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1. Introduction

The concept of I'-rings was first introduced in 1966 by Barnes [1] which is more a
general concept than that of a ring. After the paper of Barnes, many researchers
were engaged in studying of some special I'-rings. Jun and Lee [6] discussed fuzzy
[-rings, and Jun [5] investigated fuzzy prime ideals of I'-rings. In particular, Dutta
and Chanda [3] studied the structure of fuzzy ideals of a I'-ring. The concept of
[-semirings was then introduced by Rao [15], and some properties of such I'-
semirings have been studied by Sardar et al. [16]. Recently, Ma and Zhan [11]
investigated fuzzy h-ideals in h-hemiregular and h-semisimple I'-hemiring, and
Zhan and Shum [23] discussed fuzzy h-ideals in I'-hemirings.
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The notion of semirings was first introduced by H. S. Vandiver in 1934. In
the 1980’s the theory of semirings contributed to computer science, since the
rapid development of computer science need additional theoretical mathematical
background. We note that the ideals of semirings also play a crucial role in the
structure theory. Although ideals in semirings are useful in their own way, they
do not in general coincide with the role of ideals in a ring. For this reason, the
usage of ideals in semirings was somewhat limited. By a hemiring, we mean a
special semiring with a zero and with a commutative addition. The properties
of h-ideals of hemirings were thoroughly investigated by Torre [17]. By using h-
ideals in hemirings, Torre established the quotient hemirings which are an exact
analog to the ring theory. Recently, Han et al. [4] investigated some characteriza-
tions of semiring orders in a semiring, In 2004, Jun [7] defined the fuzzy h-ideals
in hemirings. Yin and Li [19] introduced the concepts of fuzzy h-bi-ideals and
fuzzy h-quasi-ideals of hemirings. After that, Ma and Zhan [10] introduced the
concepts of (€, €,Vqs)-fuzzy h-bi-ideals (resp., h-quasi-ideals) of a hemiring and
investigated some of their properties. Recently, Ma et al. [8] introduced the con-
cepts of (&€, €,Vqs)-fuzzy h-bi-(h-quasi-)ideals of hemirings. In particular, some
characterizations of the h-intra-hemiregular and h-quasi-hemiregular hemirings
were investigated by these kinds of fuzzy h-ideals. The general properties of fuzzy
h-ideals have been considered by Dudek, Kim, Jun, Ma, Zhan, and others. The
readers refer to [2], [6], [9], [12], [22] in detail.

In 2007, Zhan and Davvaz [21] gave the fuzzy h-ideals with operators in
hemirings and some properties were investigated. Pan [14] gave the concept of
M-T"-hemiring, and established a new fuzzy left h-ideal with operators. The pre-
sent paper is organized as follows. In Section 2, we recall some basic definitions and
properties of M-I'-hemirings and fuzzy sets. In Sections 3 and 4, we introduce
the concepts of M-fuzzy h-interior ideals and prime M-fuzzy h-ideals of M-I'-
hemirings, and we give some related properties. In Section 5, we describe the
characterizations of h-semisimple M-I'-hemirings.

2. Preliminaries

First, we recall some basic notions and results concerning I'-hemirings, M-I'-
hemirings and fuzzy sets (for more details, see [11,23]).

2.1. I'-hemirings
Let S and I' be two commutative additive semigroups. Then S is said to be a

[-semiring if there exists a mapping S x I' x S — S (images are denoted by aab
for a,b € S and a € I) satisfying the following conditions:

(i) aa(b+ c¢) = aab + aac,

(ii) (@ + b)ac = aac + bac,
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(ili) a(a + B)c = aac + afc,
(iv) aa(bBc) = (aad)fec.

By a zero of a I'-semiring S, we mean an element 0 € S such that Oax =
xa0 =0and 0+z =x+4+0=x, forall x € S and o € I'. A I'-semiring with a
zero is said to be a I'-hemiring.

Throughout this paper, S is a I'-hemiring and we use the symbol 0g to denote
the zero element of S.

A left (vesp., right) ideal of a I'-hemiring S is a subset A of S which is closed
under addition such that STA C A (resp., AT'S C A), where STA = {zay |z € S,
y € A,a € I'}. Naturally, a subset A of S is called an ideal of S if it is both a left
and a right ideal of S. A subset A of S is called an interior ideal if A is closed
under addition such that A'A C A and STAI'S C A.

A left ideal (right ideal, ideal) A of S is called a left h-ideal (right h-ideal,
h-ideal, ) of S, respectively, if, for any =, 2 € Sand a, b€ A,z +a+z=0b+ 2
implies that © € A.

The h-closure A of A'in S is defined by A= {r € S|z +a; + 2z = ay + z for
some ay, a9 € A,z € S},

Clearly, if A is a left ideal of S, then A is the smallest left h-ideal of S
containing A. We also have A = A, for each A C S. Moreover, A C B C S
implies AC B.

An interior ideal A of S is called an h-interior ideal of S if A is closed under
addition such that AA C A, STAI'S C A and = + a + z = b+ z implies that
x €A forall z,z € S,a,b € A.

Definition 2.1 ( [11], [23])

(i) Let p and v be fuzzy subsets of S. Then the h-product of p and v is
defined by

(ulhw)(x) = V min{p(ay), p(az), v(b1), v(b2)}

z+a1y1bi+z=azy2b2+2

(uT'pv)(z) = 0 if = cannot be expressed as x + a1y1b1 + 2z = agy2bs + 2.

(ii) Let p and v be fuzzy subsets of M-I'-hemiring S, for any x € S, there exist
ay,as,z € ;71,7 € I' and my, mg, € M. Then the M-h-product of p and
v is defined by

(ulnv)(z) = V min{i(my), p(mo), v(ar), v(az)}

T+miyia1+z=may202+2

(uT'pv)(z) = 0 if = cannot be expressed as x + myy1a; + 2 = mayas + 2.

A fuzzy set is a function p: S — [0,1]. For any A C S, we denote the
characteristic function of A by x4

1 ifxeA,
X790 if v ¢ A.
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Proposition 2.2 ( [11}, [23]) Let A, B C S. Then, the following statements hold:
(1) AC B < xa C x5,
(2) xaNXxB = XanB;

(3) xal'nxs = xars-

2.2. M-TI'-hemirings

Definition 2.3 ( [14]) A I-hemiring S with operators is an algebraic system con-
sisting of a I'-hemiring S, a set M and a function defined in the product set
M x T x S and having values in S (M x I' x § — S) such that, if max denotes
the elements in S determined by the element m of M | x of S and the elements

a, 3 of I', then
ma(x 4+ y) = max + may
and
ma(zfy) = (max)s(may)
hold for any =,y € S, m € M and «a, € I'. We usually use the phrase “S is an
M-T'-hemiring” instead of a “I'-hemiring with operators”.

Example 2.4 Let S = {0,a,b} be a set with an addition operation (+) and a
multiplication operation (-) as follows:

—i—‘Oab -‘Oab
010 a b 00 0 O
and
ala a b al0 a a
b |b b b b0 a a

Then S is an M-I'-hemiring where I' = M = S.

Definition 2.5 ( [14]) A left h-ideal I of an M-T-hemiring S is called a left
M-h-ideal of S if max € I forallm e M,z € I and a € T'.

Definition 2.6 ( [14]) Let S be an M-I-hemiring and p a fuzzy h-ideal of S. If
the inequality p(max) > p(z) holds for any o € S, m € M and o € T', then p is
said to be a fuzzy left h-ideal with operators of S. We use the phrases “an M-fuzzy
left h-ideal of S” instead of “a fuzzy h-ideal with operators of S”.

Definition 2.7 ( [14]) A fuzzy set p over M-I-hemiring S is called an M -fuzzy
left (resp., right) h-ideal over S if it satisfies:

(F1)
(F2) p(zoy) > u(y) for all 2, € S and o € T (resp., p(ray) > (),
(F3) z+a+ z =0+ z implies p(z) > min{u(a), u(b)} for all a,b, z, 2z € S,
(F4)

p(z +y) = min{p(z), p(y)} for all z,y € S,
F4) u

(max) > p(x) for all z € S, m € M and a € T
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3. M-fuzzy h-interior ideals

It is well known that ideal theory plays a fundamental role in the development
of hemirings. In this section, we consider M-fuzzy h-interior ideals of M-I'-
hemirings.

Definition 3.1 An h-interior ideal I of an M-T-hemiring S is called a M-h-
interior ideal of S if max € I forallm e M,z € I and a € T.

Definition 3.2 A fuzzy set pu over M-I-hemiring S is called an M-fuzzy h-
interior ideal over S if it satisfies (F1), (F3), (F4) and

(F5) p(zay) > min{u(x), u(y)} for all 2,y € S, €T,

(F6) p(rayfz) > pu(y) for all z,y,z € S and o, € T.

Example 3.3 Assume S = Z3 = {0, 1,2}, non-negative positive integers module
3. Then S is an M-T-hemiring where I' = M = {0,1}. Let «, 3 € [0,1) be such
that a > (3. Define a fuzzy set p over S by u(0) = a, u(1) = p(2) = 5. The one
can easily check that p is an M-h-interior ideal of S.

Note that, if u is an M-fuzzy h-interior ideal of S, then p(0) > u(x).
For any t € [0, 1], the set

Up;t) = A{z € Slu(x) = t}
is called a level subset of pu.

Lemma 3.4 [23] A fuzzy set p in a T'-hemiring S is a fuzzy h-interior ideal of
S if and only if the each nonempty level subset U(u;t), t € (0,1), of pu is an
h-interior ideal of S.

Theorem 3.5 A fuzzy set pu in an M-I'-hemiring S is an M -fuzzy h-interior ideal
of S if and only if the each nonempty level subset U(u;t), t € (0,1), of p is an
M -h-interior ideal of S.

Proof. Let p be an M-fuzzy h-interior ideal of S. Assume that U(u;t) # 0
for t € [0,1]. Then by Lemma 3.4, U(u;t) is an h-interior ideal of S. For every
xeU(u;t), «a €', m € M, we have

p(max) > p(x) = t,

and hence max € U(p;t). Thus U(p;t) is an M-fuzzy h-interior ideal of S.

Conversely, suppose that U(u;t) # () is an M-h-interior ideal of S. Then p is
a fuzzy h-interior ideal of S by Lemma 3.3. Now assume that there exist y € .5,
v €I and k € M such that

w(kyy) < u(y).
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Taking
1
to := §(u(kfvy) + u(y)),

we obtain to € [0,1] and
pu(kyy) <to < p(y)-
This implies that kyy ¢ U(u;ty) and y € U(u;to), which leads a contradiction.
Therefore
p(kyy) = p1(y),
forall y e S, v € I" and kK € M. This completes the proof. n

Proposition 3.6 Fvery M-fuzzy h-ideal of M-I'-hemiring S is an M-fuzzy h-
interior ideal.

Proof. By the Definitions 2.7 and 3.2, we only prove (F6) holds. Assume p is
an M-fuzzy h-ideal of S. Let y,z € S, o, € I'. Then we have p(raysz) >
w(yBz) > p(y) since p is an M-fuzzy h-ideal of S. Hence, pu(zayfz) > u(y). =

4. Prime M-fuzzy h-ideals

In this section, we consider prime M-fuzzy h-ideals of M-I'-hemirings. A left
(right) M-h-ideal P of S is said to be prime if P # S and for any two left (right)
h-ideals A and B of S from AI'B C P it follows either A C P or B C P.

Definition 4.1 An M-fuzzy left (resp., right) h-ideal ¢ of S is said to be prime
if 1 is a non-constant function and for any two M-fuzzy left(right) h-ideals p and
voft S, ul'v C ¢ implies p C ¥ or v C 9.

Example 4.2 Let (S,+) and (T, +) be two semigroups, where S and T" are the
sets of all non-negative integers and the operations are the usual additive opera-
tions. Define a mapping S x I' x S — S by ayb =a-~v-b, for all a,b € S and
v € I', where “” is the usual multiplication. Then it can be easily verified that
S, under the above multiplication and the structure ['-mapping, is a ['-hemiring.
If we let M := {1}, then it is clear that S is an M-I-hemiring. Let r,s € [0,1)
be such that » < s. Define a fuzzy set p over S by

s if x is even,
px) = .
r otherwise.

Then p is a prime M-fuzzy h-ideal over S.
Proposition 4.3 A fuzzy set xp in an M-I'-hemiring S is a prime M -fuzzy
left(right) h-ideal of S if and only if P is a prime left(right) M-h-ideal of S,

respectively.

Proof. Straightforward. .
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Theorem 4.4 A fuzzy subset ¢ of M-I'-hemiring S is a prime M -fuzzy left(right)
h-ideal of S if and only if

(1) ¢° = {x € S|¢(x) = ¢(0)} is a prime left(right) M-h-ideal of S,
(2) Im¢ = {((x)|z € S} contains exactly two elements,
(3) €(0) = 1.

Proof. We prove only the case of M-fuzzy left h-ideals. The proof for the right
h-ideals is similar, and we omit it.

(1) Let ¢ be a prime M-fuzzy left h-ideal of S. Then it is easy to check that
(% is a prime left M-h-ideal of S.

(2) Suppose that Im¢ has more than two values. Then there exist two ele-
ments p,q € S\ ¢° such that ((p) # ((q). Without loss of generality, we can
assume that ((p) < ((g). Since ¢ is an M-fuzzy left h-ideal and ¢q ¢ (°, it follows
that ((p) < ((¢) < ¢(0). Hence there exist r,t € [0, 1] such that

¢(p) <r <(lg) <t <¢(0) (%)
Let v and p be M-fuzzy left h-ideals defined by

V(x):{r if x € (p), _{t if z € (g),

and  pu(x) =
0 otherwise, 0 otherwise

where (p) and (g) are ideals generated by p and ¢, respectively.

Then, for any x € S, which can not be expressed in the form
T+ myy1by + 2 = moyaby + 2,

where z € S, my,ms € (p), by, by € (¢) and 1,7 € T', we have

(vIp) () = 0.

Otherwise,

(WThp)(z) = V (min{r(ma), v(ma), 1(b1), u(b2)})

zr4+m17v1b1+z=may2ba+2
= min{r,t} =1

Since ( is an M-fuzzy left h-ideal, from x + m1y,0; + 2 = mavyebs + z it follows
that
C(z) = C(mambr) A C(mayaba) > ((b1) A((b2) >

So, (WT'pu)(z) < ((x), whence vT'u C ¢, for ¢ is a prime M-fuzzy left h-ideal, we
can get v C ¢ or u C (. Therefore, v(p) = r < {(p) or u(q) =t < {(¢g) which
contradicts to (x). Consequently, Im( contains exactly two elements.
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(3) Suppose that ¢(0

) # 1. Then, according to (2), Im¢ = {a,b}, where
0 <a<b<1. Since (0) > ¢

(x) for all z € S, we have ((0) = b. Thus,

' 0
((:U):{b it v e (7,

a otherwise,

Consider, for fixed p € ¢(° and g € S\ (°, two fuzzy subsets

t ifx , r ifx ,
u(x)z{ € (p) - V(x):{ € (q)

0 otherwise, 0 otherwise

where 0 <a<r<b<t<I1.
It is clear that p and v are M-fuzzy left h-ideals of S.
Then, for any x € S, if x does not satisfy the equality

T+ myy1b1 + 2 = mayby + 2,
where z € S;mq,mq € (p), b1,bs € (¢) and 71,7, € I', we have
(vI'p)(z) = 0.

Otherwise,

(ulhv)(x) = V (min{p(my), p(ms), v(b1), v(ba)})

z+miy1b1+2=may2b2+2

= min{t,r} =r.
By (1), ¢° is a prime left M-h-ideal. If ay,as € (p), then aj,as € (°, because
p € ¢° and (p) C ¢° This implies z € ¢°. Thus {(z) = b > r = (ul'pv)(z).
Therefore, ul'yv € ¢. But pu(p) =t > b= ((p) and v(q) = r > a = ((q), which

gives ¢ ¢ and v ¢ ¢. This contradicts to the assumption that ¢ is a prime
M-fuzzy left h-ideal of S. Hence ((0) = 1. .

5. h-semisimple M-I'-hemirings
In this section, we describe the characterizations of h-semisimple M-I"-hemirings.
Definition 5.1

(1) A subset A of S is said to be T-idempotent if A= AT A.

(2) A fuzzy set u over S is said to be M-fuzzy idempotent if p = ulp.

(3) An M-I'-hemiring S is said to be h-semisimple if every M-h-ideal
is I'-idempotent.
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Now, we can give the following lemma.

Lemma 5.2 Let S be an M-I'-hemiring. Then the following statements are equi-
valent:

(1) S is h-semisimple,
(2) x € MT'2TI'STzI'S, for all x € S,

(3) AC MTAL'STALS, forall A€ S.

Proof. (1) = (2): Let S be an h-semisimple M-I-hemiring. Then, for any = € S,
we have

MTS + STx + STzI'S + Nyz,
where Ng = {0,1,2,-- -}, is the principle M-h-ideal of S generated by z. Thus,

r € (MI'S+ST2+STal'S+Noz)['(MTS+STz+ST2l'S+Nox) € MTal'STzI'S,
which implies x € MTxI’'ST2'S, for all x € MTxI'ST2I'S.

(2) = (3) Tt is obvious.

(3) = (1) Let A be any M-h-ideal of S. Then,

A C MTATSTAT'S C ATSTSA C AT A.
Therefore, S is h-semisimple. u

Next, we discuss the relationship between M-fuzzy h-ideals and M-fuzzy h-
interior ideals in h-semisimple M-I"-hemirings.

Theorem 5.3 Let S be an h-semisimple M-I'-hemiring and let p be any fuzzy
set of S. Then p is an M-fuzzy h-ideal if and only if it is an M -fuzzy h-interior
ideal.

Proof. If p is an M-fuzzy h-ideal of S. Then, by Proposition 3.4, we know that
w is an M-fuzzy h-interior ideal.

Conversely, if p is an M-fuzzy h-interior ideal of S. For any z,y € S and
a € I'. Since S is h-semisimple, by Lemma 5.2, there exist a;,a}, 2z € S(i = 1,2, 3),
Gi, B, e (i =1,2,3,4,5) and m,m’ € M such that

x 4+ mbiaxBaar BzasfaxPsas + 2 = m/ Blafyal Byas fyxfray + z,
and so
zay + mprxfaar FzaxBarfsazay + zay = m' Bz Bya) Byas B iazay + zay.

Thus we have

p(mBrafaar fzazBarBsazay) A p(m' Bz Bya) Byas 3w Byasay)
().

wzay) >
P
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This proves that p is an M-fuzzy right h-ideal of S. Similarly, we can prove that
i is an M-fuzzy left h-ideal of S. Therefore p is an M-fuzzy h-ideal of S. .

Finally, we give a characterization of h-semisimple M-I"-hemirings by M-fuzzy
h-interior ideals.

Theorem 5.4 An M-T'-hemiring S is h-semisimple if and only if pNv = pl'yv,
for any M -fuzzy h-interior ideals v and v.

Proof. Let S be an h-semisimple M-I'-hemiring. If p and v are M-fuzzy h-
interior ideals, then by Proposition 3.4, we know p and v are M-fuzzy h-ideals of
S. Thus, we have ul'pv C ul'yxs € pand pul'yy C xsIpy Cv. So pl'py C N,

For any x € S, since S is h-semisimple, by Lemma 5.2, there exist a;,a;, z € S
(1=1,2,3), 6;,0,,eT (i=1,2,3,4,5) and m,m' € M such that

x + mpBixBoar fzasaxPsas + 2 = m'ﬂixﬁéaﬁﬁéaéﬁixﬁéaé + 2,

Thus we have

(ulpp)(z) = V (min{p(ma), p(ma), v(b1), v(b2)})

z+m1y1b1+2z=may2b2+2

min{p(mpBixfaar), p(m'Biafyay), v(aBixBsas), v(asfxfyas)}
> min{pu(z),v(z)}
— (o)),

ie, pNv C ul'yv, whence pNv = pul'pv.

v

Conversely, let A be any M-h-ideal of S, then it is an M-h-interior ideal.
Thus, we have

Xa=XxaNxa=xal'nxa = xara
which implies, A = AI'A. Thus S is h-semisimple. .
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