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1. Introduction, definitions and notations

We denote by C the set of all finite complex numbers. Let f be an entire function
defined on C. The function Mf (r) = max

|z|=r
|f (z)| known as maximum modulus

function corresponding to f .
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When f is meromorphic, Mf (r) can not be defined as f is not analytic.
In this situation one may define another function Tf (r) known as Nevanlinna’s
Characteristic function of f, playing the same role as Mf (r) in the following
manner:

Tf (r) = Nf (r) +mf (r)

where the function Nf (r) and mf (r) are respectively the enumerative function
and the proximity function corresponding to f. If f is an entire function, then
the Nevanlinna’s Characteristic function Tf (r) of f reduces to mf (r) . Also for a
non-constant entire f, Tf (r) is strictly increasing and continuous function of r and
its inverse T−1

f : (Tf (0) ,∞) → (0,∞) exists and is such that lim
s→∞

T−1
g (s) = ∞.

Furthermore, we called the function Nf (r, a)
(
N f (r, a)

)
as counting function

of a-points (distinct a-points) of f . We put

Nf (r, a) =

r∫
0

nf (t, a)− nf (0, a)

t
dt+ nf (0, a) log r ,

where we denote by nf (r, a) (nf (r, a)) the number of a-points (distinct a-points)
of f in |z| ≤ r and an ∞ -point is a pole of f . In many occasions Nf (r,∞)
and N f (r,∞) are denoted by Nf (r) and N f (r) respectively. Also we denote by
nf |=1(r, a) ,the number of simple zeros of f −a in |z| ≤ r. Accordingly, Nf |=1(r, a)
is defined in terms of nf |=1(r, a) in the usual way and we set

δ1(a; f) = 1− lim sup
r→∞

N(r, a; f |= 1)

Tf (r)
{cf. [9]} ,

the deficiency of ‘a’ corresponding to the simple a-points of f , i.e., simple zeros of
f−a. In this connection, Yang [8] proved that there exists at most a denumerable
number of complex numbers a ∈ C ∪ {∞} for which

δ1(a; f) > 0 and
∑

a∈C∪{∞}

δ1(a; f) ≤ 4 .

Further, a meromorphic function b = b (z) is called small with respect to f if

Tb (r) = Sf (r) where Sf (r) = o {Tf (r)} i.e.,
Sf (r)

Tf (r)
→ 0 as r → ∞. Moreover for

any transcendental meromorphic function f , we call P [f ] = bfn0(f (1))n1 ...(f (k))nk ,

to be a differential monomial generated by it where
k∑

i=0

ni ≥ 1 ( all ni | i = 0, 1, ..., k

are non-negative integers) and the meromorphic function b is small with respect

to f. In this connection, the numbers γP [f ] =
k∑

i=0

ni and ΓP [f ] =
k∑

i=0

(i + 1)ni are

called the degree and weight of P [f ] respectively {cf. [1]}.
In this connection, the following definitions are well known:

Definition 1 The order ρf and lower order λf of a meromorphic function f are
defined as

ρf = lim sup
r→∞

log Tf (r)

log r
and λf = lim inf

r→∞

log Tf (r)

log r
.
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Somasundaram and Thamizharasi [6] introduced the notions of L-order and
L-lower order for entire functions where L ≡ L (r) is a positive continuous function
increasing slowly i.e.,L (ar) ∼ L (r) as r → ∞ for every positive constant “a”.
Their definitions are as follows:

Definition 2 [6] The L-order ρLf and the L-lower order λL
f of a meromorphic

function f are defined as follows:

ρLf = lim sup
r→∞

log Tf (r)

log [rL (r)]
and λL

f = lim inf
r→∞

log Tf (r)

log [rL (r)]
.

The more generalised concept of L-order and L-lower order of meromorphic
functions are L∗-order and L∗-lower order respectively which are as follows:

Definition 3 The L∗-order ρL
∗

f and the L∗-lower order λL∗

f of a meromorphic
function f are defined by

ρL
∗

f = lim sup
r→∞

log Tf (r)

log [reL(r)]
and λL∗

f = lim inf
r→∞

log Tf (r)

log [reL(r)]
.

Lahiri and Banerjee [5] introduced the definition of relative order of a mero-
morphic function with respect to an entire function which is as follows:

Definition 4 [5] Let f be meromorphic and g be entire. The relative order of f
with respect to g denoted by ρg (f) is defined as

ρg (f) = inf {µ > 0 : Tf (r) < Tg (r
µ) for all sufficiently large r}

= lim sup
r→∞

log T−1
g Tf (r)

log r
.

The definition coincides with the classical one [5] if g (z) = exp z.
Similarly, one can define the relative lower order of a meromorphic function

f with respect to an entire g denoted by λg (f) in the following manner:

λg (f) = lim inf
r→∞

log T−1
g Tf (r)

log r
.

Datta and Biswas [2] gave the definition of relative type and relative weak type of
a meromorphic function with respect to an entire function g which are as follows:

Definition 5 [2] The relative type σg (f) of a meromorphic function f with res-
pect to an entire function g are defined as

σg (f) = lim sup
r→∞

T−1
g Tf (r)

rρg(f)
, where 0 < ρg (f) < ∞ .

Similarly, one can define the lower relative type σg (f) in the following way

σg (f) = lim inf
r→∞

T−1
g Tf (r)

rρg(f)
, where 0 < ρg (f) < ∞ .
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Definition 6 [2] The relative weak type τg (f) of a meromorphic function f with
respect to an entire function g with finite positive relative lower order λg (f) is
defined by

τg (f) = lim inf
r→∞

T−1
g Tf (r)

rλg(f)
.

Analogously, one can define the growth indicator τ g (f) of a meromorphic
function f with respect to an entire function g with finite positive relative lower
order λg (f) as

τ g (f) = lim sup
r→∞

T−1
g Tf (r)

rλg(f)
.

In order to prove our results we require the following definitions:

Definition 7 The relative L-order ρLg (f) and the relative L-lower order λL
g (f)

of a meromorphic function f with respect to an entire function g are defined as
follows:

ρLg (f) = lim sup
r→∞

log T−1
g Tf (r)

log [rL (r)]
and λL

g (f) = lim inf
r→∞

log T−1
g Tf (r)

log [rL (r)]
.

Definition 8 The relative L-type σL
g (f) and the relative L-lower type

−
σ
L

g (f) of a
meromorphic function f with respect to an entire function g are defined as follows:

σL
g (f) = lim sup

r→∞

T−1
g Tf (r)

[rL (r)]ρ
L
g (f)

and
−
σ
L

g (f) = lim inf
r→∞

T−1
g Tf (r)

[rL (r)]ρ
L
g (f)

,

where 0 < ρLg (f) < ∞.

Definition 9 The relative L-weak type τLg (f) of a meromorphic function f with
respect to an entire function g with finite positive relative L-lower order λL

g (f) is
defined by

τLg (f) = lim inf
r→∞

T−1
g Tf (r)

[rL (r)]λ
L
g (f)

.

Similarly, one can define the growth indicator τLg (f) of a meromorphic func-
tion f with respect to an entire function g with finite positive relative L-lower
order λL

g (f) as

τLg (f) = lim sup
r→∞

T−1
g Tf (r)

[rL (r)]λ
L
g (f)

.

The more generalised concept of relative L-order (relative L-lower order),
relative L-type (relative L-lower type) and relative L-weak type of meromorphic
function with respect to an entire function are relative L∗-order (relative L∗-lower
order), relative L∗-type ( relative relative L∗-lower type) and relative L∗-weak
type respectively which are as follows:

Definition 10 The L∗-order ρL
∗

f and the L∗-lower order λL∗

f of a meromorphic
function f are defined by
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ρL
∗

g (f) = lim sup
r→∞

log T−1
g Tf (r)

log [reL(r)]
and λL∗

g (f) = lim inf
r→∞

log T−1
g Tf (r)

log [reL(r)]
.

Definition 11 The relative L∗-type σL∗
g (f) and the relative L∗-lower type σL∗

g (f)
of a meromorphic function f with respect to an entire function g are defined as
follows:

σL∗

g (f) = lim sup
r→∞

T−1
g Tf (r)

[reL(r)]
ρL∗
g (f)

and σL∗

g (f) = lim inf
r→∞

T−1
g Tf (r)

[reL(r)]
ρL∗
g (f)

,

where 0 < ρL
∗

g (f) < ∞.

Definition 12 The relative L∗-weak type τL
∗

g (f) of a meromorphic function f
with respect to an entire function g with finite positive relative L∗-lower order
λL∗
g (f) is defined by

τL
∗

g (f) = lim inf
r→∞

T−1
g Tf (r)

[rL (r)]λ
L∗
g (f)

.

Similarly, one can define the growth indicator τL
∗

g (f) of a meromorphic func-
tion f with respect to an entire function g with finite positive relative L∗-lower
order λL∗

g (f) as

τL
∗

g (f) = lim sup
r→∞

T−1
g Tf (r)

[rL (r)]λ
L∗
g (f)

.

In this paper, we wish to establish the relationship between the relative L-
order (relative L∗-order), relative L-type (relative L∗-type) and relative L-weak
type (relative L∗-weak type) of a transcendental meromorphic function f with
respect to a transcendental entire function g and that of monomial generated by
the transcendental meromorphic f and transcendental entire g. We use the stan-
dard notations and definitions in the theory of entire and meromorphic functions
which are available in [4] and [7].

2. Lemmas

In this section, we present two lemmas which will be needed in the sequel.

Lemma 1 [3] Let f be a transcendental meromorphic function of finite order or
of non-zero lower order and

∑
a∈C∪{∞}

δ1(a; f) = 4 and g be a transcendental entire

function with regular growth and non zero finite order. Also let
∑

a∈C∪{∞}
δ1(a; g) = 4.

Then

lim
r→∞

log T−1
P [g]TP [f ] (r)

log T−1
g Tf (r)

= 1 .
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Lemma 2 [3] Let f be a transcendental meromorphic function of finite order or
of non-zero lower order and

∑
a∈C∪{∞}

δ1(a; f) = 4 and g be a transcendental entire

function with regular growth and non zero finite type. Also let
∑

a∈C∪{∞}
δ1(a; g) = 4.

Then

lim
r→∞

T−1
P [g]TP [f ] (r)

T−1
g Tf (r)

=

(
ΓP [f ] − (ΓP [f ] − γP [f ])Θ(∞; f)

ΓP [g] − (ΓP [g] − γP [g])Θ(∞; g)

) 1
ρg

whereΘ(∞; f) = 1− lim sup
r→∞

Nf (r)

Tf (r)
and Θ(∞; g) = 1− lim sup

r→∞

Ng(r)

Tg(r)
.

3. Theorems

In this section, we present the main results of the paper.

Theorem 1 Let f be a transcendental meromorphic function of finite order or
of non-zero lower order and

∑
a∈C∪{∞}

δ1(a; f) = 4 and g be a transcendental entire

function with regular growth and non zero finite order. Also let
∑

a∈C∪{∞}
δ1(a; g) = 4.

Then the relative L-order and relative L-lower order order of P [f ] with respect to
P [g] are same as those of f with respect to g.

Proof. By Lemma 1 we obtain that,

ρLP [g] (P [f ]) = lim sup
r→∞

log T−1
P [g]TP [f ] (r)

log [rL (r)]

= lim sup
r→∞

{
log T−1

g Tf (r)

log [rL (r)]
·
log T−1

P [g]TP [f ] (r)

log T−1
g Tf (r)

}

= lim sup
r→∞

log T−1
g Tf (r)

log [rL (r)]
· lim
r→∞

log T−1
P [g]TP [f ] (r)

log T−1
g Tf (r)

= ρLg (f) · 1

= ρLg (f) .

In a similar manner, λL
P [g] (P [f ]) = λL

g (f) . This proves the theorem.

Theorem 2 Let f be a transcendental meromorphic function of finite order or
of non-zero lower order and

∑
a∈C∪{∞}

δ1(a; f) = 4 and g be a transcendental entire

function with regular growth and non zero finite order. Also let
∑

a∈C∪{∞}
δ1(a; g) = 4.

Then the relative L∗-order and relative L∗-lower order order of P [f ] with respect
to P [g] are same as those of f with respect to g.

We omit the proof of Theorem 2 because it can be carried out in the line of
Theorem 1.
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Theorem 3 Let f be a transcendental meromorphic function of finite order or
of non-zero lower order and

∑
a∈C∪{∞}

δ1(a; f) = 4 and g be a transcendental entire

function of regular growth having non zero finite type and
∑

a∈C∪{∞}
δ1(a; g) = 4.

Then the relative L-type and relative L-lower type of P [f ] with respect to P [g] are(
ΓP [f ]−(ΓP [f ]−γP [f ])Θ(∞;f)

ΓP [g]−(ΓP [g]−γP [g])Θ(∞;g)

) 1
ρg

times that of f with respect to g if ρLg (f) is positive

finite.

Proof. From Lemma 2 and Theorem 1 we get that

σL
P [g] (P [f ]) = lim sup

r→∞

T−1
P [g]TP [f ] (r)

[rL (r)]ρP [g](P [f ])

= lim
r→∞

T−1
P [g]TP [f ] (r)

T−1
g Tf (r)

· lim sup
r→∞

T−1
g Tf (r)

[rL (r)]ρ
L
g (f)

=

(
ΓP [f ] − (ΓP [f ] − γP [f ])Θ(∞; f)

ΓP [g] − (ΓP [g] − γP [g])Θ(∞; g)

) 1
ρg

· σL
g (f) .

Similarly,

σL
P [g] (P [f ]) =

(
ΓP [f ] − (ΓP [f ] − γP [f ])Θ(∞; f)

ΓP [g] − (ΓP [g] − γP [g])Θ(∞; g)

) 1
ρg

· σL
g (f) .

Thus the theorem is established.

Theorem 4 Let f be a transcendental meromorphic function of finite order or
of non-zero lower order and

∑
a∈C∪{∞}

δ1(a; f) = 4 and g be a transcendental entire

function of regular growth having non zero finite type and
∑

a∈C∪{∞}
δ1(a; g) = 4.

Then the relative L∗-type and relative L∗-lower type of P [f ] with respect to P [g]

are
(

ΓP [f ]−(ΓP [f ]−γP [f ])Θ(∞;f)

ΓP [g]−(ΓP [g]−γP [g])Θ(∞;g)

) 1
ρg

times that of f with respect to g if ρL
∗

g (f) is positive

finite.

We omit the proof of Theorem 4 because it can be carried out in the line of
Theorem 3.

Now, we state the following two theorems without proof because it can be
carried out in the line of Theorem 3 and Theorem 4 respectively.

Theorem 5 Let f be a transcendental meromorphic function of finite order or
of non-zero lower order and

∑
a∈C∪{∞}

δ1(a; f) = 4 and g be a transcendental entire

function of regular growth having non zero finite type and
∑

a∈C∪{∞}
δ1(a; g) = 4.

Then τLP [g] (P [f ]) and τLP [g] (P [f ]) are
(

ΓP [f ]−(ΓP [f ]−γP [f ])Θ(∞;f)

ΓP [g]−(ΓP [g]−γP [g])Θ(∞;g)

) 1
ρg

times that of
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f with respect to g i.e., τLP [g] (P [f ]) =
(

ΓP [f ]−(ΓP [f ]−γP [f ])Θ(∞;f)

ΓP [g]−(ΓP [g]−γP [g])Θ(∞;g)

) 1
ρg · τLg (f) and

τLP [g] (P [f ]) =
(

ΓP [f ]−(ΓP [f ]−γP [f ])Θ(∞;f)

ΓP [g]−(ΓP [g]−γP [g])Θ(∞;g)

) 1
ρg · τLg (f) when λL

g (f) is positive finite.

Theorem 6 Let f be a transcendental meromorphic function of finite order or
of non-zero lower order and

∑
a∈C∪{∞}

δ1(a; f) = 4 and g be a transcendental entire

function of regular growth having non zero finite type and
∑

a∈C∪{∞}
δ1(a; g) = 4.

Then τL
∗

P [g] (P [f ]) and τL
∗

P [g] (P [f ]) are
(

ΓP [f ]−(ΓP [f ]−γP [f ])Θ(∞;f)

ΓP [g]−(ΓP [g]−γP [g])Θ(∞;g)

) 1
ρg

times that of

f with respect to g i.e., τL
∗

P [g] (P [f ]) =
(

ΓP [f ]−(ΓP [f ]−γP [f ])Θ(∞;f)

ΓP [g]−(ΓP [g]−γP [g])Θ(∞;g)

) 1
ρg · τL∗

g (f) and

τL
∗

P [g] (P [f ]) =
(

ΓP [f ]−(ΓP [f ]−γP [f ])Θ(∞;f)

ΓP [g]−(ΓP [g]−γP [g])Θ(∞;g)

) 1
ρg · τL∗

g (f) when λL∗
g (f) is positive finite.
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