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1. Introduction

Goodman [2] pointed out the equivalence of a fuzzy set and a class of random
sets by means of combining probability and fuzzy set theory. Also, Wang and
Sanchez [18] introduced the theory of falling shadows which directly relates pro-
bability concepts with the membership function of fuzzy sets. Falling shadow
representation theory shows us the way of selection related on the joint degrees
distributions. It is a reasonable and convenient approach for the theoretical de-
velopment and the practical applications of fuzzy sets and fuzzy logics. The ma-
thematical structure of the theory of falling shadows is formulated. In particular,
Tan et al. ([12], [13]) established a theoretic approach to define a fuzzy inference
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relation and fuzzy set operation based on the theory of falling shadows. Yuan et
al. [19] considered a fuzzy subgroup (resp. subring, ideal) as the falling shadow
of a cloud of the subgroups (resp. subring, ideal). Recently, Jun et al. ([5], [6])
considered the notions of falling fuzzy (resp. positive implicative, commutative,
implicative) ideals of BCK-algebras. Zhan et al. [21] applied the falling shadow
theory to filter theory of BL-algebras.

The notion of BL-algebra was initiated by Hájek [3] in order to provide an
algebraic proof of the completeness theorem of Basic Logic (BL, in short). Soon
after Cignoli et al. [1] proved that Hájek’s logic really is the logic of continuous
t-norms as conjectured by Hájek. One important aspect of BL-algebras is its filter
theory. Researchers started a systematic study of BL-algebras with filter theory
([4], [10], [14], [15]). Another important aspect of BL-algebras is ideal theory,
which was introduced by Hájek [3]. Some properties of ideals were investigated
by ([8],[11]). Fuzzy ideal theory in BL-algebras were studied by Zhang et al. [22]
and Meng et al. [9]. The notions of fuzzy prime ideals, fuzzy irreducible ideals,
fuzzy Gödel ideals and fuzzy Boolean ideals were introduced. Several relations
among these ideals were discussed. In the present paper we introduce the notions
of falling fuzzy (resp. Gödel, Boolean, implicative) ideals of a BL-algebra based on
the theory of falling shadows and fuzzy sets, and study several characterizations
and relations of these notions. Finally we apply the concept of falling fuzzy
inference relations to BL-algebras and obtain some related results.

2. Preliminaries

Let us recall some definitions and results on BL-algebras.

Definition 2.1. [3] An algebra (A; ∧,∨, ∗,→, 0, 1) of type (2, 2, 2, 2, 0, 0) is called
a BL-algebra if it satisfies the following conditions:

(BL1) (A; ∧,∨, 0, 1) is a bounded lattice,
(BL2) (A; ∗, 1) is a commutative monoid,
(BL3) x ∗ z ≤ y if and only if z ≤ x → y (residuation),
(BL4) x ∧ y = x ∗ (x → y), thus x ∗ (x → y) = y ∗ (y → x) (divisibility),
(BL5) (x → y) ∨ (y → x) = 1 (prelinearity).

Throughout this paper, A means a BL-algebra without mentioned otherwise.
In the sequel, we agree the operations ∗, ∨, ∧ have priority towards the opera-
tion →.

Proposition 2.2. ([3],[8],[10],[14]) For all x, y, z ∈ A, the following are valid:

(1) x ∗ (x → y) ≤ y,
(2) x ≤ y → (x ∗ y),
(3) x ≤ y if and only if x → y = 1,
(4) x → (y → z) = (x ∗ y) → z = y → (x → z),
(5) x ≤ y implies z → x ≤ z → y, y → z ≤ x → z,
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(6) y ≤ (y → x) → x,
(7) (x → y) ∗ (y → z) ≤ x → z,
(8) y → x ≤ (z → y) → (z → x),
(9) x → y ≤ (y → z) → (x → z),
(10) x ∨ y = ((x → y) → y) ∧ ((y → x) → x),
(11) x ≤ y implies y− ≤ x−,
(12) 1 → x = x, x → x = 1, x → 1 = 1,
(13) x ≤ y → x, or equivalently, x → (y → x) = 1,
(14) ((x → y) → y) → y = x → y,
(15) 1− = 0, 0− = 1, 1−− = 1, 0−− = 0,
(16) x → (y ∨ z) = (x → y) ∨ (x → z), x → (y ∧ z) = (x → y) ∧ (x → z),
(17) (x ∨ y) → z = (x → z) ∧ (y → z), (x ∧ y) → z = (x → z) ∨ (y → z),
(18) (x ∨ y)− = x− ∧ y−, (x ∧ y)− = x− ∨ y−,
(19) x → y ≤ x ∗ z → y ∗ z,
(20) x → y ≤ x ∧ z → y ∧ z, x → y ≤ x ∨ z → y ∨ z,
(21) (x → y−)−− = x → y−,
(22) x ∗ x− = 0,
(23) x ∗ (y ∨ z) = (x ∗ y) ∨ (x ∗ z), x ∗ (y ∧ z) = (x ∗ y) ∧ (x ∗ z).

where x− = x → 0.

Definition 2.3.[3] A nonempty subset I of A is said to be an ideal of A if it
satisfies:

(I1) 0 ∈ I,
(I2) x ∈ I and (x− → y−)− ∈ I implies y ∈ I for all x, y ∈ A.

Proposition 2.4. [8] Let I be an ideal of A. Then for any x ∈ A, x ∈ I if and
only if x−− ∈ I.

Definition 2.5. [20] A fuzzy set in X is a mapping µ : X −→ [0, 1].

Let µ be a fuzzy set in X, t ∈ [0, 1], the set µt = {x ∈ X | µ(x) ≥ t} is called
a level subset of µ.

By µ ≤ ν we mean that µ(x) ≤ ν(x) for all x ∈ X.

Definition 2.6. [22] A fuzzy set µ in A is called a fuzzy ideal of A, if for all
x, y ∈ A,

(FI1) µ(0) ≥ µ(x),
(FI2) µ(y) ≥ µ(x) ∧ µ((x− → y−)−).

Proposition 2.7. [22] Let µ be a fuzzy set in A. Then µ is a fuzzy ideal of A if
and only if, for any t ∈ [0, 1], µt is either empty or an ideal of A.

In what follows we display the basic theory of falling shadows([12],[13], [17]).
Given a universe of discourse U and P(U) be the power set of U. For each

u ∈ U and E ∈ P(U), denote
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(FS1) u̇ := {E ∈ P(U) | u ∈ E};
(FS2) Ė := {u̇ | u ∈ E}.

An ordered pair (P(U),B) is called a hyper measurable structure if B is a
σ-field in P(U) and U̇ ⊆ B.

Let (Ω,A , P ) be a probability space and (P(U),B) be a hyper measurable
structure. Suppose that a mapping ξ : Ω → P(U) satisfies, for any C ∈ B, the
set ξ−1(C) = {ω ∈ Ω | ξ(ω) ∈ C} ∈ A . Then ξ is called a random set on U .

Suppose that ξ is a random set on U . Let

H̃(u) := P ({ω ∈ Ω | u ∈ ξ(ω)}) for each u ∈ U.

Then H̃ is a kind of fuzzy set in U . We call H̃ a falling shadow of the random
set ξ, and ξ is a cloud of H̃.

For example, (Ω,A , P ) = ([0, 1],A ,m), where A is a Borel field on [0, 1] and
m the usual Lebesgue measure. Let H̃ be a fuzzy set in U and H̃t := {u ∈ U |
H̃(u) ≥ t} be a t-cut of H̃. Then

ξ : [0, 1] → P(U), t 7→ H̃t.

is a random set and ξ is a cloud of H̃.We shall call ξ defined above as the cut-cloud
of H̃([2]).

3. Falling fuzzy ideals

Definition 3.1. Let (Ω,A , P ) be a probability space and ξ : Ω → P(A) be a
random set. If ξ(ω) is an ideal of A for any ω ∈ Ω, then the falling shadow H̃ of
the random set ξ where

H̃(x) = P ({ω ∈ Ω | x ∈ ξ(ω)}) for each x ∈ A.

is called a falling fuzzy ideal of A.

Let (Ω,A , P ) be a probability space and F (A) = {f | f : Ω → A}. De-
fine two binary operations ⊗ and ⇀ on F (A) by (f ⊗ g)(ω) = f(ω) ∗ g(ω) and
(f ⇀ g)(ω) = f(ω) → g(ω) for all ω ∈ Ω and for all f, g ∈ F (A).

Let e, θ ∈ F (A) be defined by e(ω) = 1, θ(ω) = 0 for all ω ∈ Ω. For short,
denotes f− := f ⇀ θ. Then it is easy to check that (F (A),⊗,⇀, θ, e) is a BL-
algebra.

For any subset B of A and f ∈ F (A), let Bf := {ω ∈ Ω | f(ω) ∈ B},

ξ : Ω → P(F (A)),
ω 7→ {f ∈ F (A) | f(ω) ∈ B}.

then Bf ∈ A ([21]).
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Theorem 3.2. If B is an ideal of A, then ξ(ω) = {f ∈ F (A) | f(ω) ∈ B} is an
ideal of F (A).

Proof. Let B be an ideal of A and ω ∈ Ω. By θ(ω) = 0 ∈ B it follows that
θ ∈ ξ(ω). If (f− ⇀ g−)− ∈ ξ(ω) and f ∈ ξ(ω) for any f, g ∈ F (A), then
((f(ω))− → (g(ω))−)− = (f− ⇀ g−)−(ω) ∈ B and f(ω) ∈ B. Since B is an
ideal of A, we have g(ω) ∈ B, and so g ∈ ξ(ω). Therefore ξ(ω) is an ideal of A.

Example 3.3. [8] Let A = {0, a, b, 1}. Define ∗, →, ∨ and ∧ as follows:

∗ 0 a b 1
0 0 0 0 0
a 0 a 0 a
b 0 0 b b
1 0 a b 1

→ 0 a b 1
0 1 1 1 1
a b 1 b 1
b a a 1 1
1 0 1 1 1

∨ 0 a b 1
0 0 a b 1
a a a 1 1
b b 1 b 1
1 1 1 1 1

∧ 0 a b 1
0 0 0 0 0
a 0 a 0 a
b 0 0 b b
1 0 a b 1

Then (A;∨,∧, ∗,→, 0, 1) is a BL-algebra. It is easy to check that {0}, {0, a},
{0, b}, A are ideals of A. But {0, a, b} is not an ideal of A, because (a− → 1−)− =
(b → 0)− = a− = b ∈ {0, a, b} and 1 ̸∈ {0, a, b}. Let (Ω,A , P ) = ([0, 1],A ,m),
where A is a Borel field on [0, 1] and m the usual Lebesgue measure. Let
ξ : [0, 1] → P(A) be defined by

ξ(t) :=


{0, a} if t ∈ [0, 0.4),
{0, b} if t ∈ [0.4, 0.9),
{0, a, b, 1} if t ∈ [0.9, 1].

Thus ξ(t) is an ideal of A for all t ∈ [0, 1]. Hence H̃ is a falling fuzzy ideal of A
where H̃(x) = P ({t ∈ [0, 1] | x ∈ ξ(t)}) and

H̃(x) :=


1 if x = 0,
0.5 if x = a,
0.6 if x = b,
0.1 if x = 1.

Note 3.4. Observe that in the above example, H̃0.5 = {0, a, b} is not an ideal of
A, hence H̃ is not a fuzzy ideal in A.
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Example 3.5. [22] Let A = {0, a, b, c, d, 1}. Define ∨, ∧, ∗ and → as follows:

∗ 0 a b c d 1
0 0 0 0 0 0 0
a 0 d c 0 d a
b 0 c b c 0 b
c 0 0 c 0 0 c
d 0 d 0 0 d d
1 0 a b c d 1

→ 0 a b c d 1
0 1 1 1 1 1 1
a c 1 b b a 1
b d a 1 a d 1
c a 1 1 1 a 1
d b 1 b b 1 1
1 0 a b c d 1

∨ 0 a b c d 1
0 0 a b c d 1
a a a 1 a a 1
b b 1 b b 1 1
c c a b c a 1
d d a 1 a d 1
1 1 1 1 1 1 1

∧ 0 a b c d 1
0 0 0 0 0 0 0
a 0 a c c d a
b 0 c b c 0 b
c 0 c c c 0 c
d 0 d 0 0 d d
1 0 a b c d 1

Then (A;∨,∧, ∗,→, 0, 1) is a BL-algebra. It can check that {0}, {0, b, c} and A
are ideals of A. Let ξ : [0, 1] → P(A) be defined by

ξ(t) :=

{
{0, b, c} if t ∈ [0, 0.5),
A if t ∈ [0.5, 1].

Thus ξ(t) is an ideal of A for all t ∈ [0, 1]. Hence H̃ is a falling fuzzy ideal of A
where H̃(x) = P ({t ∈ [0, 1] | x ∈ ξ(t)}) and

H̃(x) :=

{
1 if x = 0, b, c
0.5 if x = a, d, 1.

Note 3.6. Observe that in the Example 3.5, H̃ is also a fuzzy ideal in A.

Theorem 3.7. Each fuzzy ideal µ in A is a falling fuzzy ideal.

Proof. Suppose that µ : A → [0, 1] is a fuzzy ideal in A, then for all t ∈ [0, 1],
µt is an ideal of A where µt ̸= ∅. Let ξ : [0, 1] → P(A) is a random set such that
ξ(t) = µt, then µ is a falling fuzzy ideal of A.

Let (Ω,A , P ) be a probability space and H̃ be a falling shadow of a random
set ξ : Ω → P(A). Denote

Ω(x; ξ) := {ω ∈ Ω | x ∈ ξ(ω)}.

Then Ω(x; ξ) ∈ A . Hence H̃(x) = P (Ω(x; ξ)).

Proposition 3.8. Let H̃ be the falling shadow of a random set ξ : Ω → P(A).
If H̃ is a falling fuzzy ideal of A, then x− ≤ y− ⇒ Ω(x; ξ) ⊆ Ω(y; ξ) for any
x, y ∈ A.
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Proof. If x− ≤ y− then (x− → y−)− = 0. Let ω ∈ Ω(x; ξ), hence x ∈ ξ(ω)
and (x− → y−)− ∈ ξ(ω). Since ξ(ω) is an ideal of A, we have y ∈ ξ(ω), and so
ω ∈ Ω(y; ξ). Thus Ω(x; ξ) ⊆ Ω(y; ξ).

Corollary 3.9. Let H̃ be the falling shadow of a random set ξ : Ω → P(A). If
H̃ is a falling fuzzy ideal of A, then x ≤ y ⇒ Ω(y; ξ) ⊆ Ω(x; ξ) for any x, y ∈ A.

Proof. Trivial.

Theorem 3.10. Let H̃ be the falling shadow of a random set ξ : Ω → P(A).
Then H̃ is a falling fuzzy ideal of A if and only if the following hold:

(i) Ω(x; ξ) ⊆ Ω(0; ξ) for any x ∈ A,
(ii) Ω((x− → y−)−; ξ) ∩ Ω(x; ξ) ⊆ Ω(y; ξ) for any x, y ∈ A.

Proof. Suppose that the falling shadow H̃ of a random set ξ : Ω → P(A) is
a falling fuzzy ideal of A. Since 0 ≤ x for all x ∈ A, by Corollary 3.9 we have
Ω(x; ξ) ⊆ Ω(0; ξ) for any x ∈ A. (i) holds. Now let ω ∈ Ω((x− → y−)−; ξ)∩Ω(x; ξ),
then ω ∈ Ω((x− → y−)−; ξ) and ω ∈ Ω(x; ξ), i.e., (x− → y−)− ∈ ξ(ω) and
x ∈ ξ(ω). Thus y ∈ ξ(ω) since ξ(ω) is an ideal of A. This shows that ω ∈ Ω(y; ξ).
(ii) holds.

Conversely, suppose that H̃ satisfies (i) and (ii). For any ω ∈ Ω and x ∈ ξ(ω),
i.e., ω ∈ Ω(x; ξ), then it follows from (i) that ω ∈ Ω(0; ξ), hence 0 ∈ ξ(ω), thus
ξ(ω) satisfies (I1). Now let x ∈ ξ(ω) and (x− → y−)− ∈ ξ(ω), then ω ∈ Ω(x; ξ)
and ω ∈ Ω((x− → y−)−; ξ). By (ii) we have

ω ∈ Ω((x− → y−)−; ξ) ∩ Ω(x; ξ) ⊆ Ω(y; ξ).

And so y ∈ ξ(ω). Therefore ξ(ω) satisfies (I2). This proves that H̃ is a falling
fuzzy ideal of A.

Theorem 3.11. Let H̃ be the falling shadow of a random set ξ : Ω → P(A).
Then H̃ is a falling fuzzy ideal of A if and only if , for any x, y, z ∈ A,

(∗) z− → (y− → x−) = 1 ⇒ Ω(z; ξ) ∩ Ω(y; ξ) ⊆ Ω(x; ξ)).

Proof. Suppose that H̃ is a falling fuzzy ideal of A. Let z− → (y− → x−) = 1.
If ω ∈ Ω(z; ξ) ∩ Ω(y; ξ), then z, y ∈ ξ(ω). Since ξ(ω) is an ideal of A, it follows
from z− → (y− → x−) = 1 that x ∈ ξ(ω), i.e., ω ∈ Ω(x; ξ), (∗) holds.

Conversely, suppose that (∗) is true. For any ω ∈ Ω, let z− → (y− → x−) = 1.
If z, y ∈ ξ(ω), then ω ∈ Ω(z; ξ) ∩ Ω(y; ξ). By (∗) we have ω ∈ Ω(x; ξ), thus
x ∈ ξ(ω). This shows that ξ(ω) is an ideal of A. Therefore H̃ is a falling fuzzy
ideal of A.

By induction we have the following conclusion.

Corollary 3.12. Let H̃ be the falling shadow of a random set ξ : Ω → P(A).
Then H̃ is a falling fuzzy ideal of A if and only if , for any x1, · · · , xn, z ∈ A,
(x−

n → (· · · → (x−
1 → z−) · · · ) = 1 implies Ω(x1; ξ) ∩ · · · ∩ Ω(xn; ξ) ⊆ Ω(z; ξ).
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Theorem 3.13. If H̃ is a falling fuzzy ideal of A, then for any x, y ∈ A,

(i) H̃(0) ≥ H̃(x),
(ii) H̃(y) ≥ T (H̃((x− → y−)−), H̃(x)),

where T (s, t) = max{s+ t− 1, 0} for any s, t ∈ [0, 1].

Proof. Since ξ(ω) is an ideal of A for any ω ∈ Ω, by Theorem 3.10(i) it follows that
for any x ∈ A, H̃(x) = P (Ω(x; ξ)) ≤ P (Ω(0; ξ)) = H̃(0), (i) holds. Furthermore,
by Theorem 3.10(ii) we have for any x, y ∈ A,

H̃(y) = P (Ω(y; ξ))
≥ P (Ω((x− → y−)−; ξ) ∩ Ω(x; ξ))
= P (Ω((x− → y−)−; ξ)) + P (Ω(x; ξ))− P (Ω((x− → y−)−; ξ) ∪ Ω(x; ξ))

≥ H̃((x− → y−)−) + H̃(x)− 1.

Therefore

H̃(y) ≥ max{H̃((x− → y−)−) + H̃(x)− 1, 0} = T (H̃((x− → y−)−), H̃(x)).

(ii) holds, ending the proof.

Note 3.14. Theorem 3.13 shows that every falling fuzzy ideal of A is a T -fuzzy
ideal of A.

4. Falling fuzzy Gödel ideals

In this section, we introduce the notion of falling fuzzy Gödel ideals of BL-algebras
and investigate some of its basic properties.

Definition 4.1.[8] Let I be an ideal of A. I is said to be a Gödel ideal if it
satisfies: (x− → (x−)2)− ∈ I for any x ∈ A.

Definition 4.2. [9] Let µ be a fuzzy ideal of A. Then µ is said to be a fuzzy
Gödel ideal if it satisfies: µ((x− → (x−)2)−) = µ(0) for any x ∈ A.

Lemma 4.3. [9] Let µ be a fuzzy set in A. Then µ is a fuzzy Gödel ideal if and
only if , for each t ∈ [0, 1], µt is a Gödel ideal of A where µt ̸= ∅.

Definition 4.4. Let (Ω,A , P ) be a probability space and ξ : Ω → P(A) be a
random set. If ξ(ω) is a Gödel ideal of A for any ω ∈ Ω, then the falling shadow
H̃ of the random set ξ is called a falling fuzzy Gödel ideal of A.

It is obvious that if A is a Gödel algebra then every falling fuzzy ideal H̃ of
A is a falling fuzzy Gödel ideal of A.

Example 4.5. [22] Let A be the BL-algebra in Example 3.5. It can check that
{0, b, c} and A are Gödel ideals of A. Let ξ and H̃ be defined as in Example 3.5.
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Then ξ(t) is a Gödel ideal of A for all t ∈ [0, 1]. Hence H̃ is a falling fuzzy Gödel
ideal of A.

Example 4.6. In the above example, let ξ : [0, 1] → P(A) be defined by

ξ(t) :=


{0} if t = [0, 0.2)
{0, d} if t ∈ [0.2, 0.5),
A if t ∈ [0.5, 1].

Thus ξ(t) is an ideal of A for all t ∈ [0, 1]. Hence H̃ is a falling fuzzy ideal of A
where H̃(x) = P ({t ∈ [0, 1] | x ∈ ξ(t)}) and

H̃(x) :=


1 if x = 0,
0.8 if x = d,
0.5 if x = a, b, c, 1.

Because (a− → (a−)2)− = c ̸∈ {0}, hence ξ(0) = {0} is an ideal of A but it is not
a Gödel ideal of A. Thus H̃ is not a falling fuzzy Gödel ideal of A.

Theorem 4.7. Each fuzzy Gödel ideal in A is a falling fuzzy Gödel ideal of A.

Proof. Suppose that µ : A → [0, 1] is a fuzzy Gödel ideal in A, then by Lemma
4.3, for any t ∈ [0, 1], µt is a Gödel ideal of A where µt ̸= ∅. Let ξ : [0, 1] → P(A)
is a random set such that ξ(t) = µt, then µ is a falling fuzzy Gödel ideal of A.

Theorem 4.8. Let A be a Gödel algebra. Then every falling fuzzy ideal of A is a
falling fuzzy Gödel ideal of A.

Proof. Trivial.

Theorem 4.9. Let (Ω,A , P ) be a probability space and ξ : Ω → P(A) be a
random set. If H̃ is the falling fuzzy ideal of A, then the following are equivalent:
for for any x, y, z ∈ A,

(i) H̃ is a falling fuzzy Gödel ideal of A;
(ii) Ω(((x−)2 → y−)−; ξ) ⊆ Ω((x− → y−)−; ξ);
(iii) Ω(((x− ∗ y−) → z−)−; ξ) ⊆ Ω(((x− → y−) → (x− → z−))−; ξ).

Proof. (i)⇒(ii) Suppose H̃ is a falling fuzzy Gödel ideal of A.
For any ω ∈ Ω, then ξ(ω) is a Gödel ideal of A, and so (x− → (x−)2)− ∈ ξ(ω).

If ω ∈ Ω(((x−)2 → y−)−; ξ), then ((x−)2 → y−)− ∈ ξ(ω). Since

(x− → (x−)2) ∗ ((x−)2 → y−) ≤ x− → y−,

it follows that

(x− → (x−)2) ≤ ((x−)2 → y−) → (x− → y−).
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Hence
(x− → (x−)2)−− ≤ (((x−)2 → y−) → (x− → y−))−−

= ((x−)2 → y−) → (x− → y−)
= ((x−)2 → y−)−− → (x− → y−)−−,

So we have

((x− → (x−)2)−− → (((x−)2 → y−)−− → (x− → y−)−−)−−)− = 0 ∈ ξ(ω).

By (x− → (x−)2)− ∈ ξ(ω) and (I2) we get

((x−)2 → y−)−− → (x− → y−)−−)− ∈ ξ(ω).

By ((x−)2 → y−)− ∈ ξ(ω) and (I2) we obtain (x− → y−)− ∈ ξ(ω). Thus,
ω ∈ Ω((x− → y−)−; ξ). This proves that

Ω(((x−)2 → y−)−; ξ) ⊆ Ω((x− → y−)−; ξ),

(ii) holds.

(ii)⇒(iii) Suppose that (ii) is true.
For any ω ∈ Ω, if ω ∈ Ω(((x−∗y−) → z−)−; ξ), then ((x−∗y−) → z−)− ∈ ξ(ω).

Since y− → z− ≤ (x− → y−) → (x− → z−), then

(x− ∗ y−) → z− = x− → (y− → z−)
≤ x− → ((x− → y−) → (x− → z−))
= x− → (x− → ((x− → y−) → z−))
= (x−)2 → ((x− → y−) → z−),

we have ((x−)2 → ((x− → y−) → z−))− ≤ ((x− ∗ y−) → z−)−, and so

((x−)2 → ((x− → y−) → z−))− ∈ ξ(ω).

Thus ω ∈ Ω(((x−)2 → ((x− → y−) → z−))−; ξ). By (ii) it follows that

ω ∈ Ω((x− → ((x− → y−) → z−))−; ξ) = Ω(((x− → y−) → (x− → z−))−; ξ).

This shows that (iii) is true.

(iii)⇒(i) Suppose that (iii) is true. For any ω ∈ Ω and x ∈ A, then

(x− → (x− → (x−)2))− = (x− ∗ x− → (x−)2))− = 0 ∈ ξ(ω),

i.e., ω ∈ Ω((x− ∗ x− → (x−)2))−; ξ). It follows from (iii) that

ω ∈ Ω(((x− → x−) → (x− → (x−)2)−); ξ).

Since (x− → x−) → (x− → (x−)2)− = (x− → (x−)2)−, then we have

ω ∈ Ω((x− → (x−)2)−; ξ),
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thus (x− → (x−)2)− ∈ ξ(ω). This shows that for each ω ∈ Ω, ξ(ω) is a Gödel ideal
of A. Therefore H̃ is a falling fuzzy Gödel ideal of A. (i) holds.

Theorem 4.10. Let (Ω,A , P ) be a probability space and ξ : Ω → P(A) be a
random set. If H̃ is a falling fuzzy ideal of A, then H̃ is a falling fuzzy Gödel ideal
of A if and only if for any x, y, z ∈ A,

(∗∗) Ω((x− → (y− → z−))−; ξ) ∩ Ω((x− → y−)−; ξ) ⊆ Ω((x− → z−)−; ξ).

Proof. Suppose that H̃ is a falling fuzzy Gödel ideal of A. For any ω ∈ Ω, if

ω ∈ Ω((x− → (y− → z−))−; ξ) ∩ Ω((x− → y−)−; ξ),

then, by Theorem 4.9(iii), we have

ω ∈ Ω(((x− → y−) → (x− → z−))−; ξ) ∩ Ω((x− → y−)−; ξ)
= Ω(((x− → y−)−− → (x− → z−)−−)−; ξ) ∩ Ω((x− → y−)−; ξ).

Since H̃ is a falling fuzzy ideal of A, by Theorem 3.10(ii) we have

ω ∈ Ω((x− → z−)−; ξ).

Thus (∗∗) holds.
Conversely, suppose that the falling fuzzy ideal H̃ of A satisfies (∗∗). For any

ω ∈ Ω and x ∈ A, since

(x− → (x− → (x−)2))− = ((x−)2 → (x−)2)− = 1− = 0 ∈ ξ(ω),

and
(x− → x−)− = 0 ∈ ξ(ω),

we have ω ∈ Ω{(x− → (x− → (x−)2))−; ξ} and ω ∈ {(x− → x−)−; ξ}, and so

ω ∈ Ω{(x− → (x− → (x−)2))−; ξ} ∩ Ω{(x− → x−)−; ξ}.

It follows from (∗∗) that ω ∈ Ω{(x− → (x−)2)−; ξ}. Hence (x− → (x−)2)− ∈ ξ(ω),
which shows that ξ(ω) is a Gödel ideal of A. Therefore H̃ is a falling fuzzy Gödel
ideal of A.

Theorem 4.11. Let (Ω,A , P ) be a probability space and ξ : Ω → P(A) be a
random set. If H̃ is a falling fuzzy ideal of A, then H̃ is a falling fuzzy Gödel ideal
of A if and only if for any x, y, z ∈ A,

(∗ ∗ ∗) Ω((x− → ((y−)2 → z−))−; ξ) ∩ Ω(x; ξ) ⊆ Ω((y− → z−)−; ξ).

Proof. Suppose that H̃ is a falling fuzzy Gödel ideal of A. If

ω ∈ Ω((x− → ((y−)2 → z−))−; ξ) ∩ Ω(x; ξ),
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then ω ∈ Ω((x− → ((y−)2 → z−))−; ξ) and ω ∈ Ω(x; ξ). Thus (x− → ((y−)2 →
z−))− ∈ ξ(ω) and x ∈ ξ(ω), i.e., (x− → ((y−)2 → z−)−−)− ∈ ξ(ω) and x ∈ ξ(ω).
Since ξ(ω) is an ideal of A, it follows that ((y−)2 → z−)− ∈ ξ(ω). Hence ω ∈
Ω{((y−)2 → z−)−; ξ}, and so

Ω((x− → ((y−)2 → z−))−; ξ) ∩ Ω(x; ξ) ⊆ Ω{((y−)2 → z−)−; ξ}.

By Theorem 4.9(ii) we have

Ω((x− → ((y−)2 → z−))−; ξ) ∩ Ω(x; ξ) ⊆ Ω{(y− → z−)−; ξ}.

(∗ ∗ ∗) holds.
Conversely, suppose that (∗ ∗ ∗) is true and ω ∈ Ω((x− → (y− → z−))−; ξ) ∩

Ω((x− → y−)−; ξ). Since

(x−)2 ∗ (x− → (y− → z−)) ∗ (x− → y−) ≤ z−,

we have

(x− → (y− → z−)) ∗ (x− → y−) ≤ (x−)2 → z−,
x− → (y− → z−) ≤ (x− → y−) → ((x−)2 → z−),
((x− → y−) → ((x−)2 → z−))− ≤ (x− → (y− → z−))−.

By Corollary 3.9, we get

Ω((x− → (y− → z−))−; ξ) ⊆ Ω(((x− → y−) → ((x−)2 → z−))−; ξ).

Therefore,

Ω((x− → (y− → z−))−; ξ) ∩ Ω((x− → y−)−; ξ)
⊆ Ω(((x− → y−) → ((x−)2 → z−))−; ξ) ∩ Ω((x− → y−)−; ξ)
= Ω(((x− → y−)−− → ((x−)2 → z−))−; ξ) ∩ Ω((x− → y−)−; ξ)
⊆ Ω((x− → z−)−).

By Theorem 4.10, H̃ is a falling fuzzy ideal of A.

Theorem 4.12. Let H̃ be the falling shadow of a random set ξ : Ω → P(A).
Then H̃ is a falling fuzzy Gödel ideal of A if and only if the following hold:

(i) Ω(x; ξ) ⊆ Ω(0; ξ) for any x ∈ A,
(ii) Ω(x; ξ) = Ω(x−−; ξ) for any x ∈ A,
(iii) Ω((x− → (y− → z−))−; ξ) ∩ Ω((x− → y−)−; ξ) ⊆ Ω((x− → z−)−; ξ) for

any x, y, z ∈ A.

Proof. Suppose that H̃ is a falling fuzzy Gödel ideal of A. By Theorem 3.10, H̃
satisfies (i). Since for any x ∈ A we have

ω ∈ Ω(x; ξ) ⇔ x ∈ ξ(ω) ⇔ x−− ∈ ξ(ω) ⇔ ω ∈ Ω(x−−; ξ),

it follows that Ω(x; ξ) = Ω(x−−; ξ), (ii) holds. By Theorem 4.10, (iii) holds.
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Conversely, suppose that (i)-(iii) hold. For any ω ∈ Ω and x ∈ ξ(ω), then
we have ω ∈ Ω(x; ξ). It follows from (i) that ω ∈ Ω(0; ξ), hence 0 ∈ ξ(ω), thus
ξ(ω) satisfies (I1). Let y ∈ ξ(ω) and (y− → x−)− ∈ ξ(ω). Then ω ∈ Ω(y; ξ)
and ω ∈ Ω((y− → x−)−; ξ). By (ii) we have ω ∈ Ω(y−−; ξ). Since Ω(y−−; ξ) =
Ω((0− → y−)−; ξ) and Ω((y− → x−)−; ξ) = Ω((0− → (y− → x−))−; ξ). It follows
that ω ∈ Ω((0− → y−)−; ξ) and ω ∈ Ω((0− → (y− → x−))−; ξ). By (iii) and (ii)
we have

ω ∈ Ω((0− → y−)−) ∩ Ω((0− → (y− → x−))−; ξ)
⊆ Ω((0− → x−)−; ξ)
= Ω(x−−; ξ)
= Ω(x; ξ),

thus x ∈ ξ(ω). This shows that ξ(ω) is an ideal of A for any ω ∈ Ω. Hence H̃ is
a falling fuzzy ideal of A. By (iii) and Theorem 4.10, H̃ is a falling fuzzy Gödel
ideal of A.

Theorem 4.13. Let H̃ be the falling shadow of a random set ξ : Ω → P(A).
Then H̃ is a falling fuzzy Gödel ideal of A if and only if the following hold:

(i) Ω(x; ξ) ⊆ Ω(0; ξ) for any x ∈ A,
(ii) Ω(x; ξ) = Ω(x−−; ξ) for any x ∈ A,
(iii) Ω((z− → ((y−)2 → x−))−; ξ) ∩ Ω(z; ξ) ⊆ Ω((y− → x−)−; ξ) for any

x, y, z ∈ A.

Proof. Suppose that H̃ is a falling fuzzy Gödel ideal of A. By the ”only if” part
of Theorem 4.12 we know (i) and (ii) hold. Then by Theorem 4.11, (iii) holds.

Conversely, suppose that (i)-(iii) are true. In (iii), let y = 0, we get
Ω((z− → x−)−; ξ)∩Ω(z; ξ) ⊆ Ω(x−−; ξ) for any x, y ∈ A. From (ii) it follows that

Ω((z− → x−)−; ξ) ∩ Ω(z; ξ) ⊆ Ω(x; ξ).

By (i) and Theorem 3.10 we know that H̃ is a falling fuzzy ideal. Furthermore,
we get that H̃ is a falling fuzzy Gödel ideal of A by (iii) and Theorem 4.11.

Theorem 4.14. If H̃ is a falling fuzzy Gödel ideal of A, then for any x, y, z ∈ A,

(i) H̃(0) ≥ H̃(x),
(ii) H̃(x) = H̃(x−−),
(iii) H̃((x− → z−)−) ≥ T (H̃((x− → (y− → z−))−), H̃((x− → y−)−)),

where T (s, t) = max{s+ t− 1, 0} for any s, t ∈ [0, 1].

Proof. It is easy to see that (i) and (ii) are true. We just prove (iii). By Theorem
4.12(iii), then for any x, y, z ∈ A we have

H̃((x− → z−)−)
= P (Ω((x− → z−)−; ξ))
≥ P (Ω((x− → (y− → z−))−)−; ξ) ∩ Ω((x− → y−)−; ξ))
= P (Ω((x− → (y− → z−))−)−; ξ)) + P (Ω((x− → y−)−; ξ))

−P (Ω((x− → (y− → z−))−; ξ) ∪ Ω((x− → y−)−; ξ))

≥ H̃((x− → (y− → z−)−) + H̃((x− → y−)−)− 1.
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Therefore

H̃(x) ≥ max{H̃((x− → (y− → z−)−) + H̃((x− → y−)−)− 1, 0}
= T (H̃((x− → (y− → z−)−), H̃((x− → y−)−)),

and so (iii) holds.

Note 4.15. Theorem 4.14 shows that every falling fuzzy Gödel ideal of A is a
T -fuzzy Gödel ideal of A.

By similar argument we can prove the following conclusion and the details
are omitted.

Theorem 4.16. If H̃ is a falling fuzzy Gödel ideal of A, then for any x, y, z ∈ A

(i) H̃(0) ≥ H̃(x),
(ii) H̃(x) = H̃(x−−),
(iii) H̃((y− → z−)−) ≥ T (H̃((x− → ((y−)2 → z−))−), H̃(x)),

where T (s, t) = max{s+ t− 1, 0} for any s, t ∈ [0, 1].

5. Falling fuzzy Boolean ideals

In this section, we introduce the notion of falling fuzzy Boolean ideals of BL-
algebras and investigate some of its basic properties. We also discuss relation
between falling fuzzy Boolean ideals and falling fuzzy Gödel ideals.

Definition 5.1. An ideal I of A is said to be a Boolean ideal if x∧ x− ∈ I for all
x ∈ A.

Lemma 5.2. Let I be a Boolean ideal of A. Then for any x ∈ A, (x → x−)− ∈ I
implies x ∈ I.

Proof. Since
((x → x−)−− → x−)−

= ((x → x−) → x−)−

= ((x → x−) → (x → 0))−

= (((x → x−) ∗ x) → 0)−

= ((x ∧ x−) → 0)−

= (x− ∨ x−−)−

= x−− ∧ x− ∈ I,

by (x → x−)− ∈ I and (I2) we get x ∈ I.

Definition 5.3. [22] A fuzzy ideal µ in A is said to be a fuzzy Boolean ideal if
µ(x ∧ x−) = µ(0) for all x ∈ A. In this case we also say that the fuzzy ideal µ in
A is Boolean.

Proposition 5.4. A fuzzy ideal µ in A is Boolean if, for any t ∈ [0, 1], µt is a
Boolean ideal of A where µt ̸= ∅.
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Definition 5.5. Let (Ω,A , P ) be a probability space and ξ : Ω → P(A) be a
random set. If ξ(ω) is a Boolean ideal of A for any ω ∈ Ω, then the falling shadow
H̃ of the random set ξ is called a falling fuzzy Boolean ideal of A.

Example 5.6. Let A be the BL-algebra in Example 3.3. It is easy to see that
{0}, {0, a}, {0, b}, A are ideals of A. Since

1− = 0 0 ∧ 0− = 0
0− = 1 1 ∧ 1− = 0
a− = b a ∧ a− = a ∧ b = 0
b− = a b ∧ b− = b ∧ a = 0,

It follows that {0}, {0, a}, {0, b}, A are Boolean ideals of A. Let (Ω,A , P ) =
([0, 1],A ,m), where A is a Borel field on [0, 1] andm the usual Lebesgue measure.
Let ξ : [0, 1] → P(A) be defined by

ξ(t) :=


{0} if t ∈ [0, 0.2),
{0, a} if t ∈ [0.2, 0.4),
{0, b} if t ∈ [0.4, 0.9),
{0, a, b, 1} if t ∈ [0.9, 1].

Thus ξ(t) is a Boolean ideal of A for all t ∈ [0, 1]. Hence H̃(x) is a falling fuzzy
Boolean ideal of A where H̃(x) = P ({t ∈ [0, 1] | x ∈ ξ(t)}) and

H̃(x) :=


1 if x = 0,
0.3 if x = a,
0.6 if x = b,
0.1 if x = 1.

If ξ : [0, 1] → P(A) be defined by

ξ(t) :=


{0} if t ∈ [0, 0.2),
{0, a, b} if t ∈ [0.4, 0.9),
{0, a, b, 1} if t ∈ [0.9, 1].

then H̃ is not a falling fuzzy Boolean ideal of A, because {0, a, b} is not an ideal
of A.

Theorem 5.7. Each fuzzy Boolean ideal in A is a falling fuzzy Boolean ideal
of A.

Proof. It is similar to Theorem 4.7.

Theorem 5.8. Let (Ω,A , P ) be a probability space and ξ : Ω → P(A) be a
random set. If H̃ is the falling fuzzy Boolean ideal of A, then H̃ is a falling fuzzy
Gödel ideal of A.
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Proof. Let H̃ is the falling fuzzy Boolean ideal of A. For any ω ∈ Ω, suppose
ω ∈ Ω(((x−)2 → y−)−; ξ), then ((x−)2 → y−)− ∈ ξ(ω). Since

((x ∧ x−)− → (x− → y−)−−)−

= ((x ∧ x−)− → (x− → y−))−

= ((x− ∨ x−−) → (x− → y−))−

= (((x− ∨ x−−) ∗ x−) → y−)−

= (((x−)2 ∨ (x− ∗ x−−)) → y−)−

= (((x−)2 ∨ 0) → y−)−

= (((x−)2 → y−)−

∈ ξ(ω),

from x ∧ x− ∈ ξ(ω) it follows that (x− → y−)− ∈ ξ(ω), hence ω ∈ Ω((x− →
y−)−; ξ). This shows that Ω(((x−)2 → y−)−; ξ) ⊆ Ω((x− → y−)−; ξ). By Theorem
4.9, H̃ is a falling fuzzy Gödel ideal of A.

Note 5.9. From above we know that a falling fuzzy Boolean ideal is a falling
fuzzy Gödel ideal, but the converse is whether or not true?

Theorem 5.10. Let (Ω,A , P ) be a probability space and ξ : Ω → P(A) be a
random set. If H̃ is a falling fuzzy ideal of A and satisfies: for any x, y ∈ A,

(∗1) Ω((x → (y → x)−)−; ξ) ⊆ Ω(x; ξ),

then H̃ is a falling fuzzy Boolean ideal of A.

Proof. For any ω ∈ Ω and (x → (y → x)−)− ∈ ξ(ω), then ω ∈ Ω((x → (y →
x)−)−; ξ). By (∗1) we get ω ∈ Ω(x; ξ), that is, x ∈ ξ(ω). Thus, we have proved
that

(∗′
) (x → (y → x)−)− ∈ ξ(ω) implies x ∈ ξ(ω) for any x, y ∈ A.

Since, for any x ∈ A, we have

((x ∧ x−) → (1 → (x ∧ x−))−)− = ((x ∧ x−) → (x ∧ x−)−)−

= ((x ∧ x−) → (x− ∨ x−−))−

= 1− = 0 ∈ ξ(ω),

it follows from (∗′
) that x ∧ x− ∈ ξ(ω). Hence ξ(ω) is a Boolean ideal of A, and

so H̃ is a falling fuzzy Boolean ideal of A.

Definition 5.11. An ideal I of A is said to be an implicative ideal if it satisfies:
for any x, y ∈ A,

(∗2) (x → (y → x)−)− ∈ I implies x ∈ I.

Definition 5.12. [22] A fuzzy ideal µ of A is said to be an fuzzy implicative ideal
if it satisfies: for any x, y ∈ A,

(∗3) µ((x → (y → x)−)−) = µ(0) implies µ(x) = µ(0).
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Definition 5.13. Let (Ω,A , P ) be a probability space and ξ : Ω → P(A) be a
random set. If ξ(ω) is an implicative ideal of A for any ω ∈ Ω, then the falling
shadow H̃ of the random set ξ is called a falling fuzzy implicative ideal of A.

Theorem 5.14. Let (Ω,A , P ) be a probability space and ξ : Ω → P(A) be a
random set. If H̃ is the falling fuzzy ideal of A, then H̃ is a falling fuzzy implicative
ideal of A if and only if it satisfies: for any x, y ∈ A,

(∗4) Ω((x → (y → x)−)−; ξ) ⊆ Ω(x; ξ).

Proof. It is easy and omitted.

Theorem 5.15. Let (Ω,A , P ) be a probability space and ξ : Ω → P(A) be a
random set. If H̃ is a falling fuzzy ideal of A, then H̃ is a falling implicative ideal
of A if and only if H̃ is a falling fuzzy Boolean ideal of A.

Proof. (⇒) It is immediate by Theorem 5.9.

(⇐) Suppose that H̃ is a falling fuzzy Boolean ideal of A and ω ∈ Ω((x →
(y → x)−)−; ξ). Hence (x → (y → x)−)− ∈ ξ(ω). Since

((x → (y → x)−)−− → (x → x−)−−)−

= ((x → x−)− → (x → (y → x)−)−))−

= ((x → (y → x)−) → (x → x−)−−)−

= ((x → (y → x)−) → (x → x−))−

≤ ((y → x)− → x−)−

≤ (x → (y → x))− = 1− = 0 ∈ ξ(ω),

we have ((x → (y → x)−)−− → (x → x−)−−)− ∈ ξ(ω).
From (x → (y → x)−)− ∈ ξ(ω) it follows that (x → x−)− ∈ ξ(ω). Since ξ(ω)

is a Boolean ideal of A, by lemma 5.2 we get x ∈ ξ(ω), i.e., ω ∈ Ω(x; ξ). This
shows that Ω((x → (y → x)−)−; ξ) ⊆ Ω(x; ξ). Therefore H̃ is a falling implicative
ideal of A.

6. Falling fuzzy inference relations

Based on the theory of falling shadows, Tan et al.[12] establish a theoretical ap-
proach to define a fuzzy inference relation. Let B and C be fuzzy sets in the
universes U and V , respectively, ξ and η be cut-clouds of B and C, respectively.
Then fuzzy inference relation TB→C of the implication B → C be defined to be

IB→C(u, v) = P ({(s, t) | (u, v) ∈ IBs→Ct})
= P ({(s, t) | (u, v) ∈ (Bs × Ct) ∪ (Bc

s × V )})

where P is a joint probability on [0, 1]2. So different probability distribution P
will generate different formulas for the fuzzy inference relations. The following
three basic cases are considered.
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Theorem 6.1. [12]

(1) If the whole probability P of (s, t) on [0, 1]2 is concentrated and uniformly
distributed on the main diagonal {(s, s) | s ∈ [0, 1]} of the unit square [0, 1]2, then
P is the diagonal distribution and IB→C(s, t) = min{1−B(s) + C(t), 1}.

(2) If the whole probability P of (s, t) on [0, 1]2 is concentrated and uniformly
distributed on the anti-diagonal {(s, 1 − s) | s ∈ [0, 1]} of the unit square [0, 1]2,
then P is the anti-diagonal distribution and IB→C(s, t) = max{1−B(s), C(t)}.

(3) If the whole probability P of (s, t) on [0, 1]2 is uniformly distributed on
the unit square [0, 1]2, then P is the independence distribution and IB→C(s, t)
= 1−B(s) +B(s)C(t).

We call the three fuzzy inference relations falling implication operators on
[0, 1]. In what follows we consider the concept of I-fuzzy ideals of BL-algebras.

Definition 6.2. Let µ be a fuzzy set of A, I be a falling implication operator
over [0, 1] and t ∈ (0, 1]. Then µ is called an I-fuzzy ideal of A if, for all x, y ∈ A,
the following conditions are satisfied:

(FFI1) I(µ(x), µ(0)) ≥ t;

(FFI2) I(min{µ((x− → y−)−), µ(x)}, µ(y)) ≥ t.

Obviously, if t = 1 and P is the diagonal distribution, then Definition 6.2 is
equivalent to Definition 2.6.

Theorem 6.3. Let µ be a fuzzy set of A and t = 0.5. Then

(1) if P is the diagonal distribution then µ is an I-fuzzy ideal of A if and only
if it satisfies (a1) and (b1), where

(a1) µ(x) ≤ µ(0) or 0 < µ(x)− µ(0) ≤ 0.5 for all x, y ∈ A,

(b1) min{µ((x− → y−)−), µ(x)} ≤ µ(y) or 0 < min{µ((x− → y−)−),
µ(x)} − µ(y) ≤ 0.5 for all x, y ∈ A.

(2) if P is the anti-diagonal distribution then µ is an I-fuzzy ideal of A if and
only if it satisfies (a2) and (b2), where

(a2) µ(x) ≤ max{µ(0), 0.5} or min{µ(x), 0.5} ≤ µ(0) for all x, y ∈ A,

(b2) min{µ((x− → y−)−), µ(x)} ≤ max{µ(y), 0.5}
or min{µ((x− → y−)−), µ(x), 0.5} ≤ µ(y) for all x, y ∈ A.

(3) if P is the independent distribution then µ is an I-fuzzy ideal of A if and
only if it satisfies (a3) and (b3), where

(a3) µ(x)(1− µ(0)) ≤ 0.5 for all x, y ∈ A,

(b3) min{µ((x− → y−)−), µ(x)}(1− µ(y)) ≤ 0.5 for all x, y ∈ A.
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Proof. (1) Suppose P is the diagonal distribution. Then

I(µ(x), µ(0)) = min{1− µ(x) + µ(0), 1}.

If µ is an I-fuzzy ideal of A, then min{1 − µ(x) + µ(0), 1} ≥ 0.5 by (FFI1).
When µ(x) > µ(0), we have µ(x) − µ(0) > 0, and so 1 − µ(x) + µ(0) < 1. Thus
min{1 − µ(x) + µ(0), 1} = 1 − µ(x) + µ(0) ≥ 0.5, and 0 < µ(x) − µ(0) ≤ 0.5.
Hence (a1) holds. By (FFI2) we have I(min{µ((x− → y−)−), µ(x)}, µ(y)) ≥ 0.5,
that is,

min{min{µ((x− → y−)−), µ(x)} − µ(y), 1} > 0.5.

If min{µ((x− → y−)−), µ(x)} > µ(y), then 0 < min{µ((x− → y−)−), µ(x)} −
µ(y) ≤ 0.5. Thus (b1) holds.

Conversely, suppose that (a1) and (b1) hold. Let P be the diagonal dis-
tribution. By Theorem 6.1 we have I(µ(x), µ(0)) = min{1 − µ(x) + µ(0), 1}.
When µ(x) ≤ µ(0), we have 1 − µ(x) + µ(0) = 1 + [µ(0) − µ(x)] ≥ 1, and so
I(min{1− µ(x) + µ(0), 1}) = 1 > 0.5. When 0 < µ(x)− µ(0) ≤ 0.5, we have

I(µ(x), µ(0)) = min{1− µ(x) + µ(0), 1}
= 1− [µ(x)− µ(0)]
≥ 0.5.

Hence (FFI1) is true. Also by Theorem 6.1,

I(min{µ((x− → y−)−), µ(x)}, µ(y))
= min{1−min{µ((x− → y−)−), µ(x)}+ µ(y), 1}.

When min{µ((x− → y−)−), µ(x)} ≤ µ(y), we have

1−min{µ((x− → y−)−), µ(x)}+ µ(y)
= 1 + [µ(y)−min{µ((x− → y−)−), µ(x)}]
≥ 1,

and so I(min{µ((x− → y−)−), µ(x)}, µ(y)) = 1 > 0.5.
When 0 < min{µ((x−

→ y−)−), µ(x)} − µ(y) ≤ 0.5, we have

I(min{µ((x− → y−)−), µ(x)}, µ(y))
= min{1−min{µ((x− → y−)−), µ(x)}+ µ(y), 1}
= min{1− [min{µ((x− → y−)−), µ(x)} − µ(y)], 1}
≥ 0.5,

i.e., I(min{µ((x− → y−)−), µ(x)}, µ(y)) ≥ 0.5. (FFI2) holds. This proves (1).

(2) Suppose that P is the anti-diagonal distribution and µ is an I-fuzzy
ideal of A. By (FFI1), I(µ(x), µ(0)) = max{1 − µ(x), µ(0)} ≥ 0.5. If µ(x) >
max{µ(0), 0.5}, then µ(x) > 0.5, and 1 − µ(x) < 0.5. Hence we have µ(0) =
max{1 − µ(x), µ(0)} ≥ 0.5, and so min{µ(x), 0.5} ≤ µ(0). Thus (a2) holds. By
the same argument we can prove that (b2) holds.
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Conversely, suppose that (a2) and (b2) hold. Let P be the anti-diagonal
distribution. By Theorem 6.1 we have I(µ(x), µ(0)) = max{1 − µ(x), µ(0)}. Let
µ(x) ≤ max{µ(0), 0.5}. If µ(0) ≥ 0.5, then I(µ(x), µ(0)) ≥ 0.5. If µ(0) < 0.5, then
µ(x) ≤ 0.5. Thus 1 − µ(x) ≥ 0.5, and I(µ(x), µ(0)) ≥ 0.5. Let min{µ(x), 0.5} ≤
µ(0). If 0.5 ≤ µ(x) then 0.5 ≤ µ(0). Thus I(µ(x), µ(0)) = max{1− µ(x), µ(0)} ≥
0.5. If 0.5 ≥ µ(x) then 1−µ(x) ≥ 0.5. Thus I(µ(x), µ(0)) = max{1−µ(x), µ(0)} ≥
0.5. Therefore (FFI1) holds. This proves (2).

(3) Suppose that P is the independent distribution and µ is an I-fuzzy
ideal of A. By (FFI1), I(µ(x), µ(0)) = 1 − µ(x) + µ(x)µ(0) ≥ 0.5. Hence 0.5 ≤
µ(x)−µ(x)µ(0) = µ(x)(1−µ(0)), (a3) holds. By the same argument we can prove
that (b3) holds.

Conversely, suppose that (a3) and (b3) hold. Let P be the independent
distribution. By Theorem 6.1, I(µ(x), µ(0)) = 1−µ(x)+µ(x)µ(0). By (a3) we have
0.5 ≥ µ(x)(1−µ(0)). Thus 1−µ(x)+µ(x)µ(0) = 1−µ(x)(1−µ(0)) ≥ 1−0.5 = 0.5
(FFI1) is true. By the same argument we can prove that (FFI2) holds. This
proves (3).

Definition 6.4. Let µ be a fuzzy set of A, I be a falling implication operator over
[0, 1] and t ∈ (0, 1]. Then µ is called an I-fuzzy Gödel ideal of A, if it is satisfies
(FFI1) and (FFI3), where

(FFI3) I(min{µ((x− → (y− → z−))−), µ((x− → y−)−)}, µ((x− → z−)−)) ≥ t
for any x, y, z ∈ A.

If t = 1 and P is the diagonal distribution, then we easily prove that Definition
6.4 is equivalent to Definition 4.2.

By Theorem 6.3 and Definition 6.4 we can prove the following

Theorem 6.5. Let µ be a fuzzy set of A and t = 0.5, then for all x, y ∈ A

(1) if P is the diagonal distribution then µ is an I-fuzzy Gödel ideal of A if and
only if it satisfies (a1) and (b4), where

(b4) min{µ((x− → (y− → z−))−), µ((x− → y−)−)} ≤ µ((x− → z−)−) or
0 < min{µ((x− → (y− → z−))−), µ((x− → y−)−)} − µ((x− → z−)−)
≤ 0.5.

(2) if P is the anti-diagonal distribution then µ is an I-fuzzy Gödel ideal of A
if and only if it satisfies (a2) and (b5), where

(b5) min{µ(µ((x− → (y− → z−))−), µ((x− → y−)−)} ≤ max{µ((x− →
z−)−), 0.5} or min{µ(µ((x− → (y− → z−))−), µ((x− → y−)−), 0.5} ≤
µ((x− → z−)−).

(3) if P is the independent distribution then µ is an I-fuzzy Gödel ideal of A if
and only if it satisfies (a3) and (b6), where

(b6) min{µ((x−→ (y− → z−))−), µ((x−→ y−)−)}(1−µ((x−→ z−)−)) ≤ 0.5.
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7. Conclusion

The theory of falling shadows relates to probability concepts with the membership
functions of fuzzy sets. Falling shadow representation theory is a reasonable and
convenient approach for the theoretical development and the practical applications
of fuzzy sets and fuzzy logics. In this paper we apply falling theory to ideal theory
of BL-algebras, and obtain some results. Also we consider falling fuzzy inference
relations to BL-algebras. As the continuation of these results, we will further
apply falling shadow theory and falling fuzzy inference relations to information
systems and computer.
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