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Abstract. In this paper, we consider a particle with spin 1
2 in de Sitter space-time. Procedure

for transition to the Pauli approximation is conducted in the equation in the variable (t, r),
obtained after separating the angular dependence of (θ, ϕ) from the wave function. We make
the suitable second order equation corresponding to de Sitter space time for particle spine 1

2 we
then compare this equation to Jacobi polynomial and obtain the wave function and eigenvalues
(energy spectrum) which is important for the corresponding system.
Also, by taking the advantage from weight and main function in Jacobi polynomial and obtain
the corresponding algebra.

Keywords: factorization method; Dirac equation; Jacobi polynomial; raising and lowering
operators.

1. Introduction

De Sitter and Anti de Sitter models have taken attraction in the context of development
of the quantum theory in curved space-time for a long time. The most attention about
such curved space-time was to solve the wave function for field with different spin in
relativistic [1]– [5].

Now, we want to make the equation corresponding to spine 1
2

particle nonrelativis-
tic in de Sitter space-time. This equation lead us to compare it with Jacobi polynomial
[6], [7]. By comparing two equation order by order, one can obtain the exact solution
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for the wave function and eigenvalues (energy spectra). Finally, we take advantage from
weight and main function from Jacobi polynomial [9], [10], and obtain the generator of
algebra for the corresponding system. This form of algebra gives the symmetry of the
system which is important in physics and mathematics point of view. For this reason,
first we have to make the Pauli equation in de Sitter space-time.

2. The Pauli equation in de Sitter space

The de Sitter space-time Dirac equation in orthogonal coordinates is,
[
iγk

(
eα
(k)∂α + Ak

)−m
]
Ψ = 0,(1)

where

Ak(x) =
1

2
eα
(k);α(x) =

1

2

1√−g

∂

∂xα

√−geα
(k),(2)

In order to arrange the Ak(x), we have to introduce the de Sitter metric background,

dS2 = dt2 − cosh2 tdr2 − cosh2 t sin2 rdθ2 − cosh2 t sin2 r sin2 θdφ2,(3)

where

g00 = 1, g11 = − cosh2 t,

g22 = − cosh2 t sin2 r, g33 = − cosh2 t sin2 r sin2 θ,(4)

and

g = det(gi,j), i, j = 0, .., 3,

Also, the corresponding tetrad,

eα
(0) = (1, 0, 0, 0) , eα

(1) =

(
0, 0,

1

cosh t sin r
, 0

)
,

eα
(2) =

(
0, 0, 0,

1

cosh t sin r sin θ

)
, eα

(3) =

(
0,

1

cosh t
, 0, 0

)
,(5)

So, by using (2), (3), (4) and (5) we can rewrite equation (1) as,

[
i γ0 cosh t

(
∂t+

3

2
tanh t

)
+

1

sin r
Σθ,φ+i γ3

(
∂r+

1

tan r

)
−m cosh t

]
Ψ=0,(6)

where Σθ,φ = i γ1∂θ + γ2 i ∂φ+i σ12 cos θ

sin θ
.

Now, we choose the change of variable for the wave function which is given by

Ψ(x) =
1

sin r cosh
3
2 t

ϕ(x),(7)
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we obtain a simpler equation
[
i γ0 cosh t

∂

∂t
+ i γ3 ∂

∂r
+

1

sin r
Σθφ −m cosh t

]
ϕ = 0,(8)

Here, we need to describe the ϕ in spin system, as we know the ϕ have a three indexes
as j, m and δ. We use the Wigners function j which define spin as ν = j + 1

2
and m

angular momentum and δ is parity. So, we consider the following expression

ϕjmδ =

∣∣∣∣∣∣∣∣∣

f1(t, r)D− 1
2

f2(t, r)D+ 1
2

f3(t, r)D− 1
2

f4(t, r)D+ 1
2

∣∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣∣

f1(t, r)D− 1
2

f2(t, r)D+ 1
2

δf2(t, r)D− 1
2

δf1(t, r)D+ 1
2

∣∣∣∣∣∣∣∣∣
(9)

δ = ±1, f4 = δf1, f3 = δf2,

Here we take δ = 1, so the corresponding equation will he as,
(

∂

∂r
+

ν

sin r

)
f +

(
i cosh t

∂

∂t
+ δm cosh t

)
g = 0,

(
∂

∂r
− ν

sin r

)
g −

(
i cosh t

∂

∂t
− δm cosh t

)
f = 0,(10)

Insted of f1(t, r) and f2(t, r), we use the linear combination which are given by,

f(t, r) =
f1 + f2√

2
, g(t, r) =

f1 − f2

i
√

2
.

First, we separate the rest energy by the formal change,

i
∂

∂t
⇒ M + i

∂

∂t
.

consider just δ = 1,

1

cosh t

(
∂

∂r
+

ν

sin r

)
f +

(
M + i

∂

∂t
+ M

)
g = 0,

1

cosh t

(
∂

∂r
− ν

sin r

)
g −

(
M + i

∂

∂t
−M

)
f = 0,(11)

We solve the up system, therefore, non-relativistic functions f(t, r) and g(t, r) will
obtain of equation following [8],

i
∂f

∂t
= − 1

2M

1

cosh2 t

(
∂2

∂r2
− ν2 + ν cos r

sin2 r

)
f,(12)

and

g = − 1

2M

1

cosh t

(
∂

∂r
+

ν

sin r

)
f,(13)
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so, we solve equation (12) with the following separation of variable [8],

f(t, r) = e−iE tanh tf(r),(14)

where
(

d2

dr2
− ν2 + ν cos r

sin2 r
+ 2ME

)
f(r) = 0.(15)

Now, we use a new variable, z = − cos r, z ∈ (−1, +1) in equation (15), so we have

(1− z2)
d2f

dz2
− z

df

dz
+

(
ν

z

1− z2
− ν2

1− z2
+ 2ME

)
f = 0.(16)

In order to solve equation (16), we use of factorization method and following change
of variable

f(r) = U(z)P (z)(17)

Substituting (17) in (16) leads to

(1− z2)P ′′(z) +

(
2
U ′

U
(1− z2)− z

)
P ′(z)

+

(
(1− z2)

U ′′

U
− z

U ′

U
+

νz

1− z2
− ν2

1− z2
+ 2ME

)
P (z) = 0.(18)

In order to obtain function U , we compared (18) with the following associated Jacobi
differential equation

(1− z2)P ′′ (α,β)
n,m (z)− [α− β + (α + β + 2)z]P ′ (α,β)

n,m (z)

+
[
n(α + β + n + 1)− m(α + β + m + (α− β)z)

1− z2

]
P (α,β)

n,m (z) = 0.(19)

So we obtain U(z) as,

(20) U(z) = N0(1 + z)
2β+1

4 (1− z)
2α+1

4 ,

Therefore, the corresponding eigenfunction will be as,

f(z) = N0(1 + z)
2β+1

4 (1− z)
2α+1

4 P (α,β)
n,m (z).

By comparing multiples P
(α,β)
n,m and P in equations (18) and (19), we can obtain α, β

and E as

α =
m− j

2m− 1
, β = −1− α, 2ME = n2.(21)

Finally, we have

f(r) = N0

(
cot

r

2

) 2α+1
2

ψ(α)
n,m(r),
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where

(22)

ψ
(α)
n,m(r) = P

(α,−1−α)
n,m (− cos θ) = an(−1)m

[
(1−x)−

2m+2α−1
4 (1+x)−

2m−2α−3
4

(
d

dx

)n−m

(1−x)n+α(1+x)n−1−α

]

x=−cos θ

.

Also, in view of normalization condition in quantum mechanics, we obtain the norma-
lization coefficient N0 as,

∫ ∞

−∞
f(r)f ∗(r)dz = 1, N2

0

∫ ∞

−∞
(ψ(α)

n,m(r))2U2(r)d(r) = 1,

Thus, solutions of the Pauli equation in non-static de Sitter metrics have been con-
structed as follow

ΨPauli
Ejm (t, r, θ, φ) = eiE tanh tf(r)

∣∣∣∣∣
Dj

−m,− 1
2

(φ, θ, 0)

Dj

−m,+ 1
2

(φ, θ, 0)

∣∣∣∣∣

Spectral parameter E (it does not represent the energy of stationary states) is quantized
according to the rule (the same for state with different parities) of quantum mechanic

2ME = n2.(23)

Here, we can obtain the raising and lowering operators corresponding to equation (15)
with corresponding α and β [6]. So, we factorized equation (21) as

B(m)A(m)ψ(α)
n,m(r) = E(n,m)ψ(α)

n,m(r), A(m)B(m)ψ
(α)
n,m−1(r) = E(n,m)ψ

(α)
n,m−1(r)

where

(24) B(m) =
d

dr
+ Wm(r), A(m) = − d

dr
+ Wm(r), E(n,m) = n2 − (m− 1)2,

where the super potential Wm(r) will be as Wm(r) = (1−m) cot r − 1
2
(1 + 2α) csc r.

By using (24), we obtain operators J±(m) that describe the shape invariance symmetry
on the homogeneous manifold SU(2)/U(1) parametrized by {θ, ϕ} which are ( [11])

J±(m) = ± ∂

∂θ
− ı

sin θ

∂

∂ϕ
− m− 1

2 tan θ
.(25)

So, the shape invariance equations on the homogeneous manifold SU(2)/U(1) are ob-
tained by following equation,

J+(m)J−(m)φn,m(θ, ϕ) = E(n,m)φn,m(θ, ϕ),(26)
J−(m)J+(m)φn,m−1(θ, ϕ) = E(n,m)φn,m−1(θ, ϕ),

where spectrum E(n,m) have already been introduced in equations (24) and the bases
of representation will be as,

φn,m(θ, ϕ) = e
ıϕ(1+2α)

2 P (α,−1−α)
n,m (− cos θ).(27)
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3. Conclusion

In this paper, we studied the Dirac system with spin 1
2

equation. On the other hand we
introduced the Jacobi equation and obtained the first order operators for such equation.
We then compered the Dirac equation with Jacobi second order equation and obtained
the exact solution for the wave function and energy spectrum. Finally we take ad-
vantage from Jacobi equation and factorized the corresponding Dirac system with first
order equations. These first order equation in physics point of view will be form of
raising and lowering operators. In here we had two cases, the first one we factorized
second order Dirac equation in terms of indices n and m . In second case just was
factorized in terms of indices m. In future, two operators can be applied for different
system for the coherent states. Also, such operators help us to discuss the generators
of supersymmetry as super charges. Also, these operators for the partner potential and
partner Hamiltonian may be play important role.
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