealistic soft n-ary semigroup (Fj, A;)(j =1,2,...,n),
(3) every idealistic soft n-ary semigroup is soft idempotent

Definition 4.9 A soft n-ary semigroup (F,A) over S is called a soft regular n-ary
semigroup if for each a € A, F(a) is regular.

The following examples show that if S is a regular n-ary semigroup then soft n-ary
semigroup (F, A) over S may not be soft regular and if the soft n-ary semigroup (F, A)
over S is soft regular then S may not be regular.

Example 4.10 Consider the regular ternary semigroup in Example 4.4. Let (F, A) be
a soft set over S, where A =S and F': A — P(S) be a set-valued function defined by

w50 =5 (o o p=r(5 o p={(0 ) (0 0)(50)}
F<(§’ 8))=F(<8 $>>={<8 8)(? 8)(8 ‘j)} Then (F, A) is

soft ternary semigroup over S. But it is not soft regular, because F( (1) 8 ) =
00 00 00 0 0 ) _
F(<0 1>) - {(0 0>a<1 O>’<O 1)} is not regular ternary subsemi-

group of S.

Example 4.11 Let (S, f) be a 4-ary semigroup derived from the semigroup (S, -), where
the 4-ary operation defined f(d,d,d,d) = d and f(z,y, z,u) = a where z,y, z,u

€ {a,b,c}. Clearly, (S, f) is not a regular 4-ary semigroup. Let A = {«, 5} be a set of
parameters such that F(a) = {a}, F(5) = {a,d}. Then (F,A) is a soft regular 4-ary
semigroup over (5, f) because F(«)) and F'(J) are regular 4-ary subsemigroups of (S, f).

Remark 4.12 In the above examples, we have demonstrated that the regularity of a
n-ary semigroup S does not imply the regularity of a soft n-ary semigroup over S. Also,
the regularity of a soft n-ary semigroup over a given n-ary semigroup S does not imply
the regularity of the n-ary semigroup. However, we still have the following proposition.

Proposition 4.13 Let (F, A) be a full soft reqular n-ary semigroup over S. Then S is
a reqular n-ary semigroup.

Proof. Let (F, A) be a soft regular n-ary semigroup over S. Then F(«) is regular for
each o € A. Now let a € S, because (F, A) is a full soft set, we have S = |J F(«), then
acA
there exists # € A such that a € F(f3). Since F(3) is regular, then exist xa, x3, ..., Tp—1 €
F(B) such that f(a,2z5~t a) = a. Since x9,23,...,2,_1 € F(8) € U F(a) = S, hence
acA
S is regular. -
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Proposition 4.14 If S is an idempotent n-ary semigroup, then every soft n-ary semi-
group (F, A) over S is soft reqular.

Proof. It is straightforward. "

5. Soft congruence relations over n-ary semigroups and homomorphisms

In this section, we give the concept of soft congruence relations over S and introduce
quotient n-ary semigroups via soft congruence relations. Some homomorphisms and
related properties with respect to soft congruence relations are proposed.

Definition 5.1 A non-null soft set (p, A) over S x S is called a soft congruence relation
over S if p(«) is a congruence relation on S for all a € Supp(p, A).

If Supp(p, A) = 0, then (p, A) is called a null soft congruence relation over S,
denoted @?4.

Example 5.2 Let (S, f) be an n-ary semigroup in Example 3.6 and A = N*. Consider
the set-valued function p : A — P(SxS) given by p(«) = {(z,y) € Sx S|z = y(mod «)}
for all « € A. Then p(«) is a congruence relation on (S, f). Hence (p, A) is a soft
congruence relation on (5, f).

Theorem 5.3 Let (p, A) be a soft congruence relation over an n-ary semigroup (S, f)
and S/(p, A) = {[z] |7 € S} where [x],) = {y € Sl(x,y) € p(a),a € A}. Then for
any a € A, S/(p, A) is an n-ary semigroup under the n-ary operation defined by

F([xl]p(a)v [wQ]p(a% sy [xn]p(a)) = [f(x?)]p(a)

for all x1,z9,...,2, € S.

Proof. We shall first show that F' is well defined. Let x1,x2,...,Tn,y1,Y2, ..., Yn € S
be such that

[xl]p(a) = [yl]p(a)7 [xQ]p(a) = [yQ]p(Oc)v 2 [mn}p(a) = [yn]p(a)

for all « € A. Tt follows that (z1,y1) € p(«), (z2,y2) € p(@), ..., (Tn,yn) € p(a). Since
(p, A) is a soft congruence relation over (S, f), by Definition 4.1, for any o € A, p(«)
is a congruence relation on (S, f). Hence we have (f(z7), f(y})) € p(a). This means
Lf(@D)]pa) = [f(WT)]p(a)- Hence F'is well defined. S/(p, A) is closed under the operation
F and F is (i, j)-associative is obvious. Therefore (S/(p, A), F') is an n-ary semigroup
for all a € A. n

Theorem 5.4 Let (p A) and (o, B) be two soft congruence relations over an n-ary
semigroup S with (,0, A)C (o, B). Then the soft binary relation (o, B) /(p, A) over S/(p, A),
defined by (6,C) = (0, B)/(p, A) where C = AN B and

d(a) = a(@)/p(a) = {([#]p(a) Wlp) € S/(p, A) x 5/ (p, A), (z,y) € o)}

for all o € C, is a soft congruence relation over S/(p, A) and

(5/(p, A))/((0, B)/(p, A)) = 5/ (0, B).
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Proof. Since C = AN B = A, then for any a € C, p(a) and o(«) are congruence
relations on S, so §(«) is an equivalence relation on S/(p, A).
Let ay,ag,...,an,b1,ba,...;b, € S, if (a1,b1) € o(a),...,(an,by) € o(a), then we

have (f(a?)’f(b?)) € U(a) and ([al]p(a)v [bl]p(a)) € 5(0[),..., ([an]p(a)v [bn]p(a)) € (5(0&)
According to Theorem 5.3,

(F([al]p(a)> R [an]p(a))>F([b1]p(a)7 ey [bn]p(a)) = ([f(a?)]p(a)v [f(b?)]p(a)) S 5(0&)

This means §(«) is a congruence relation on S/(p, A) for all &« € C'. Hence (o, B)/(p, A)
is a soft congruence relation over S/(p, A).

From Theorem 5.3, we know (S/(p, A))/((c, B)/(p, A)) and S/(c, B) are two n-ary
semigroups. Define a mapping:

h: (5/(p, A))/((o, B)/(p, A)) = 5/(0, B)
by h([[x]p(a)]d(a)) = [x]a(a) forallz € Sand v € A. If [[x}p(a)]d(oa) = Hy]p(a)]é(a)7 then

([%] p(a)» [T]p(a)) € 0(a), it follows that (z,y) € o(a), this means [],(q) = [Y]s(a)- Hence
h is well defined.

h(F*([[‘rl]p(a)]CS(a)’ ey H‘/En]p(a)]é(a)) =

I
= =

I
=
8
=3
S)
®

IRRES) [mn]a(a)>
h([ xl]p(a)]&(oa))7 sy h([[xn}p(a)]d(a)))'

I
ha s>
—_
8
[y
—
2
£

This means % is a homomorphism. If [z],) = [Y]o(a), then (z,y) € o(a), so
([Z] p(a)s Wl pa)) € d(a). Tt follows that [[],a)lsa) = [[7]p(a)]5(a), and h is injective.

Furthermore, for any [y]y) € S/(0,B), there exists p(a) = o(a) such that
h([[Y]o(a)]sa) = PUYp)]s(0) = W) for all @ € A. Hence h is surjective. This
completes the proof. n

Lemma 5.5 Let ¢ : (S1, f) = (S2,9) be an n-ary semigroup epimorphism.
(1) If~ is a congruence relation on S, define p(v)={(¢(x), (y)) € SaxSa|(z,y)E},
then ©(7y) is a congruence relation on Ss.

(2) If0 is a congruence relation on So such that p=1(0) # 0, where = 1(0) = {(z,y) €
S1 x S1|(p(x), p(y)) € 0}, then p=1(8) is a congruence relation on Si.

Proposition 5.6 Let ¢ : (S1, f) — (S2,9) be an n-ary semigroup epimorphism.
(1) If (p,A) is a soft congruence relation over Si, the image ¢(p, A) of (p,A) is
denoted by (p(p), A), then (v(p), A) is a soft congruence relation over Sa, where

p(p) () ={(p(x), o(y)) € S2 x S|(z,y) € p(a)}

for all a € A.

(2) If (0, B) is a soft congruence relation over Sy such that p~'(o, B) # 0%, where
¢~ (0, B) is the inverse image of (o, B) is denoted by (p~'(o), B) and

e Ho)(B) = {(x,y) € 81 x S1|(p(x), p(y)) € 0 (B)}

for all B € B. Then ¢~ (o, B) is a soft congruence relation over Sj.
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Theorem 5.7 Let ¢ : (S1, f) — (S2,9) be an n-ary semigroup epimorphism. If (p, A)
is a soft congruence relation over Sy, then Si/(p, A) = Sa/¢(p, A).

Proof. By Theorem 5.3 and Proposition 5.6, S1/(p, A) and Sa/¢(p, A) are n-ary semi-
groups. Define a mapping

Y1 S81/(p, A) = S2/0(p, A) by Y([2](a)) = [@(2)]o(p) ()

for all x € S; and « € A.

We first show that 1 is well defined. In fact, let z,2" € S1, if [2],) = [¥] (),
then (z.2') € p(a),a € A. From Proposition 5.6, we have (¢(x), ¢(2')) € p(p)(a) for
all a € A, which implies that [0(x)],(p)(a) = [2(2")]p(p)(a)- Hence ¢ is well defined.

Moreover, 1) is a homomorphism. Let x1,x9,...,2, € S;,a € A, F and F’ be two
n-ary operations of S1/(p, A) and S2/¢(p, A), respectively. Then we have

w(F([xl]p(a)a ey [xn]p(a)) - lbg[f(ff?))]p(a))

Il
S
~
—~

8
_

- [g(ﬁp(-%j), (,0?.%’2), R (p(xn))]go(p)(a)
"(le(@)lpp)@): [2(@2)]p(p) @) -+ [(En)](p)(@))-

Hence 1 is a homomorphism.

For any $7$, € Si,a € A, if [‘p(x)]ap(p)(a) = [90($/)]w(p)(a)a then (50(1")780(33/)) €
¢(p)(). By Proposition 5.1, we have (z,2') € p(a), which implies [z],) = [¥]p(a)-
This means 1 is injective.

Since ¢ is surjective, then for any [y],(p)) € S2/¢(p, A),y € S2,a € A, there
exists r1 € S1 such that p(z) =y. So ¥([7],)) = [¢(T)]w(p) (@) = Wp(p)(a)s this means
that v is surjective. Hence 1 is a isomorphism and S1/(p, A) = Sa/p(p, A). n

Theorem 5.8 Let ¢ : (S1, f) = (S2,9) be an n-ary semigroup epimorphism. If (o, B)
is a soft congruence relation over Sy and p~'(o, B) # 0%, then

S1/¢™' (0, B) = S2/(0, B).

Proof. It is similar to the proof of Theorem 5.7 and we omit it. "
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