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Introduction

In order to deal with many complicated problems in the fields of engineering, economics,
social science, medical science involving uncertainties, classical methods are found to
be inadequate in recent times. Molodstov [15] pointed out that the important existing
theories viz. probability theory, fuzzy set theory, intuitionistic fuzzy set theory, rough
set theory etc, which can be considered as mathematical tools for dealing with uncer-
tainties, have their own difficulties. He further pointed out that the reason for these
difficulties, is possibly the inadequacy parametrization tool of the theory. Molodtsov in
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1999 introduced the fundamental concept of a soft set which provides a natural frame-
work for generalizing several basic notions of algebra. Many related concepts with soft
sets, especially soft sets operations, have also undergone tremendous studies. Maji et
al. [16] presented some definitions on soft sets and based on the analysis of several
operations on soft sets Ali et al. [7] introduced several new algebraic operations on soft
sets. Cagman and Enginoglu [3] developed the uni-int decision making method in virtue
of soft sets Feng et al. [5] investigated soft semirings by using soft set theory. Aktas and
Cagman [1] defined the notion of soft groups and derived some related properties. This
initiated an important research direction concerning algebraic properties of soft sets in
miscellaneous kinds of algebras such as BCK/BCl-algebras, d-algebras, semirings, rings,
Lie algebras and K-algebras.Feng and Li [6] ascertained the relationship among five dif-
ferent types of soft subsets and considered the free soft algebras associated with soft
product operations. It has been shown that soft sets have some nonclassical algebraic
properties which are distinct from those of crisp sets or fuzzy sets. Zhan et al. [19],
worked on soft ideals of BL-algebras. Atagun and Sezgin [2] defined the concept of soft
subrings and ideals of a ring, soft subfields of a field and soft sub modules of a module
and studied the related properties with respect soft set operations. Jun et al. [10] gave
the concept of soft BCK/BClI-algebras. Further, Jun discussed the applications of soft
sets in ideal theory of BCK/BCl-algebras and in d-algebras respectively. The theory of
soft sets have many applications in different fields of learning such as medical sciences,
engineering, economics, computer sciences, artificial intelligence and mathematics etc.

Recently, combining cubic sets and soft sets the first author with Al-roqi [13] in-
troduced the notions of (external, internal) cubic soft sets, P-cubic (resp., R-cubic) soft
subsets, R-union (resp., R-intersection, P-union and P-intersection) of cubic soft sets
and the complement of a cubic soft set. They investigated several related properties
and applied the notion of cubic soft sets to BCK/BCI-algebras. The theory of soft sets
introduced in [9], attracted several mathematicians. This theory have been done by
many researchers in algebra. In this paper, we applied the theory of cubic soft sets to
the ideal theory of AG-groupoid and introduced the concept of generalized cubic soft
sets to study the structural properties of non-associative algebraic structure.

The idea of generalization of a commutative semigroup (which we call the left
almost semigroup) was introduced by M. A Kazim and M. Naseeruddin in 1972 [11].

A groupoid (G, ) is called an AG-groupoid (Abel-Grassmann’s Groupoid) if it sa-
tisfies the left invertive law that is (ab)c = (c¢b)a, V a,b, ¢ € G. In an AG-groupoid medial
law (ab)(cd) = (ac)(bd), holds V a,b,c,d € G [11]. An AG-groupoid G with left identity
satisfies the paramedial law (ab)(cd) = (db)(ca), ¥V a,b,c,d € G. If an AG-groupoid G
which contains left identity. Then, a(bc) = b(ac), Va, b, c € G holds.

In this paper, first we remind some basic definitions about ordered AG-groupoids,
cubic sets, (€, 42),€(1,72) \/q(5~1762))—cubic sets, (€3 72),€G1,m2) \/q(6~1762))—cubic sets
intersection, product and cubic characteristic function. Then, cubic soft sets,
(€G172), €EG12) \/q(gl’(b))-cubic soft sets (€(5,,42), €Fnm2) \/q(gl’&))—cubic soft ordered
AG-groupoid, (€, 4.),€ G ,72) \/q(gl’ég))—cubic soft left (resp., right, bi-) ideals in or-
dered AG-groupoid are defined and studied with respect to cubic soft sets operations
and obtained some interesting new results. Moreover, we give some characterizations
of intra-regular ordered AG-groupoids using the properties of (€5, ,), €3, 12) Vg, 52))‘
cubic soft ideals.
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Preliminaries notes

In this section, we define some basic definitions that are required for next sections.
An ordered AG-groupoid (po-AG-groupoid) is a structure (G,-, <) in which the
following conditions hold [12]:

(i) (G,-) is an AG-groupoid.
(ii) (G, <) is a poset.

(iii) Va,b,z € G, a<b= ar <bxr (va < xb).

Example 1 Let G = {a,b,c} be an ordered AG-groupoid with the following multipli-
cation table and two different orders below:

(1)

(2) <= {(a,a), (b,0),(c,¢),(a,¢),(a; )}

An ordered AG-groupoid is the generalization of an ordered semigroup. If an
ordered AG-groupoid has a right identity, then it becomes an ordered semigroup.
Let A be a non-empty subset of an ordered AG-groupoid G, then

(A]={teg|t<a, forsomea c A}.

For A = {a}, we usually written as (a] .

Now, we recall the concept of interval valued fuzzy sets.

By an interval number, we mean a closed subinterval T = [z, 2"] of the closed
interval I = [0,1] ,where 0 < 2~ < 2t < 1. Let D[0,1] denote the family of all closed
subintervals of [0, 1], i.e.,

D[0,1]={z=[z",2"]: 2~ <at, forall 2™, 2" €[0,1]},

where the elements in D[0,1] are called the interval numbers on [0, 1], 0 = [0,0] and
1 =[1,1]. For any two elements in D [0, 1], the redefined minimum and redefined maxi-
mum, respectively, denoted by rmin and rmax, and the symbols ”"=<"">""=" are

defined. We consider two elements T = [z, 2] and § = [y, y "] in D[0,1]. Then

T = yifandonlyif 2~ >y~ and 27 > y*

z = yifandonlyifz” <y and 2t <yT

T = yifandonlyifz” =y and 2t =yT
rmin{z,y} = min{z ",y },min{z" y"}

rmax{Z,y} = max{z ,y }, max{zt yt}.
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Let z; € D[0,1], where i € A. We define

rinfz; = [inf x; ,inf :cﬂl and rsupz; = [sup x; ,sup a:ﬂ

ic€A €A N €N

Let A be a non-empty set. A cubic set jix on A is defined as

fix={{a [ux(a), fix(a)]) :a € A},

where ,uX( ) < uk(a), for all a € A. Then the ordinary fuzzy sets uy (a) : A — [0,1] and
I X( a): A—0,1] are called a lower fuzzy sets and upper fuzzy sets of pix respectively.
Let fix(a) = [ux(a), fix(a)] then

X ={{a,pix(a)) : a € A}, where ux : A — D[0,1].

For rest of the study, let us use the symbols A = (31,72) and p = (51,52) to avoid
symbols complications.

(€x, €1 V@, )-cubic sets

Jun et al. [8] introduced the concept of cubic sets defined on a non-empty set A as
objects having the form

== {<a, \ng(a),¢5(a)> ta € A} ,

which is briefly denoted by E = <\TJE, ¢>E> , where the function U= : A — DJ0,1] and
(255 A — [0, 1]

Let = = <\TJE, ¢5> and f = <\T/F, ¢F> be two cubic sets of an ordered AG-groupoid
g. Then

ENF = {<a,rmin{\ig(a),\flp(a)},max{¢5(a),¢p(a)}>:aeg},
=or = {{(#z0) (a).(9=06/) (@) :a G},

where

~ o~ r sup{r min \TJ:b,\TJ c if a <bc
(it ) = {7221 {T=(0), 9/ (0)}
[0,0] otherwise

r[rlr%ibré{max{qﬁg(b), or(e)}} ifa<bc

1 otherwise

(pz o0 ¢r)(a) = {

Let C(G) denote the family of all cubic sets in G. Then, it becomes an ordered AG-
groupoid. Let & € D(0,1] and 3 € [0,1) be such that 0 < @ and $ < 1. Then by cubic
point (C'P) we mean x5 )(y) = (va(y), v5(y)), where

o ifz<y
ra(y) = { 0  otherwise.
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otherwise.

xﬁ(y)z{f o<y

For any cubic set = = <\Il5, ¢5> and for a cubic point x(g gy, with the condition that
[a, B] + [, B] = [2a, 2] such that 0 < 2a < 1 and 283 < 1, we have

(i) 2(a,p €x 2 if U=(2) = & = 71 and ¢=(z) < 6 < 7.
(i) (5,822 if U=(z) + & = 26, and ¢=(z) + 3 < 20,.
(i) z(g,8) €x V@2 if 25,3 €x Z or 2(5,3)quE-

(iv) @) €x NE if 25 ,6) €x 2 and 25 3)quE-

Definition 1 Let G be an ordered AG-groupoid. Then, the cubic characteristic func-
tion B
X;\lz - <\IJX;\LZ’ ¢sz>

of ¥ = <{f12, ¢g> is defined as

= 6 =[1,1] ifaex 5p=0 ifaey
> ’ <
qj%(a)_{ F1=10,0] ifag¢y and ¢ng(a)_{ y=1ifag¢y

where glﬁl € D(0,1] such that 73 < 51 and 92,72 € [0,1) such that dy < 7s.

Now, we define a new relation on C(G) denoted by C Vq(y ,)follow:
Let ¥ = <\Tlg, ¢g> ,Q = <\T/Q, ¢Q> € C(G), by X C Vq(y,,,)Q2 we mean that a(y g) €x

¥ implies that a(g gy €x Vg2 for alla € G. Moreover, ¥ and 2 are said to be (), u)-equal
if ¥ C Vg, and Q C Vg, 2. The above definitions can be found in [14].

Lemma 1 [14] Let ¥ = <{IV’E,¢Z> ,Q = <{IVJQ,¢Q> be the cubic subsets of C(G). Then,

X C Vg if and only if

rmax{‘ig(a),%} > r min {\ig(a),gl} and min {¢pq(a),v2} < max{px(a),do}
for all a € G.

Lemma 2 [14] Let ¥ = <E’z,¢z>, Q = <\T/Q7¢Q>7 IT = <‘T/H7¢H> € C9). If
2 C Vg and Q@ C Vg I, then, 3 C Vg 1L

b

From Lemmas 1 and 2 we say that ” = is an equivalence relation on C(G).
Y (Am)

Lemma 3 Let ¥ = <\ng,¢g>and Q= <{IVJQ,¢Q> € C(G). Then, we have
(1) ¥ CQ if and only if Xi C \/Q(,\yu)/\,’)’fﬂ.
(i) X{s N Xg =00 Xmna)-
(iff) Ay © Xg =0\ Xyzar

Proof. It is simple. m
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Cubic soft sets

Molodtsov et al. [15], Maji et al. [16] and Muhiuddin et al. [13], introduced soft set
theory which provided new definitions and various results on soft set theory.

We introduced the concept of an (€, €y Vg, )-cubic soft set which is actually the
generalization of soft set.

Definition 2 [13] Let U be an initial universal set and E be set of parameters under
consideration. Let CY denotes the set all cubic sets of U. Let A C E. A pair (a, A) is
called cubic soft set over U, where « is a mapping given by o : A — CY.

Note that the the pair (a, A) can be expressed as the following set:

(a, A) :={afe) : e € A}, where a(e) = <\Tla(e), ¢a(e)> :

In general, for every e € A, «a(e) is a cubic set of U and it is called cubic value set of
parameter e. The set of all cubic soft sets over U with parameters from FE is called cubic
soft class and is denoted by F,(U, E).

Definition 3 Let (a, A) and (5, B) be two cubic soft sets over U. Then, (a, A) is called
cubic soft set of (3, B) and write (o, A) C (8, B) if

(i) AC B.
(ii) For any e € A, a(e) C S(e).

(v, A) and (3, B) are said to be cubic soft equal and write (o, A)=(3, B) if (o, A)C (5, B)
and (3, B) C (o, A).

Definition 4 The extended union of two cubic soft sets (a, A) and (3, B) over U is
called cubic soft set and is denoted by (w,C), where C = AU B and

a(e), ifeec A-DB,
w(e) =< Ble), ifeec B—A,
ale)Up(e), ifec ANB

for all e € C. This is denoted by (w,C) = (a, A)U(B, B).

Definition 5 The extended intersection of two cubic soft sets («, A) and (3, B) over
U is called cubic soft set and is denoted by (w,C), where C' = AU B and

ale), ifeec A— B,
w(e) =< pBle), ifee B—A,
ale)Nple), ifec ANB

for all e € C. This is denoted by (w,C) = (o, A)N(B3, B).

Definition 6 Let (o, A) and (3, B) be two cubic soft sets over U such that AN B # .
The restricted union of («, A) and (3, B) is defined to be cubic soft set (w, C'), where C' =
AN B and w(e) = a(e) U F(e) for all e € C. This is denoted by (w,C) = (a, A) U (3, B).
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Definition 7 Let (o, A) and (3, B) be two cubic soft sets over U such that AN B # .
The restricted intersection of (o, A) and (3, B) is defined to be cubic soft set (w,C),
where C = AN B and w(e) = a(e) N G(e) for all e € C. This is denoted by (w,C) =
(o, A) N (B, B).

Definition 8 Let V' C U. A cubic soft set («, A) over U is said to be relative whole(\, p)-
cubic soft set (with respect to universe set V' and parameter set A), denoted by 3(V, A), if

a(e) = f{V for all e € A.

Definition 9 Let (a, A) and (3, B) be two cubic soft sets over U. We say that (a, A)
is an (A, p1)-cubic soft subset of (3, B) and write (o, A) C(y ) (8, B) if

(i) ACB.
(ii) For any e € A, a(e) C Vg 6(e).

(o, A) and (B, B) are said to be (A, u)-cubic soft equal and write (o, A) <y ) (8, B) if

<Oé,A> C()\,,u) <ﬁa B> and <ﬁa B> () <a7A>'
The product of two cubic soft sets (a, A) and (3, B) over an ordered .AG-groupoid
G, denoted by (oo 3,C), where C = AU B and

a(e), ifee A— B,
(aop)(e) = { B(e), ifee B— A,
a(e)ofe),, ifee ANB,

for all e € C. This is denoted by (a0 3,C) = (a, A) ® (a, B).

(€x, €x Vg, )-cubic soft ideals over an ordered AG-groupoid

Here, we introduce the concepts of (€, €\ Vg, )-cubic soft left (resp., right) ideals
and (€,, €x Vq,)-cubic soft bi-ideals over an ordered AG-groupoid G and inves-
tigate the fundamental properties and relationship.of (€, €5 Vg, )-cubic soft sets
and (€y, €5 Vg, )-cubic soft ideals.

Definition 10 A cubic soft set (a, A) over an ordered AG-groupoid G is called
an (€, €, Vg, )-cubic soft AG-subgroupoid over G if it satisfies:

(1) }vf y~§ z, then xg, ) €x afe) = Y@t €N Vguo(e) for all z,y € G, e € A,
t1,01,71 € D(0,1] such that 7, < 01 and ¢y, dg, 2 € [0,1) such that ds < 7.

(2) (@, A) © (, A) Ciap (@, A).

Definition 11 A cubic soft set (o, A) over an ordered AG-groupoid G is called
an (€, € Vg, )-cubic soft left (resp., right) ideal over G if it satisfies:

(1) If y < @, then zg, ,,) €x ale) = yg,4,) €x Vauale) for all z,y € G, e € A,
1,01, 7 € D(0,1] such that 71 < §; and t9, d2, 72 € [0, 1) such that dy < 7s.

(2) Z<Q7A) © (O@A> Canw <O‘7A> (<a>A> © Z(Q,A) Cw) <057A>) :
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A cubic soft set («, A) over an ordered AG-groupoid G is called an (€, €,
Vg, )-cubic soft ideal over G if it is both an (€, €\ Vg, )-cubic soft left ideal and
an (€, € Vg, )-cubic soft right ideal over G.

Definition 12 A cubic soft set (a, A) over an ordered AG-groupoid G is called
an (€, €\ Vg, )-cubic soft bi-ideal over G if it satisfies:

(1) If y <z, then zg, 4,y €x ale ):>y(t1t2) € Vgua(e) for all z,y € G, e € A,
t1,517% € D(0,1] such that 77 < 5, and to, 02,72 € [0, 1) such that dy < 7s.

(2) <a>A> © (Oz,A> Cam) <O‘7A>'
(3) {a, A) ©32(G,4) © {a, A) Ci (v, A).

Definition 13 A cubic soft set («, A) over an ordered AG-groupoid G is called
(€x, €x Vg,)-cubic soft AG-subgroupoid over G if for all a,b € G, e € A,

th, 12, 01,71 € D(0,1] such that such that 3; < gl and s1, S2,02,72 € [0,1) such
that d2 < 79, the following conditions holds:

(i) If a <band ag, 4, €x ale) = ag, 4 €x Vquale)
(11) a(fl,sl) € Oé<€) and b(?g,SQ) € O{(@) = (ab)(rmin{fl,fg},max{sl,SQ}) S\ \/qua(e).

Theorem 1 Let (o, A) be a cubic soft set over an ordered AG-groupoid G with
left identity. Then, (a, A) is an (€,, € \/qu) cubic soft AG-subgroupoid over G

if and only if for all a,b € G, e € A, (51 71 € D(0,1] such that 7 < 51, and
92,72 € [0,1) such that o < o, the followmg conditions holds:

(1) rmax{cffa(e)( )7} = rmln{\lf (b)), (51} nd
min{dae)(a), 12} < max{pa(e)(b), 62} with a < b.

(2) rmax{{fla(e)(ab),%} - rmln{\IJ y(a ),\Ifa () (D), gl} and
min{¢a(e)<ab)772} < max{¢a(6)( ) (b)7 2}

Proof. (i) = (1) Assume that a,b € G, e € A,tNl,glﬁl € D(0,1],t3,09,72 € [0,1)
such that rmax{\ﬁffa(e)(a),%} < 1, < rmin {\IJ (D), (51} and min{dq(e)(a), v2}
> ty > max{da((b),d2}, then {Ivla(e)(a) <L =<5 = U o) (@) + 1 < 20, and
bate)(a) > to 2~ Yo = qﬁg(e)(a) +ty > 20y, that is (a)g, 4, €x Vgua(e). On the
other hand, if Wy (e)(0) = t1 = 71 and @ae)(b) < ta < 72, then (b)g, 4,y €x Vguale)
but (a) g 1,)€Ex Vgua(e). This is a contradiction to the hypothesis. Hence,
rmax{\ffa(e)(a),%}tr min{\fla(e)(b),gl} and min{ga(e)(a), v2} < max{pa(e)(b), d2}.

(1) = (i) Assume that a,b € G, e € A,%Vl,gl,% € D(0,1],t9,09,7 € [0,1) and
(b)(t~17t2) €x Vgua(e), then by definition Wy (b) = t > Y1 and @ae)(b) <t < 7.
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NOW7 by (1)7 Tmax{fl}a(e%a)’fil} = Tmin{{l\}a(E)(b)»gl} = min{;lygl} and

min{¢a(e)(a>7 72} < maX{¢a(e)<b>7 52} < min{t% 62}
We have to consider two cases here.

Case (a). If t < 51 and ¢y > 0, then \Tfa(e)(a) > 1, > ¥ and bate)(a) <ty < 2.
This implies that (a) g, ,,) €x Vaua(e).

Case (b). t - gl and ty < do, then \ia(e)(a) + 1 = 251 and Pu(e)(a) +ta < 20,.
This implies that (a)g, ,,) €x Vaua(e).

Hence, from both cases we can write (a)g, ;,) €x Vgua(e).

(ii) = (2) Let {(«r, A) be a cubic soft set over an ordered AG-groupoid G which is
an (€y, €x Vg,)-cubic soft AG-subgroupoid over G. Let a,b € G, e € A t1,61,7% €
D(0,1], tg, 09,772 € [0, 1) such that

r max {\Ifa(e)(ab), %} <1, < rmin {\Tla(e)(a), \Tfa(e)(b), gl}

and
min{¢o¢(e) (Cbb), 72} > 1o Z max{¢a(e) (a)7 ¢a(e) (b), 52}
Then
T max {\I’a(e)(ab)a 71} = %vl = \Ija(e) (ab) = %vl = ;yl
and

min{gba(e)(ab), ”)/2} >ty = (ba(e)(ab) > 19 > Yo
Thus (ab) 7, 1,)€x Vgua(e). On the other hand, if

t; < rmin {‘Ila(e)(a), o) (D), 51}
and
o > max{¢a(e) (CI,), ¢a(e)(b)> 52}

we have

\Iloz(e) (CL) = %Vl -~ 7}717 \Iloz(e) (b) = a -~ % and ¢a(e) (CL) <ty < 25 gba(e) (b) <ty < V2-

Then (a) g, 1,) €x ale) and (D), 4,) €x ale) but (ab) g, 1, Ex Vaua(e).
This is a contradiction to the hypothesis. Hence,

7 max {\Tfa(e) (ab), %} > rmin {E’a(e) (a), \T/a(e)(b), gl}

and

min{gae)(ab), 12} < max{Pa(e)(a), Pa(e)(b), o2}
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2) = (ii) Let there exist a € G, e € A,t,t; € D(0,1],s,5 € [9,1) such that
(a)zs) €x a(e),b € G such that (b) g 5,y €x a(e). This implies that U ooy (@) =71,
Pafe)(a) < 5 <72 and Wo(e)(b) = £1 > A1, Pa(e) (b) < 51 < 72. So

7 max {\I/a(e) (ab), %} > rmin {\Ifa(e) (@), Yare) (D), gl} - min{{ftv7 a}, gl}
and

min{ga(e)(ab), 72} < max{ga(e)(a), Pa(e)(b), 02} < max{{s, s1},da}.
Now, we have the following cases:

Case (a). If 7 min{t,#;} < 0; and max{s, s;} > &, then {Ivla(e)(ab) = rmin{t,t;} >~
71 and Pu(e)(ab) < max{s,s;} < 7. This implies that (ab)(rmm{{,?l},max{{s,sl}) €

ale).

Case (b). If rmin{t,#;} > 0; and max{s, s;} < ds, then {Ivfa(e)(ab)—l—r min{t, 1, } >~
201 and Po(e) (ab)+max{{s, s1} < 2d5. This implies that (ab) . yin(77,}.max{s.s:}) L (€)-

From both cases we get (ab) ;. yin(7, 7} max{s1,s1) € Vaua(e). Hence, (o, A) is
n (€,, €x Vg, )-cubic soft AG-subgroupoid over G. .

Example 2 Let G = {a,b,c} be an an ordered .AG-groupoid with the multiplica-
tion table and order given below:

~‘abc
ala a a
a a ¢
a a a

<:={(a,a), (b,b), (c,c), (a,c),(a,b)

For A = {ej,es,e5} C F, the cubic soft set (a, A) = {a(e1), ales), aes)} over G
is defined as follows.

ale;) = {(a,[0.2,0.3),0.1), (b, [0.3,0.4),0.2), (¢, [0.4,0.5),0.3) },
ales) = {(a,[0.15,0.16),0.2), (b, [0.16,0.18),0.3), (¢, [0.18,0.2),0.3)},
ales) = {(a,[0.1,0.12),0.1), (b, [0.12,0.14),0.2), (c, [0.14,0.16),0.2) },

such that 3; = [0.1,.18) < &; = [0.3,0.4) and J, = 0.3 < 75 = 0.4. Then it is
easy to verify that (o, A) is an (€(j0.1,.18),0.4), €([0.1,.18),04) V((0.3,0.4),0.3))-Cubic soft
AG-subgroupoid over G.

Definition 14 A cubic soft set (a, A) over an ordered AG-groupoid G is called
(€x, €x Vgu)-cubic soft left (resp., right) ideal over G if for all a,b € G, e € A4,
751,51,71 € D(0,1] such that 7; < 5and $1,09,72 € [0,1) such that dy < 79, the
following conditions holds:
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(i) Ifa <bandbg, ;) €x ale) = (a)g s) Ex Vauale).

(i) I g, 5) €x ale) = (ab)g, 5) €x Vaua(e) (ag, ) Ex ale)

t1,81

= (ab) g, 5,) €x Vqua(e)).

t1,51

Theorem 2 A cubic soft set («, A) over an ordered AG-groupoid G is called
(€x, €x Vau)-cubic soft left(resp., right) ideal if and only if for all a,b € G,e € A,
’51,%,6 D(0,1] such that 7, < gl, and 09,779 € [0,1) such that o5 < 7o, the
following conditions holds:

(1) rmax {\Tla(e)(a), %} = rmin {‘Ila(e)(b), gl} and
min{dae)(a), 12} < max{pa(e)(b), 62} with a < b.

(2) rmax {\T/a(e)(ab), %} >~ rmin {‘ia(e)(b), gl} and
min{@a(e)(ab), 12} < max{@a(e)(b), o2}

(resp., 7 max {\Ifa(e) (ab), %} > r min {\Ifa(e)(a), 51} and
min{gage)(ah), 72} < max{dac) (), 62})

Proof. (i) < (1) It is the same as in Theorem 1.

(ii) = (2) Assume that a,b € G, e € A1, 60,7 € D(0,1],t2,02,72 € [0,1) such
that rmax{\ffa(e)(ab),%} <t < Tmin{\ffa(e)(b),gl} and min{gq)(ab), v2} >
ty > max{da()(b), o2}, then rmax{‘i}a(e)(ab),%} <1 = \ia(e)(ab) <t =< "
and @a(e)(ab) >ty = Pa(e)(ab) > t2 > 4. This implies that (ab)g, ,, €x Vguale).
On the other hand, if r min {\Tla(e)(b), 51} =t and max{Pa(e)(b), 62} < to < 72,
this implies that (b)g, ,,) €x Vauale), but (ab)g, 4, €x Vgua(e) is a contradiction.
Hence, rmax {\ia(e)(ab)ﬁl} > rmin {\Tla(e)(b),gl} and min{ga(ab),7.} <
max{¢a(e) (b); 02}
(2) = (i) Assume that a,b € G, e € A,#1,0,71 € D(0,1],2,05,7 € [0,1)
such that by, .y €x a(e), then by definition we can write Wo()(a) = &1 = 7
and @q(e)(a) <ty < 7o, therefore r max {E’a(e) (ab)ﬁl} > rmin {\T/a(e)(b),gl} -
min{a,gl} and min{gqae)(ab), 72} < max{da()(h), d2} < {t2, 62}

We have to consider two cases here.
Case (a). Iff; < 6, and ty > 0y, then Wy (ab) = 11 > 7; and u(ey(ab) < ty < 7.
This implies that (ab) g ,,) €x Vaua(e).
Case (b). T, = 0, and ty < 02, then @a(e)(ab) + 7, = 20, and Dafe)(ab) +ta < 205.
This implies that (ab) g, ,,) €x Vaual(e).

Hence, from both cases we can write (ab)g, ,,) €x Vgua(e).
The other case can be seen in a similar way. n
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A cubic soft set (o, A) over an ordered AG-groupoid G is called an (€, €5 Vq,)-
cubic soft ideal over G, if it is both (€, €5 Vg, )-cubic soft left and an (€, €5 Vq,)-
cubic soft right over G.

Example 3 Let G = {a,b,c} be an ordered AG-groupoid with the multiplication
table and order given below:

. ‘ a b c
ala a a
bla a c
cla b a
SZ: {(CL, a)a (b7 b)a (Ca C)> ((l, C)’ (CL, b)

For A = {ej,es,e3} C E, the cubic soft set (
is defined as follows.

A) = {a(er),ales), a(es)} over G

L

ale)) = {{a,]0.2,0.3),0.1),(b,[0.3,0.4),0.2), {c,[0.4,0.5),0.3)} ,
ales) = {{a,[0.2,0.15),0.1), (b, [0.15,0.18),0.3), (c, [0.18,0.2),0.4)},
ales) = {{a,[0.1,0.15),0.2), (b, [0.15,0.20),0.3), (c, [0.20,0.25), 0.3)},

such that 3, = [0.1,.18) < &; = [0.19,0.2) and &, = 0.53 < 7, = 0.54. Then it
is easy to varify that (a, A) is an (€((.1,.18),0.54), €([0.1,.18),0.54) V([0.19,0.2),0.53) )-Cubic
soft ideal over G.

Lemma 4 Let (a, A) be a cubic soft set over an ordered AG-groupoid G, lete € A,
(51 71, € D(0, 1] such that 7, < 51, and 02,79 € [0, 1) such that 05 < 74, then (o, A)
is an (€x, €x Vq,) cubic soft left (resp., right) over G if and only if (o, A) satisfies
the following conditions.
(1) a < b= rmax {\T/a(e)(a),%} = rmin {\Tla(e)(b), gl} and min{ @y (e)(a), 2} <
maX{(ba(e) (b)a 52}7 vaa beg.

(2) (G, 4) © (a1, A) € Ve A) (resp., (@, A) © (G, A) C Ve (a, A))
Proof. The proof is straightforward. .

Definition 15 A cubic soft set (a, A) over an ordered AG- groupmd G is called an
(€x, €x Vg, )-cubic soft ideal over G if for a,b,c € G, e € A, t tg,dl,’yl, € D(0,1]

such that 7; < 5, and S1,82,02,72 € [0,1) such that dy < =9, the following
conditions holds:

(i) If a <band b, ,,) €x ale) = (a)g,5,) Ex Vaua(e).

(11) If a(fl,sl) € Oé( ) and b tg $2) EA (1/(6) = (ab)(rmin{fl,fg},max{sl,SQ}) € \/qua(e)~

(iti) If ag, ,,) €x ale) and cg, .,y €x ale) = ((ab)c)
Vauo(e).

€

(r min{t1,t2},max{s1,s2})
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Theorem 3 A cubic soft set {(a, A) over an ordered AG- gmupozd G 1is called an
(€x, €AVq,)-cubic soft bi-ideal over G if for a,b,c € G, e € A, 4 tg,él,’yl € D(0,1]

such that 7, < 51 and s1,S2,02,72 € [0,1) such that 62 < 7o, the following condi-
tions holds:

(1) rmax{\ffa(e)(a),%} >~ rmin {\If (), 51} nd
min{ae)(a), 12} < max{Pa(e)(b), 02} with a <b.

(2) rmax {{Ivfa(e)(ab), %} > rmin {{Ivla(e) (a), {Iv/a(e)(b), 31} and
min{¢a(e)<ab)v ’72} < max{¢a(e) (CL), ¢a(e) (b)7 52}

(3) rmax {\T/a(e)((ab)c), %} > rmin {\Tla(e)(a), \Tla(e)(c), 31} and
min{¢a(e)((ab)c)v 72} < maX{¢o¢(e) (a), Qba(e)(c)a 52}

Proof. (i) & (1) It is the same as in Theorem 1.

(i) < (2) It is the same as in Theorem 1.

(iii) < (3) Assume that (a, A) is an (€, €, un) cubic soft bi-ideal over an or-
dered AG-groupoid G. Let a,b,c € G, e € A, tl,él,”yl € D(0,1],t3,09,72 € [0,1)
such that rmax{\ll y((ab)c), 'yl} <t = rmm{\IJ (o (a ),\If (), (51} and

min{¢qe)((ab)c),v2} > ta > max{da(e)(a), da(e)(c), d2}. Then,
rmax{\ia(e)((ab)c)ﬁl} <7 = Uau((ab)e) <1, <7 and
min{gae)((ab)c),v2} > ta = @ae)((ab)c) >ty > va.

Thus ((ab)c )t1 t2) €A €\ Vg, ale).
On the other hand, if

%“1 = rmin {\Ijoa(e) (CL), \I]oa(e) (C)a gl} and to > max{gba(e)(a)’ gba(e) (C), 52}7

then we have

\Ija(e)(a> - ’tvl > 3717 \,Ija(e)(c) = ?1 >~ ;)71 and Qba(e) (a> < t2 < Y9, ¢a (e) (C) < t2 <72

This implies that (a) g, ,,) €x a(e) and (¢), +,) €x a(e), but ((ab)c)g, 4, Ex Vaua(e).
This is a contradiction to the hypothesis. Hence,

r max {\I/a(e)((ab)c), %} > rmin {\T/a(e)(a), \Tia(e)(c), gl} and
min{ @q(e)((ab)c), 72} < max{da(e)(a), da(e(c), 2}

(2) = (ii) Let there exist a,b,c € G, e € A, t,t; € D(0,1], 5,5, € [0,1) such that
a)zs) €x a(e), b€ such that (¢), i) €x a(e). This implies that Wo(e(a) = t >,

(
¢a(e) (CZ) <s< Y2 and \Ija(e) (C) = ’{1 - ;\y/la ¢a(e) (C) <51 < V2. So

r max {\Afla(e)((ab)c), %} > rmin {@a(e) (a), @a(e)(b), gl} > rmin{{Z,#;},6;} and
0 Gt ((ab)e), 12} < max{Batey (@), bacer (1), 2} < mavx{ {51}, .
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Now, we have the following cases:

Case (a). If r min{t, {; }=6; and max{s, s, }>0,, then {Iv/a(e) ((ab)e)=rmin{t, t; }>=%

and Pa(e) ((ab)c) < max{s, s1}<v2. This implies that ((ab)c) . min(7 7, }.max{{s,s ) Er (€)-

Case (b). If r min{Z, ¢, }>6; and max{s, s, }<d, then \Tla(e ((ab)c)+r min{t, {; }-26,

and ¢a(e) ((ab)c)+max{{s, s1} < 2d5. This implies that (ad) , win(77},max{s,s1 e (€)-
From both cases we get ((ab)C) , min(7, 7 }.max{s: s2}) EAVau(€) foralla,b,c € G. w

Example 4 Let G = {0,1,2,3} be an ordered AG-groupoid with multiplication
table and order given below.

W N = O

S O O OO
S O OOl
_— O O O
N = O O Ww

={(0,0),(1,1),(2,2),(3,3),(0,1)}
For A = {ej, ez, €e3,e4} C E, the cubic soft set (a, A) = {a(er), a(e2), ales), ales)}
over G is defined as follows.

aler)=1{(0,]0.2,0.3),0.1), (1,[0.3,0.4),0.2), (2, [0.4,0.5), 0.3), (3, [0.6.0.8), 0.5)},
ales)=1(0.[0.2,0.15),0.1), (1, [0.15,0.18),0.3), (2, [0.18,0.2), 0.4), (3, [0.2.0.28), 0.4)}
a(es)={(0,[0.1,0.15),0.2), (1, [0.15,0.20), 0.3), (2, [0.20, 0.25), 0.3}, (3, [0.25.0.28), 0.5) },
ales)=1(0.[0.1,0.2).0.5), (1, [0.2,0.25),0.7), (2, [0.25,0.3), 0.9, (3, [0.3, 0.35), 0.9) }

such that 3, = [0.1,.18) < &, = [0.19,0.2) and dy = 0.53 < 75 = 0.54. Then it
is easy to verify that (o, A) is an (€j0.1,.18),0.54),€(0.1,.18),0.54) V(0.19,0.2),0.53) )-Cubic
soft bi-ideal over G.

Theorem 4 Let A be a non-empty subset of an ordered AG-groupoid G, then
for (€x, €\ Vq,)-cubic soft left (resp., right) ideal the following conditions are
equivalent.

(1) (a) >(G, A) © (a, A) Cp (a, A) (resp., (o, A) © 32(G, A) C (@, A)) -
(b) If y < x, then T3 t0) €A ale) = Yt €x Vo a(e) for all z,y € G,
e € A, t1,51,71 € D(0,1] such that 7, < 51 and tg, 02,72 € [0,1) such
that 52 < 7Ya.
(2) z@p) €xale) = (yz)@,p €x ale).
(3) (a) rmax {\Tla(e)( } - rmm{ (51} and
min{@ae)(a), y2} < max{ga(e)(b), 52} with a < b.
(b) rmax {E’a(e) (ab),%} > r min {\Tfa(e)(b),gl} and
min{¢a(e) (ab)a 72} < max{gboz(e) (b), 52}
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Proof. It is straightforward. .

Lemma 5 Let ¢ # A C G, then A is a left (resp., right, bi-) ideal of G if and
only if the cubic characteristic function X\, = <(IVJX§A,¢X;A> of A = <\T1A,¢A>

is an (€x, €x Vq,)-cubic left (resp., right, bi-) ideal over G, where 61,7 € D(0, 1]
such that 7, < 01, and da,72 € [0,1) such that s < 7o.

Proof. It is the same as in [14]. .
Let us define the €, Vg,-cubic level set for the cubic set X = <‘Ifg, ¢g> as

Theorem 5 A cubic set ¥ = <CI}2,¢E> is said to be an (€, €x Vq,)-cubic left

(resp., right, bi-) ideal of an ordered AG-groupoid G if and only if ® # [¥] s is
left (resp., right, bi-) ideal of G.

Proof. It is the same as in [14]. n

Theorem 6 Let G be an ordered AG-groupoid and P C G. Then P is left (resp.,
right, bi-) ideal of G if and only if (P, A) is an (€, €x Vq,)-cubic soft left (resp.,
right, bi-) ideal over G for any A C E.

Proof. It follows from Theorem 5. n

Lemma 6 [12] In an ordered AG-groupoid G, the following are true.
() Ac(4,vACG.

(i

i) ACBCG= (A]C(B],VABCQG.
(iii) (A](B]C (AB],VA,BCgG
(iv) (Al =((A]], vACG.

)

(vi) ((A](B]] = (AB],V A,BCG.

Main results
This section contains the main results of the paper.

Definition 16 An element a of an ordered AG-groupoid G is called intra-regular
if there exist z,y € G such that a < (za?)y and G is called intra-regular, if every
element of G is intra-regular or equivalently, A C ((GA?)], for all A C G. In this
section, we discuss the characterizations of intra-regular ordered AG-groupoids.

From now on, G will denote an ordered AG-groupoid unless otherwise speci-
fied.
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Theorem 7 The following conditions are equivalent for G with left identity.
(i) G 1is intra-regular.
(ii) For every left ideal L and bi-ideal B of G, LN B C ((LB]B].

(ili) For an (€x,€1Vq,)-cubic soft left ideal (o, L) and for an (€,€5Vq,)-cubic
soft bi-ideal (3, B) over G, we have (o, L)N{3, B)C V A [, LYO(B, B)]
®(8, B).

Proof. (i) = (iii) Let G be intra-regular, (o, L) be an (€, €\ Vg, )-cubic soft left
ideal and (3, B) be an (€,, €\ Vg,)-cubic soft bi-ideal over G, respectively. Now
let e € LU B and (a, LYN{B, B) = (w, L U B). We consider the following cases.

Case 1. e € L — B. Then w(e) = a(e) = (ao )(e).
Case 2. e € B— L. Then w(e) = (e) = (a0 B)(e).

Case 3. ¢ € LN B. Then w(e) = a(e)NG(e) and (a0 fB)(e) = (ale)oB(e)) o B(e).
Now we show that a(e)NB(e) C Vg u(ale)oB(e))oB(e). Since G is intra-regular,
then for any a € G there exist x,y € G such that

)y = (a(za))y = (y(za))a < (y(z((za*)y)))a = (z(y((a(za)y)))a
= (z(a(za))y?)a = ((a(za))(zy*)a = (((zy*)(za))a)a = (((ay*)z*)a)a
= (((#*y*)a)a)a = (ba)a, where b= (z%y?)a.

a < (za

Thus (ba,a) € A,. Therefore,

7 max {((\I/a(e) o Wpe)) 0 Yge))(a), %}

=rmax |r sup {r min {(\Tfa(e) o @g(e))(ba), \Tfﬁ(e) (a)}} ﬁl]
(ba, a)EAa

> rmax rmm (e) o \Ifﬂ y)(ba), \Ifg(e)( )} ,771}

= rmax |7 min { sup 7“ min {\T/a(e)(ba), \Tlﬁ(e)(a) }} , \Tfﬂ(e)(a)} ,7?1]
(ba,a)€Aq
> rmax |7 min rmln{ z*y?)a), \T/g(e)(a)} ) \ng(e)(a)} ,%}

{

— rmin TrnaX{‘Ifa 23/2)& ), Wiy (a), ¥ <>(a)}’%]
i {
{
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min { ((da(e) © Po()) © D)) (@), 72}

= min _7" (bar%)lgA {maX{ Pa(e) © Ps(e)) (ba), Ps(e) }} ’72]

< min [max{ Dafe) © Pp(e)) (ba), Ps(e)(a) § }
= min |max {r min {max {¢a () (ba), dpe)(a )}} ,(bﬁ(e)(a)} ,’72}

(ba,a)eA,

< min [max {maX {gba(e)((ny )a), Ppe (a)} b3 e)( )} 772]

max [min {¢a<e>(($2y2)a)a Ppe) (@), Bpe) (@) } 2]

= max [min {a(e)((z*y*)a), 72} , min {Cbﬂ(e) ,Y2} , min {Qbﬁ (a),72}]
< max [max {qba (o (a 52} max {qbg 52} max {qbg 52}]

= max { (¢a(e) N Dp(e)) (@), 02 }

Thus, by Lemma 1, (o, L)N{3, B) C \/q(w)[(a,m ©® (8, B)] ® (6, B).

(iii) = (ii) Let L be left ideal and B be bi-ideal of G with left identity, then
by Theorem 6, (L, E) and (B, E) is an (€, €5 Vq,)-cubic soft left ideal and
(€x, €x Vg,)-cubic soft bi-ideal over G, respectively. Now by using assumption we
have (L, E)NX(B, E) Coxp [S(L, E) 0 X(B, E)] 0 S(B, E). By using Lemma 3,
we have XY, =0 XL N XLp €V, (X5, © Xp) © Xlp = X515 © s =(up)
Xl g By Lemma 3, (LN B) C ((LB]BJ.

(ii) = (i) Sine (Ga] is a both left and bi-ideal of G with left identity. Therefore,

€ (Gal N (Ga] = (((Gal(Gall(Ga]] = (((Gal(Ga])((Ga] = (((Ga)(Ga))(Ga)] =
(((GG)(aa))(Ga] C (Ga*)G. Hence, G is intra-regular. -

Theorem 8 The following conditions are equivalent for G with left identity:
(i) G 1is intra-regular.
(i) (o, LY3(B, B)A(w, B) C v, [ L) © (3, BY] © [(, L) © (w, R)), where
(a, L) an (€, €x Vq,)-cubic soft left ideal, (B, R) ia an (€, €x Vq,)-cubic
soft right ideal and (w, B) an (€, €x Vq,)-cubic soft bi-ideal over G.
Proof. (i) = (ii) Let (o, L) an (€5, €x Vq,)-cubic soft left ideal, (3, R) ia an
(€x, €x Vg, )-cubic soft right ideal and (w,B) an (€,, €, Vq,)-cubic soft bi-
ideal over an intra-regular G with left identity. Let a be any element of G,
(o, LYN{w, BYN(B,R) = (§, BULUR). For any e € BU LU R. We consider
the following cases.
Case 1. e € L\(BNR), then a(e) = )owl(e)
Case 2. e € B\(LN R), then B(e) = [(a o ) ow](e).
Case 3. e € R\(L N B), then w(e) = ) ow](e).
Case 4. e € (LN B) N R, then [(a o 8) o w](e) = [a(e) o (e)] o w(e)

B(e)]ola(e) ow(e)].We have to show that a(e) N B(e) Nw(e) C Vg, ,, (ale)oB(
(a(e) o w(e)). Since G is intra-regular, then for any a € G there exist x,y

such that a < (za)y = (a(za))y — y(za) < y(((za®)y) = y(z(a(za))y
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y((a(za))(zy)) = (a(za))(y(wy)) = ((y(zy))(za))a = ba, where b = (y(zy))(za)
and a < (za?)y = (z(aa))y = (a(za))y = (y(za))a = ca. Thus, (c,a) € A, and
(y(za),a) € A,. Since A, # ®, therefore

7 max {(\Tfa(e) o \Tfﬁ(e))(a), ?1}

= rmax [T( sup {7‘ min {\I/a(e)(c), {Iv’ﬁ(e)(a)}} a%]

ca,a)€EAq

> rmax [Tmln{~ ( (z ))7@ ( )}’%}
= rmin [rmaX{N ( (x ))77} rmax{‘llg(e)( ), 71}]
> rmin [rmln{ a(e)( } Tmm{qjﬁ a), 51}]

==“mnﬂﬁmaﬂ@mwm%&}

and

min {7“ min  {max {(¢u(e)(¢), P (a)) } } ’72]

min {((ba(e) © ¢5(e))(a), ’72} (ca,a)€A,

< min [max {gae)(y(za)), dse (a)} ,72]
= max [min {qﬁa () (y(za)), } min {¢B e) 72}]
< max [max {qﬁa(e a) ,52} , max {Qbﬂ (0(a), H

= max {(da() N dp(e)) (@), 02
Thus, by Lemma 1 (o, L)N{3, B) C V., la, L) © (3, B).
Similarly, we can show that (o, L)N{w, R) C Vg, {a, L) © {(w, R). Hence,
(o, LYN(B, B)N(w, R) C Vg, , [{a, L) © (8, B)] © [{ar, L) ® (w, R)].

(ii) = (i) Since G C G with left identity therefore by using Theorem 6 (G, E)
is cubic soft set over G and X is an (€, €x Vg, )-cubic soft right ideal over G.
Therefore,

<O¢, L>ﬁ(5v B) = <a7 L>ﬁ(ﬁ7 B)ﬁX)l\Lg g \/Q(,\,H)KO" L> © (57 B)] © [(ﬁ7 B) © X)l\tg]
C Vg, e, L) © (8, B)]© (8, B).

This implies that (o, L)N(3, B) C Vg, e, L) © (B, B)] © (B, B). Hence, by
Theorem 7, G is intra-regular. u

Lemma 7 The following conditions are equivalent for G with left identity.
(i) G is intra-reqular.

(i) (a, RYN(B, L) = {a, R) ® (B, L),.for an (€,, Ex Vq,)-cubic soft right ideal
(a, R) and for an (€, €\ Vq,)-cubic soft left ideal (3, L) over G, such that
(a, R) is an (€, € Vq,)-cubic soft semiprime.
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Proof. The proof is straightforward. u

Note that every intra-regular AG-groupoid G, with left identity is regular but
the converse is not true in general [18].

Theorem 9 The following conditions are equivalent for G with left identity:
(i) G is intra-reqular.

(it) (o, R)N{w, B)N(B, L) € v, , [{e, R)O(w, B)]©(B, L), for any (€x, €x V)
-cubic soft right ideal (o, R), (€, € un) cubic soft bi-ideal (w, B) and
(€x, €x Vq,)-cubic soft left ideal (3, L) over G.

(iii) (o, R)N{w, B)N(B, L) € Vq,, , [{(w, BYO (o, R)]®(3, L), for any (€x, €x Vq,)
-cubic soft right ideal (o, R), (€x,E€x Vq,)-cubic soft generalized bi-ideal
(w, B) and (€, €x Vq,)-cubic soft left ideal (5, L) over G.

Proof. (i) = (iii) Assume that G is intra-regular with left identity. Let (a, R),
(w, B) and (8, L) be any (€, € Vg,)-cubic soft right ideal, (€, €x Vq,)-cubic
soft bi-ideal and (€,,€) Vg,)-cubic soft left ideal over G, respectively. Let
{a, RY"{w, B)N(B,L) = (K, RUBUL). For any e € RU B U L. We consider the
following cases.

Case 1. e € R\(BN L), then a(e) = [(
Case 2. e € B\(RN L), then g(e) = [(
Case 3. e € L\(RN B), then w(e) = [(aow
Case 4. e € (LNB)NR, then [(aow)of](e) = [a(e)ow(e)]otﬁ( e). Since G is intra-

o
o
&

e
@)

&
~— ~—
(¢]
RSN
—~ o~
@
—_— — ~—

regular, then for any a € G there exist x,, g (ua)a and a <
(za®)y. Now, au < ((za®)y)u = (uy)(za®) = (uz)(ya®)

= ((ywa)(za) = (az)(alyu)) = (aa)(z(yu)) = ((z
(ze)((yu)a))a = ((ae)((yu)z))a. Thus, (((ae)((yu)
d = ((ae)((yu)x)). Therefore

S
m
S
I/\

(*z)(yu) = ((yu)z)(aa)
;t)a = ((z(yu))(ea))a =

) € Agu, Where

I
B
S

r max {((\I/a(e) o Wg(e)) 0 \I/w(e))(a)ﬁl}

=rmax [r sup {r min {(\Tfa(e) o \ng(e))(au), \wa(e)(a)}} ﬁl]

(au, a)GAa

> rmax rmln a(e o \Ifﬁ(e))(au) ‘iw(e)(a)} ,571}

= rmax |r min {7“ sup r min {\Tla(e)(d), {Ivfﬁ(e)(a)}} ; \le(e)(a)} ,%]

d,a)EAau

> rmax _Tmln{rmln{ (d), \Dﬁ( ) (a )} \Tjw(e)(a)} ’%]

= 7 min [rmax{ ae)(( yu)z)), Usie(a), \le(e)(a)} ’%]
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= rmin [r max{\ffa(e) ((ae)((yu)x)), %} T max{‘ig(e) (a), 7 }, 7 max {\wa(e) (a), }]
> rmin [r min {\ia y(a), gl} r min {\ig(e)(a), gl} , 7 min {\iw(e)(a), gl}]

= rmin { (a1 Pa) O Vi) (@), 51 |

and

min{((¢o¢(e O¢B e)) o ¢w 6))(a)’72}
=min |7 min  {max {(¢a(e) © da(e))(a U),%(e)(a)}}ﬁz}

| (au,a)€Aq

< min [_max{ Dale) © Dae))(aU), Pue) (a)} 7’72}
= min max{ min  {max {¢a(e)(d), s (a) } } ,¢w(e)(a)} ,’72}

(d,a)€Aau

< min [max {max { Ga(e)(d), ds(e) (@ )} , buie)(@) } 2]

= max [min {@a(e)((ae)((y ) )) (0)(a), Pu(e) (@ )} 2]

— i {6 (a€) (p))) 22} i {020} i {70}
< max [max {¢a(e)(a), } , max {¢g (e (a ,(52} , Max {qﬁw(e)(a), (52}]

= max {(ba(e) N Pp(e) N Pu(e)) (@), 32} -

Thus, by Lemma 1, (o, RN\ {w, B)N{(3, L) C Vg, [, R) ©(w, B)] © (B, L).

(iii) = (ii) It is straightforward.
(ii) = (i) By using the given assumption, it is easy to show that (o, R) ® (w, B) C
Vg, ., {a, R)N(w, B) and therefore by using Lemma 7, G is intra-regular. .

Theorem 10 The following conditions are equivalent for G with left identity:
(i) G is intra-reqular.
(ii) [{er, A)O(B, B)IN[(B, B)&(ev, A)] 2 Vq,, , (v, AYD(B, B), for any (€1, € Vq,,)
-cubic soft right ideal (o, A) and (€x, €x Vq,)-cubic soft left ideal {3, B)
over G.
(iii) [{a, AYO(B, B)N[(B, B)®{a, A)] D /N (o, AYN(B, BY, for any (€, € Vq,)

-cubic soft right ideal (o, A) and (€x,€x Vq,)-cubic soft bi-ideal (3, B)
over G.

(iv) [(e, A)O(B, B)NLB, B)®(a, A)] 2 Ve, (a, AYN(B, B), for any (€x, €x Vay)
-cubic soft bi-ideal (o, A) and for (€, €\ Vq,)-cubic soft generalized bi-ideal

(8, B) over G.

(v) [e, 4) @ (8, B)NI(B, B) © {a, A)] 2 Vg, ,, (e, A)NB, B), for (€x, €x Va,)-
cubic soft bi-ideals (o, A) and (3, B) over G.

(vi) [(e, A) @ (8, B)NI(B, B) © (o, A)] 2 Vg, ,, (o, A)N(B, B), for (€x, €x Va,)-
cubic soft generalized bi-ideals {« A) (6, ) over G.
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Proof. (i) = (vi) Let (a, A) and (3, B) be an (€, €\ Vg,)-cubic soft gene-
ralized bi-ideals over an intra-regular G with left identity. Let e € AU B and
(a, AYA(8, B) = (w, AU B).

Now, we consider the following cases.

Case 1. ¢ € A — B. Then w(e) = afe) = (a0 B)(e).

Case 2. ¢ € B — A. Then w(e) = A(e) = (a0 B)(e).

Case 3. ¢ € AN B. Then w(e) = a(e) N B(e) and (a0 B)(e) = a(e) o B(e).
We have to show that a(e) o 8(e) 2 Vq,, ,a(e) N G(e).

Since G is intra-regular, then for any a € G there exist z,y,u € G such that
a < (za®)y and a < (au)a. Now

and
y(xa) < y(a((za)y)) = y((za®)(zy)) = (za*)(y(zy)) = (za*)(zy?)
= (w2)(a’y’) = a*(2%y*) = (aa)(a?y?)
((#*y*)a)a = ((«%y*)((za®)y))a

= ((za®)((@*y*)y))a = ((z(2*y*))(a*y))a
= ((y(=*y*)(a’x))a = (a*((y(2*y*))z))a
= ((z(y(=’y*)))a*)a = (a(z(y(z*y?)))a)a
= (av)a, where v = a(x(y(2*y?)))a.

Hence,

a < ((av)a)a.

Hence, ((av)a,a) € A,. Therefore,
r max {(\Tla(e) o \Tlg(e))(a), ?1}

= r max [r sup {r min { (\Tla(e)((av)a), ‘ng(e)(a)> }} ; ?1]

((av)a,a)€Aq

= 7 max [7’ mm{ a(e)((av)a), ‘I’ﬂ(e (a )} ’71]
= rmin [rmax{ a(e)((a@ )a),%},rmax{‘lfﬁ o(a), %}]
> rmin [rmm{ a), 61 ’rmm{qjﬁ 61”

:rmin{(\lfa O\Ifﬁ )(a), }
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and

min {(gba(@) o 9255(@))(@)7 W}

— min |7 ((avglanA {max { (gba (o) ((av) ) }} "2

< min [max { ga(e)((av)a), dge)(a) } 772}

= max [min {qba(e)((cw)a 72} min {¢ﬁ(e) 2 }]
< max [max {¢a(e)(a), 6} , max {dp(e)(a), 6 }|

= max { (¢a(e) N Pp(e)) (a), 02}

This shows that
(o, A) © (B, B) 2 Vg {o, A)N(G, B)

and, similarly, we can show that

(8, B) ® (a, A) D Vg {e, A)N(B, B).

Therefore,
[{, A) © (8, B)A(B, B) © (a, A)] V gy, NS, B).

(vi) = (v) = (iv) = (iii) = (ii) are obvious cases.

(i) = (i) By using (ii), it is casy to show that

(0, A) © (8, B) € Vo (e AN(B, B)

and, therefore, by using Lemma 7, G is intra-regular. n

Conclusion

In this paper, we discuss a new approach to soft set through applications of cubic
set. By combination of cubic set and soft set, we introduce a new mathematical
model which is called cubic soft set. We introduce a new concept of generalized
cubic soft sets and apply it to the ideal theory of ordered AG-groupoids. We
introduce <€(%nz),€(%:72) \/q(gh%))—cubi.c spft left (resp., right, bi-) ideals‘ over
an ordered AG-groupoids and characterize intra-regular ordered AG-groupoids in
te'rms of (6(51772)76'(%772) V45, 5,))-cubic soft sets. In our future resea'rch WO.I"k we
will focgs on considering other types of (‘6(517’72)76(517’72) V45, 5,))-cubic soft ideals
over an intra-regular ordered AG-groupoids.
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