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Abstract. In [7], the author studied several generalizations of primal superideals of
a commutative super-ring R. This paper is devoted to study further properties of ¢-
primal superideals of R, where ¢ : J(R) — J(R) U {0} is any function and J(R) is the
set of all proper superideals of R. In particular, if J € J(R) then there is a one-to-one
correspondence between ¢-P!-primal superideals I of R with J C ¢(I) and ¢,-P!/J-
primal superideals of R/.J. Moreover, for a multiplicatively closed subset S of h(R),
if I —¢(I) = p~Y(Is) — p~Y(¢s(Is)) for any I € JT(R), then there is a one-to-one
correspondence between ¢-P!-primal superideals I of R and ¢5—P§—primal superideals
Is of Rg with PI NS = 0.
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1. Introduction

Let R be any ring with unity, then R is called a super-ring if R is a Zs-graded ring
such that if a,b € Zs then R,Ry, C R,y, where the subscripts are taken modulo
2. Let h(R) = Ro U R; then h(R) is the set of homogeneous elements in R and
1 € Ry.

Throughout, R will be a commutative super-ring with unity. By a proper
superideal of R we mean a superideal I of R such that I # R. We will denote the
set of all proper superideals of R by J(R). If I and J are superideals of R, then the
superideal {r € R : rJ C I} is denoted by (I : J). Let ¢ : J(R) — J(R)U {0} be
any function. We call a proper superideal I of R ¢-prime (prime) if for x,y € h(R)
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withxy € I —¢(I) (xy € I) thenx € T ory € I. Since [ —¢(I) =1— (¢(1)N 1),
there is no loss of generality to assume that ¢(I) C I for every proper superideal
I of R. Let ¢ : 3(R) — J(R) U {0} be any function, we say that an element
a € h(R) is ¢-prime to I (prime to I), if whenever ra € I — ¢(I) (ra € I),
where r € h(R), then r € I. That is a € h(R) is ¢-prime to I (prime to I), if
BT+ @) — h((6(T) : @) C h(I) (i h((I : a)) € h(T)).

Let v(I) be the set of all homogeneous elements in R that are not prime to
I. We define I to be primal if the set

P = (v(I))o + (v(I))1 U {0}

forms a superideal in R. In this case we say that I is a P-primal superideal of R,
and P is the adjoint superideal of I.

Let v4(1) be the set of all homogeneous elements in R that are not ¢-prime
to I. We define I to be ¢-primal if the set

P { (Ve (D))o + (e(1)1 U0} + 6(1) = if & # ¢y
(vo(1)o + (vs(I)h i g =gy

forms a superideal in R. In this case we say that I is a ¢-P-primal superideal of
R, and P is the adjoint superideal of I.

In [7], the author gave a generalization of primal superideals of R and he stu-
died some properties of that generalization, he also studied the relation between
¢-primary and ¢-primal superideals. Moreover, the author introduced some con-
ditions under which ¢-primal superideals are primal.

In the next example we give some famous functions ¢ : J(R) — J(R) U {0}
and their corresponding ¢-primal superideals.

Example 1.1.
dp  dp(I)=0 VIeTIR) primal superideal.
¢o  ¢o(I)={0} VIe€I(R) weakly primal superideal.
¢ po(l)=1*> VI€TI(R) almost primal superideal.
On  Ou(I)=1" VI eT(R) n-almost primal superideal.
Vo G(I)=nN, 1" VI €TJ(R) w-primal superideal.

Observe that ¢g < o < Py < -+ < i1 < p < -+ < o

In this paper, we prove that if J is a ¢-prime superideal of R then then
there is a one-to-one correspondence between ¢-P!-primal superideals I of R with
J C ¢(I) and ¢;-P!/J-primal superideals of R/J. Also, we prove that for a
multiplicatively closed subset S of h(R) and under the condition that I — ¢(I) =
p  (Is) — p Y ps(Is)) for any I € J(R), where p : R — Rg is the canonical homo-
morphism, there is a one-to-one correspondence between ¢-P!-primal superideals
I of R and ¢g-Pl-primal superideals I5 of Rg with P/ NS = .
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2. ¢,-P/J-primal superideals

We start this section by the following two examples to show that the concepts
"primal superideals” and ” ¢-primal superideals” are different.

Example 2.1. Let R = Zoy + uZsy4, where u? = 0, be a commutative super-ring
and assume that ¢ = ¢g. Let I = 8Zo4 + uZioy.

(1) Since 0 # 2 -4 € I with 2,4 & I, then we get that 2 and 4 are not ¢-prime
to I. Easy computations imply that 2 +4 = 6 is ¢-prime to /. Thus we
obtain that [ is not a ¢-primal superideal of R.

(2) Set P = 2Z94 + uZsoy. We show that I is a primal superideal of R. It is easy
to check that every element of h(P) is not prime to /. Conversely, assume
that a € h(R) — h(P), then a € Zyy with ged(a,8) = 1. If a-n € I for some
N € Zgy, then 8 divides n; hence n € I. Therefore, h(P) is exactly the set
of elements in A(R) which are not prime to /. Thus [ is a primal superideal
of R.

Example 2.2. Let ¢ = ¢, and let T'(R) be the collection of all homogeneous
zero divisors of R. If R is not a superdomain such that Z(R) = To(R) + T1(R) is
not a superideal of R. Then the trivial superideal of R is a ¢-primal superideal
which is not primal.

According to Examples 2.1 and 2.2 a primal superideal of R need not to be
¢-primal and a ¢-primal superideal of R need not to be primal.

Let R be a commutative super-ring with unity and let J be a proper superideal
of R. Let ¢ : J(R) — J(R) U {0} be any function. As a generalization of [2], we
define ¢; : I(R/J) — I(R/J)U{0} by ¢,(I/J) = (¢(I)+J)/J for every superideal
I € 3(R) with J C T (and ¢;(I/J) =0 if ¢ = ¢p).

We leave the trivial proof of the next lemma to the reader.

Lemma 2.3. Let R be a commutative super-ring with unity and let J be a proper
superideal of R. Let ¢ : 3(R) — J(R) U {0} be any function. If P is a ¢-prime
superideal of R containing J. Then P/J is a ¢ -prime superideal of R/J. n

Lemma 2.4. Let R be a commutative super-ring with unity and let J be a proper
superideal of R, and let ¢ : J(R) — T(R) U {0} be any function. Let P be
a superideal of R containing J. If P/J is a ¢ -prime superideal of R/J with
J C ¢(P), then P is a ¢-prime superideal of R.

Proof. Let a,b be homogeneous elements in R with ab € P — ¢(P). Then
ab € J+ P and ab & J + ¢(P) = ¢(P). Thus, ab € (J + P) — (J + ¢(P)), so
ab € (J + P)/J — (J + ¢(P))/J which implies that ab € P/J — ¢;(P/J), that
isac P/Jorbe P/Jsoac Porbc P. Therefore, P is a ¢-prime superideal
of R. .

In the next result and under the condition that J C ¢(I) we prove that [ is
a ¢-primal superideal of R if and only if //J is a ¢ -primal superideal of R/.J.
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Theorem 2.5. Let R be a commutative super-ring with unity and let ¢ : I(R) —
J(R) U {0} be any function. Let I be a proper superideal of R, and let J be a
superideal of R with J C ¢(I). Then I is a ¢p-P-primal superideal of R if and
only if 1/J is a ¢;-P/J-primal superideal of R/J.

Proof. Suppose that [ is ¢-P-primal superideal of R with J C I. Then, by
[7, Theorem 2.5], P is a ¢-prime superideal of R containing J. Therefore, by
Lemma 2.3, P/J is a ¢ -prime superideal of R/J. We show that I/.J is ¢,-P/J-
primal superideal of R/J. That is we have to prove that

MJ:{W%UNWM(%AUﬂhUWH+@UN): it gy # b0
(o, (/7))o + (v, (/T i by = by

Let @ € h(P/J) then a € h(P) is not ¢-prime to I. That is there exists r in
hR) —h(I) withra € I —¢(I). If a € J+ ¢(I) = ¢(I) then a € ¢,(I/J). So
we may assume that a € J + ¢(I) = ¢(I). Therefore, ra € I/J — (J+¢(1))/J =
I/J—¢;s(I/J) and because 7 ¢ I/J we get that a € v,,(1/J).

Now, assume that b is a homogeneous element in R/.J such that b € vy, (1/J).
Then, there exists a homogeneous element 7 in R/J — I/J such that
7 € I)J — ¢s(I/J), sorb € I —¢(I) with r ¢ I. Thus, b is not ¢-prime to
I which implies that b € P, and hence b € P/.J. Therefore,

Pl = (e, (1] T))o + (v, (I/ )1 {0} + ¢y (I/]) + if ¢5 # ¢y
(o, (I/T))o+ (vs,(I/J)1 poif gy =y
and so I/J is ¢;-P/J-primal superideal of R/.J.

Conversely, suppose that I/J is ¢;-P/J-primal superideal of R/J with the
adjoint superideal P/J. We show that [ is a ¢-P-primal superideal of R. Now,
by [7, Theorem 2.5], P/J is a ¢ -prime superideal of R/J with J C P, so by
Lemma 2.4, P is a ¢-prime superideal of R. To finish the proof we need to show

that
p JWsD)o+ (e(D) U0} + (1) it o7y
(ws(1))o + (ve()1 D ¢ = ¢y

Clearly, ¢(I) € I C P. Let a € vg(I), then there exists a homogeneous element
r € R—1 with ra € I — ¢(I). Since ra € ¢(I) = J + ¢(I) we get that ra €
I/J—(J+oI)/J=1/]J—¢;(I/J)and T & I/J. So,a € P/J and hence a € P.
Now, let a € h(P). Suppose that a € I/J, then a € I. If a € ¢(I), then done. If
a ¢ ¢(I), then a € I — ¢(I) and so, a is not ¢-prime to I, hence a € vy(I). Thus,

E{WMDM+OMDhUﬂm+¢U): if 67 do
(ve(I))o + (vo(D): L ifo =g

Therefore, we may assume that a ¢ I/J, so there exists 7 € h(R/J) — h(I/J)
with ra € I/J — ¢4(1/J), and so ra & (J+ ¢(1))/J that is ra & J + ¢(I) = ¢(1).
Therefore, ra € I — ¢(I) with r ¢ I that is a € vy(1). .

By using Theorem 2.5, we have the following result.
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Theorem 2.6. Let R be a commutative super-ring with unity, and let ¢ : I(R) —
J(R) U {0} be any function. let J be a superideal of R. Then there is one-to-
one correspondence between the ¢-P!-primal superideals I of R containing J with

J C ¢(I) and ¢;-P!/J-primal superideals of R/J. .

3. Multiplicatively closed subsets

Let R be a commutative super-ring with unity, and let S be a multiplicatively
closed subset of h(R). Consider the canonical homomorphism p : R — Rg which
is defined by r + { for all v € h(R). Then p is a homogenous superhomomorphism
of degree 0.

Now let ¢ : J(R) — J(R) U {0} be any function. We define ¢g : J(Rg) —
J(Rs)U{0} by ¢s(J) = (¢(p~'(J)))s for every J € J(Rs). Note that ¢g(J) C J,
since for J € J(Rg), we get that ¢(p~'(J))Cp~(J) implies ¢s(J)C(p 1 (J))sCJ.

Example 3.1. Let R = Zg + uZg with u?> = 0. Let S = {1,2,4}, ¢ = ¢». Then
S is a multiplicatively closed subset of h(R). If P = {0} then one can easily
check that P is ¢o-P-primal superideal of R. Moreover, Ps = (¢(P))s = {0},
hence ¢5(Ps) = Pg since p~'(Ps) = {0, 3,3u}, where p : R — Rg is the canonical
homomorphism. Therefore, Ps is ¢g-Ps-primal superideal in Rg.

We start by proving the following properties about ¢-prime superideals of R,
where p: R — Rg is the canonical homomorphism.

Theorem 3.2. Let ¢ : I(R) — J(R)U{0} be any function, and let I be a ¢-prime
superideal of R with INS =, then Ig is a ¢g-prime superideal of Rg.

Proof. Let ,% be homogeneous elements in Rg with (£)(¥) € Is — ¢s(Is), then
for some v € S xyu € I — ¢(I),so v € I or yu € I and thus ¢ € Ig or ¥ € Ig,
hence Ig is a ¢g-prime superideal of Rg. "

Theorem 3.3. Let ¢ : I(R) — J(R)U{D} be any function, and let P be a ¢-prime
superideal of R with h(P)NS = 0. If p~((¢(P))s) C P, then p~'(Ps) = P.

Proof. It is easy to see that P C p~!(Ps).

Conversely, let z be a homogeneous element in p~!(Pg), then for some s € S,
xs € P. If xs € ¢(P) then s € P—¢(P) and s € P so x € P. Therefore we may
assume that zs € ¢(P), so x is a homogeneous element in p~'((¢(P))s). Thus,

p~'(Ps) € PUp ' ((¢(P))s),
and since p~'((¢(P))s) C P then we have that p~!(Ps) = P. -

Lemma 3.4. Let ¢ : J(R) — J(R) U {0} be any function, and let I be a ¢-
P-primal superideal of R with h(P)NS = 0. If a/s € h(Is) — h(ps(Is)) then
acl.
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Proof. Let a/s € h(lg) — h(ps(Is)), so a/s € ¢s(Is), and hence a/1 & ¢s(Ig),
thus a/1 & (¢(I))s since (¢(1))s € ¢s(Is). Now, ¢ = L for some r € h([) and
u€ S, s0,r=au € I and au & ¢(I) because if au € ¢(I) then a/1 € (¢(I))s, a
contradiction. Thus au € I — ¢(I), if a & I then u is not a ¢-prime to I which
mplies that u € h(P) NS, a contradiction. Therefore, a € I. .

Lemma 3.5. Let ¢ : 3(R) — J(R) U {0} be any function, and let I be a ¢-P-
primal superideal of R with h(P) NS = 0. Then h(p~'(Is)) — h(p~(¢s(Is))) C
hI) = h((1)).

Proof. Let a be a homogeneous element in p~!(Ig) such that a & h(p~(¢s(Is))),
then a/1 € h(Ig) — h(¢s(Is)) and by Lemma 3.4, a € I. If a € ¢(I) then a/1 €
(6(I))s C ¢s(Is) implies that a € h(p~'(¢s(Is))) a contradiction. Therefore,
a € h(I)— h(o(I)). .

Lemma 3.6. Let ¢ : J(R) — TJ(R)U{0} be any function, and let I be a ¢-P-primal
superideal of R with h(P)NS = 0. Then vsy(Is) C (vs(1))s.

Proof. If a/s € v,,(Is), then we show in the proof of Lemma 3.4 that au €
I —¢(I) C vy(I) for some w in S, hence ua/us = a/s € (vy(I))s. .

Corollary 3.7. Let ¢ : J(R) — J(R) U {0} be any function, and let I be a ¢-P-
primal superideal of R with h(P)NS = 0. If I —¢(I) = p~ (Is) — p~ (¢s(Ls))
then vy, (Is) = (vs(1))s.

Proof. In Lemma 3.6, we proved that v4,(Is) C (v4(1))s.

Conversely, let £ be a homogeneous element in (v4(/))s, then £ = ¥, where
yevy(l). If ye I, then ¥ € Is — (¢(I))s and so

yep (Is) = p ((0(1)s) S 1 —o(I) = p~(Is) — p~(8s(Is))-

Hence ¥ € Is — ¢5(Is) C vgg(Is). Therefore we may assume that y ¢ I. Since
y € vp([) there exists a homogeneous element v in R — I with uy € I — ¢(I),
but I —¢(I) = p~(Is) = p~H(#s(Is)), so (})(}) € Is — ¢s(Is) with § & I, thus

% c V¢S(IS)- |

We recall that if J is a superideal in R, then J C p~*(Jg) and therefore we
may assume that (¢(J))s € ¢s(Js). Under the condition that

I—¢(I)=p~'(Is) — p~(ds(Is))
for all superideals I of R, we have the following proposition.
Proposition 3.8. Let S be a multiplicatively closed subset of h(R) with 1 € S,

let  : I(R) — TJ(R)U{D} be any function, and let I be a ¢-P-primal superideal
of R with h(P)N S = (. Then Is is a ¢s-Ps-primal superideal of Rg.
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Proof. By Theorem 3.2, Pg is a ¢g-prime superideal of Rg. To show that [g is
a ¢g-Ps-primal superideal of Rg, we must prove that

Py {[(V¢S(IS))0 + (o Us)1 U0} +0s(Is) = if 05 # 0y
(V5 (Is))o + (Vo5 (Is) D if s =g

Clearly, ¢s(Is) C Ps, let a/s be a homogenous element in v, ([s), then there
exists 7/u € h(Rs) — h(Ig) with () - (%) € Is — ¢s(Is) so, by Lemma 3.5,
ra € I —¢(I) and r & h(I), thus a € v4(I) C P and hence a/s € Ps.

Conversely, let a/s € h(Ps) such that a/s &€ ¢s(Is). If a/s € Ig, then
(1/1)(a/s) € Is — ¢s(Is), (1/1) € Ig, so a/s is not ¢g-prime to Ig, thus
a/s € vye(ls). Therefore, we may assume that a/s ¢ Ig, that is ta ¢ I for every
t € S. Since a/s € Pg, then for some t € S, ta € P — I, and so ta € v4(I) which
implies that a/s € (v4(1))s, and by Corollary 3.7, we have that vy, (Is) = (v4(1))s

thus a/s € vy, (Is). .

Let R be a commutative super-ring with unity, and let S be a multiplicatively

closed subset of h(R). Let ¢ : J(R) — J(R) U {0} be any function, then under
the condition that

I—o(I)=p'(Is) — p " (¢s(Is))

for all proper superideals I of R, we have the following proposition.

Proposition 3.9. Let ¢ : J(R) — J(R) U {0} be any function, and let J be a
b5-Q-primal superideal of Rs, then p~'(J) is ¢-primal superideal of R with the
adjoint superideal p=1(Q). Moreover, J = (p~*(J))s.

Proof. To show that p~!(J) is ¢-primal superideal of R with the adjoint super-
ideal p~1(Q) we must show that

Q) = {[<”¢<p1<J>>>o+<V¢<p1<J>>>1u{0}]+¢<p1u>> oAb
ws(p™H(I)))o + (Welp () o=

But ¢(p~H(J)) C p~'(J) C p(Q). Now let a be a homogenous element in
ve(p~'(J)), then ¢ € (v45(p~"(J)))s, but by Corollary 3.7, (vs(p~'(J)))s = ves(J),
50 4 € vy (J) C Q and hence a € p~1(Q).

Conversely, let a be a homogeneous element in p~1(Q), then a/1 in Q. We may
assume that a & ¢(p~(J)), so a/1 & ¢s(J). If a/1 € J, then (a/1) € J — ¢5(J)
and since ¢(p~1(J)) C p~L(¢s(J)), we have that a € p~1(J) — p~Hos(J)) C
p N J) = d(p~H(J)), but 1 & p~(J), so a € vy(p~'(J)). If a/1 & J, then a/1 €
Q — J and so a/1 € vy (J). Let T be a homogeneous element in Rg — J with
(1)(%) € J = ¢s(J) then ax € p~'(J) = p~(ds(J)) € p~'(J) = d(p™'(J)), since
e Jand 9 & ¢s(J), because if 4¢ € ¢g(J), then % € ¢5(J), a contradiction.
Thus we have that ax € p~'(J) — ¢(p~'(J)) and = & p~'(J), since £ & J.
Therefore, a € vg(p~*(J)) and hence p~*(J) is ¢-primal superideal of R with the
adjoint superideal p~'(Q). Moreover, by [7, Theorem 2.5], p~*(Q) is a ¢-prime
superideal of R.
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Finally, we show that J = (p~*(J))s. Clearly, J C (p~*(J))s.
Conversely, let £ be a homogeneous element in (p~'(J))s, then zt € p~'(J)
for some ¢ € S. Thus, 2t € p(p~!(J)) = J, and hence (2)(5) = £ € J. Therefore,

T
1 st

J=(p())s. .
By using Propositions 3.8 and 3.9, we have the following result.

Theorem 3.10. Let R be a commutative super-ring with unity. Let S be a multi-
plicatively closed subset of h(R), and let ¢ : I(R) — J(R) U {0} be any function
with the condition that I —¢(I) = p~'(Is) — p~(¢s(Is)) for any proper superideal
I of R. Then there is one-to-one correspondence between the ¢-P!-primal super-
ideals I of R and ¢s-Pk-primal superideals Is of Rs, where P! is a ¢-prime
superideal of R with PT NS = (). .
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