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SOLVING THE FRACTIONAL FORNBERG-WHITHAM
EQUATION BY MEANS OF THE OPTIMAL q-HOMOTOPY
ANALYSIS METHOD (Oq-HAM)
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Abstract. The main aim of this paper is to propose a new and simple algorithm namely
optimal q-homotopy analysis method (Oq-HAM), to obtain the approximate analytical solutions to solve the nonlinear Fornberg–Whitham equation with fractional time
derivative. The fractional derivatives are taken in the Caputo sense. Comparison of
Oq- HAM with the homotopy analysis method (HAM) and the homotopy perturbation
method (HPM) are made. The results reveal that the Oq-HAM has more accuracy than
the others. Finally, numerical example is given to illustrate the accuracy and stability
of this method. Comparison of the approximate solution with the exact solutions also
we show that the proposed method is very efficient and computationally attractive. A
new efficient approach is proposed to obtain the optimal value of convergence controller
parameter ~ to guarantee the convergence of the obtained series solution.
Keywords: optimal q-homotopy analysis method; convergence-control parameter; fractional Fornberg–Whitham equation; Caputo derivative.

1. Introduction
Fractional differential equation is a fascinating area of study in mathematics.
Over the past decades, many methods have been developed to handle these differential equations. Fractional order ordinary and partial differential equations,
asgeneralization of classical integer order differential equations, are increasingly
used to model problems in fluid mechanics, viscoelasticity, biology, physics and
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engineering, and others applications [3]. Several methods have been suggested
to solve nonlinear equations. These methods include the homotopy perturbation
method (HPM) [11], Luapanov’s artificial small parameter method [24], Adomian
decomposition method [1], [31], variation iterative method [33] and so on. Homotopy analysis method (HAM), first proposed by Liao in his Ph.D dissertation [23],
is an elegant method which has proved its effectiveness and efficiency in solving
many types of nonlinear equations [19]-[8]. The HAM contains a certain auxiliary parameter h, which provides us with a simple way to adjust and control the
convergence region and rate of convergence of the series solution [22]. In 2005,
Liao [21] has pointed out that the HPM is only a special case of the HAM (The
case of h = −1). El-Tawil and Huseen [5] proposed a method namely q-homotopy
analysis method (q-HAM) which is more general method of homotopy analysis
method (HAM), the q-HAM contains an auxiliary parameter n as well as h such
that the cases of (q-HAM; n = 1) the standard homotopy analysis method (HAM)
can be reached. The q-HAM has been successfully applied to solve many types of
nonlinear problems [4]-[17].
In this paper, we have to solve the nonlinear time-fractional FornbergWhitham equation by the Oq-HAM. This equation can be written in operator
form as
(1)

uαt − uxxt + ux = uuxxx − uux + 3ux uxx , 0 < α≤ 1, t > 0,

subject to the initial condition
(2)

x

u(x, 0) = e 2 ,

where u(x, t) is the fluid velocity, x and t represent the spatial coordinate and the
time respectively. To obtain the approximate or numerical solution of fractional
Fornberg–Whitham equation, many effective methods have been developed, such
as homotopy perturbation method (HPM) [9], variational iteration method (VIM)
[29], combination Laplace transform and HPM [30], homotopy analysis method
(HAM) [28], differential transform method (DTM) [25] and fractional homotopy
analysis transform method (FHATM) [18]. Y.S. Hamed et al. [27], they applied
a complex transformation using a modified chain rule to convert fractional generalized coupled MKDV and KDV of an ordinary differential equation and then
we obtain to a new exact solution. Y.S. Hamed et al. [10], they applied a fractional complex transform with optimal homotopy analysis method (OHAM) to
obtain numerical and analytical solutions for the nonlinear time-space fractional
Fornberg-Whitham. The results reveal that the method is very effective, simple
and control the convergence region of convergence of the series solution. Mohamed
S. Mohamed and Shaheed N. Huseen [12], illustrated the application of a newly
developed efficient method namely, optimal q-homotopy analysis method (OqHAM) for solving second order initial and boundary value problems. The results
reveal that the Oq-HAM has high accuracy to determine the convergence-control
parameter; hence the results match well with the exact solutions and this proves
the effectiveness of the method.
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The paper has been organized as follows. Notations and basic definitions
are given in Section 2. In Section 3 the homotopy analysis method is described.
In Section 4 applying Oq-HAM for nonlinear time-fractional Fornberg-Whitham
equation. Discussion and conclusions are presented in Section 5.

2. Preliminaries and notations
In this section, we give some basic definitions and properties of fractional calculus
theory which are further used in this paper.
Definition 2.1. A real function h(t), t > 0, is said to be in the space Cµ , µ ∈ R if
there exists a real number p > µ, such that h(t) = tp h1 (t), where h1 (t) ∈ C[0, ∞),
and it is said to be in the space Cµn if and only if h(n) ∈ Cµ , n ∈ N.
Definition 2.2. The Riemann-Liouville fractional integral operator (J α ) of order
α ≥ 0, of a function h ∈ Cµ , µ ≥ −1, is defined as
1
J h(t) = −
Γ(α)

Zt

α

(t − τ )α−1 h(τ )dτ (α > 0),
0

J 0 h(t) = −h(t),
Γ(α) is the well-known Gamma function. Some of the properties of the operator
J α , which we will need here, are as follows:
(1) J α J β h(t) = J α+β h(t),
(2) J α J β h(t) = J β J α h(t),
(3) J α tγ =

Γ(γ + 1) α+γ
t , where β ≥ 0, and γ ≥ −1.
Γ(α + γ + 1)

Definition 2.3. The fractional derivative (Dα ) of h(t) in the Caputo’s sense is
defined as
Z t
1
α
(t − τ )n−α−1 h(n) (τ )dτ,
D h(t) = −
Γ(n − α) 0
n
.
for n − 1 < −α ≤ n, n ∈ N, t > 0, h ∈ C−1

The following are two basic properties of Caputo’s fractional Derivative [8]:
n
, n ∈ N. Then Dα h, 0 ≤ α ≤ n is well defined and Dα h ∈ C−1 .
(1) Let h ∈ C−1

(2) Let n − 1 < α ≤ n , n ∈ N and h ∈ Cµn , µ ≥ −1. Then
α

α

(J D )h(t) = h(t) −

n−1
X
k=0

h(k) (0+ )

tk
.
k!
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Definition 2.4. The fractional derivative of f (t) in the Caputo sense is defined as
Dα f (t) = J m−α Dm f (t),
n
For m − 1 < α ≤ m, m ∈ N , t > 0 and f ∈ C−1
.

3. Basic idea of the optimal q-homotopy analysis method (Oq-HAM)
To describe the basic ideas of the optimal Oq-HAM for nonlinear partial differential equations. Let us consider the following nonlinear partial differential
equation:
(3)

N [Dtα u(x, t)] − f (x, t) = 0,

where N is linear and nonlinear operator for this problem, x and t denote the
independent variables, Dtα u(x, t) denotes the Caputo fractional derivative, u(x, t)
is an unknown function and f is a known function. We first construct the zeroorder deformation equation as follows:
(4)

(1 − nq)L[φ(x, t; q) − u0 (x, t)] = qhH(x, t)N [Dαt φ(x, t; q) − f (x, t)],

where n > 1, q ∈ [0, n1 ] is the embedding parameter, h 6= 0 is an auxiliary
parameter, H(x, t) 6= 0 is an auxiliary function, L is an auxiliary linear operator
and u0 (x, t) is an initial guess. Clearly, when q = 0 and q = n1 , equation (4)
becomes:
µ
¶
1
(5)
φ(x, t; 0) = u0 (x, t), φ x, t;
= u(x, t),
n
respectively. So, as q increases from 0 to n1 , the solution φ(x, t, q) varies from
the initial guess u0 (x, t) to the solution u(x, t). If u0 (x, t), L, h, H(x, t) are chosen
appropriately, the solution of equation (5) exists for q ∈ [0, n1 ].
Taylor series expression of φ(x, t, q) with respect to q in the form
(6)

φ(x, t; q) = u0 (x, t) +

∞
X

um (x, t)q m ,

m=1

where
(7)

φm (x, t) =

1 ∂ m φ(x, t; q) ¯¯
.
q=0
m!
∂q m

We assume that the auxiliary linear operator, the initial guess, the auxiliary
parameter h and the auxiliary function H(x, t) is selected such that the series (7)
1
is convergent when q → , then the approximate solution (6) takes the form:
n
µ ¶m
∞
X
1
1
(8)
u(x, t) = φ(x, t; ) = u0 (x, t) +
um (x, t)
.
n
n
m=1
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Let us define the vector
u→
n (t) = {u0 (x, t), u1 (x, t), u2 (x, t), ..., un (x, t)}.
Differentiating (4) m times with respect to q , then setting q = 0 and dividing
then by m!, we have the mth -order deformation equation (Lioa [23]-[19]) as
(9)

L[um (x, t) − χm um−1 (x, t)] = hH(x, t)Rm (u→
m−1 (x, t)),

with the initial conditions
u(k)
m (x, t) = 0, k = 0, 1, 2, 3, ..., m − 1,
where
(10)

Rm (u→
m−1 (x, t)) =

1
∂ m−1 N[Dαt φ(x, t; q) − f (x, t)] ¯¯
,
q=0
(m − 1)!
∂q m−1

and
(11)

(
χm =

0 m ≤ 1,
n m > 1.

It should be emphasized that um (x, t) for m ≥ 1 is governed by the linear equation
(9) with linear boundary conditions
¡ 1 ¢m that come from the original problem. Due
to the existence of the factor n , more chances for convergence may occur or
even much faster convergence can be obtained better than the standard HAM.
It should be noted that the cases of n = 1 in equation (4), standard HAM can
be reached. The h-curves cannot tell us the best convergence-control parameter,
which corresponds to the fastest convergent series. In 2007, Yabushita et al. [32]
applied the HAM to solve two coupled nonlinear ODEs. They suggested the
so-called optimization method to find out the two optimal convergence-control
parameters by means of the minimum of the squared residual error of governing
equations. In 2008, Akyildiz and Vajravelu [2] gained optimal convergence-control
parameter by the minimum of squared residual of governing equation, and found
that the corresponding homotopy-series solution converges very quickly.
S.J. Liao [20] and M.S. Mohamed et al. [7], [8] have discussed the optimization
method to find out the optimal convergence control parameters by minimum of
the square residual error integrated in the whole region having physical meaning.
Their approach is based on the square residual error.
Let ∆(h) denote the square residual error of the governing equation (3) and
express as:
Z
(12)
∆(h) = (N [un (t)])2 dΩ,
Ω

where
(13)

um (t) = u0 (t) +

m
X
k=1

uk (t).
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The optimal value of the auxiliary parameter h is given by solving the following
nonlinear algebraic equation
d∆(h)
= 0.
dh

(14)

4. Numerical results
To demonstrate the effectiveness of the Oq-HAM algorithm discussed above,
example of variation problems will be studied in this section. In this section,
example is solved according to the mentioned algorithm in previous section. The
results have been provided by Mathematica. We first consider the following timefractional Fornberg-Whitham equation:
(15)

uαt − uxxt + ux = uuxxx − uux + 3ux uxx , 0 < α ≤ l, t > 0,

with the initial condition

x

u(x, 0) = Ae 2 ,
with the exact solution at α = 1
x

2

u(x, t)= Ae− ( 2 − 3 t) ,

(16)

where A is an arbitrary constant.
For Oq-HAM solution we choose the linear operator
L[φ(x, t; q)] =

∂ α φ(x, t; q)
,
∂tα

with the property that L[c] = 0, where c is constant. We define a nonlinear
operator as
(17)

N[φ(x, t; q)] =

∂ α φ(x, t; q)
− φxxt + φx − φφxxx + φφx − 3φx φxx .
∂tα

We construct the zero order deformation equation
(1 − nq)L[φ(x, t; q) − u0 (x, t)] = qhH(x, t)N [Dαt φ(x, t; q)].
For q = 0 and q = 1, we can write
φ(x, t; 0) = u0 (x, t) = u(x, 0),
φ(x, t; 1) = u(x, t).
We can take H(x, t) = 1, and the mth -order deformation equation is
(18)

L(um (x, t) − χm um−1 (x, t)) = hRm (u→
m−1 (x, t)),

with the initial conditions for m ≥ 1
(19)

um (x, 0) = 0,
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where χm as defined by (11) and
α
Rm (u→
m−1 ) = Dt um−1 − (um−1 )xxt + (um−1 )x

(20)

−

m−1
X

ui (um−1−i )xxx +

i=0

m−1
X

ui (um−1−i )x − 3

i=0

m−1
X

(ui )x (um−1−i )xx .

i=0

Now, the solution of the mth -order deformation equations for m ≥ 1 becomes
um (x, t) = χm um−1 (x, t) + h jtα (Rm (u→
m−1 )) + c1

(21)

where the constant of integration c1 is determined by the initial conditions (19).
Then, the components of the solution using Oq-HAM are
x

u(x, 0) = e 2 ,
x

(22)

e2
u1 (x, t) =
h tα ,
2αΓ(α)
µ 2α−1
¶
x
t
(2t − α)
e2
tα
α
2 x2
u2 (x, t) =
h nt + h e
+
,
2αΓ(α)
8α2 Γ2 (α)
2αΓ(α)
..
.

According to the optimal q-homotopy analysis, we can conclude that
(23)

u(x, t; n; h) ' Um (x, t; n; h) =

M
X
i=0

µ ¶i
1
.
ui (x, t; n; h)
n

Equation (23) is an approximate solution to the problem (15) in terms of convergence parameter h and n. Then we have at α = 1,
uapp
(24)

µ ¶
µ ¶2
µ ¶3
1
1
1
= −u0 (x, t) +
u1 (x, t) +
u2 (x, t) +
u3 (x, t)
n
n
n
µ ¶5
µ ¶4
1
1
u4 (x, t) +
u5 (x, t) + ...
+
n
n

As special case, if n = 1 and h = 1, then we obtain the same result in [9]-[18].
Equation (24) is an approximate solution to the problem (15) in terms of the
convergence parameters h and n. To find the valid region of h, the h-curves given
by the 5th order q-HAM approximation at different values of x, t, α = 1 and n
are drawn in Figures 1-9. These figures show the interval of h at which the value
of u5 (x, t; n) is constant at certain values of x, t and n. We choose the horizontal
line parallel to x−axis(h) as a valid region which provides us with a simple way
to adjust and control the convergence region of the series solution. From these
figures, the valid intersection region of h for the values of x, t and n in the curves
becomes larger as n increase.
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Figure 1. h-curve for the HAM (q-HAM; n = 1) approximation solution u5 (x, t; 1)
of problem (15) at different values of x, t and hoptimal = −0.95.

Figure 2. h-curve for the HAM (q-HAM; n = 50) approximation solution u5 (x, t; 50)
of problem (15) at different values of x, t and hoptimal = −15.03.

Figure 3. h-curve for the HAM (q-HAM; n = 1) approximation solution u10 (x, t; 1)
of problem (15) at different values of x, t and hoptimal = −0.97.
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Figure 4. h-curve for the HAM (q-HAM; n = 2) approximation solution u10 (x, t; 2)
of problem (15) at different values of x, t and hoptimal = −1.75.

Figure 5. h-curve for the HAM (q-HAM; n = 5) approximation solution u10 (x, t; 5)
of problem (15) at different values of x, t and hoptimal = −2.15.

Figure 6. h-curve for the HAM (q-HAM; n = 10) approximation solution u10 (x, t; 10)
of problem (15) at different values of x, t and hoptimal = −5.32.
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Figure 7. h-curve for the HAM (q-HAM; n = 20) approximation solution u10 (x, t; 20)
of problem (15) at different values of x, t and hoptimal = −8.73.

Figure 8. h-curve for the HAM (q-HAM; n = 50) approximation solution u10 (x, t; 50)
of problem (15) at different values of x, t and hoptimal = −12.05.

Figure 9. h-curve for the HAM (q-HAM; n = 100) approximation solution u10 (x, t; 100)
of problem (15) at different values of x, t and hoptimal = −19.14.

solving the fractional fornberg-whitham equation ...

355

Figure 10. Comparison between u5 , u7 and u10 of (q-HAM; n = 100 and α = 1)
and exact solution (16) at x = 1 with hoptimal = −12.45, 0 < t ≤ 8.

Figure 10 shows the comparison between u5 , u7 and u10 using different values
of n with the exact solution (16). Therefore, based on these present results, we
can say that q-HAM is more effective than HAM and HPM.

Figure 11. Comparison between u5 (α = 0.97, 0.75, 0.55) of (q-HAM; n = 1)
and exact solution (16) at x = 0.5 with hoptimal = −0.97, 0 < t ≤ 1.

We present the numerical results of the series solution of fractional Fornberg–
Whithem equation obtained by oq-HAM. The graphs give clear pictures of the
simple but elegant nature of the method used to solve strongly nonlinear problems
of the fractional type.
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5. Conclusions
An approximate solution of nonlinear time-fractional Fornberg-Whitham equation
was found by using the Oq-homotopy analysis method (q-HAM).The results show
that the convergence region of series solutions obtained by Oq-HAM is increasing
as q is decreased. The comparison of Oq-HAM with the HAM and HPM was made.
It was shown that the convergence of Oq-HAM is faster than the convergence
of HAM and HPM. The results show that the method is powerful and efficient
techniques in finding exact and approximate solutions for equations and also, this
method uses simple computation with acceptable solution.
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