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1. Introduction

The notion of BC K-algebra was formulated first in 1966 by Imai and Iseki. This
notion is originated from two different ways. One of the motivations is based on
set theory. Another motivation is from classical and non-classical propositional
calculus. The notion of BC' K-module was introduced in 1994 [2] as an action of a
BC K-algebra over a commutative group by M. Aslam, A.B. Thaheem and H.A.S.
Abujaabal. The idea was further explored in 1994 by F. Kopka and F. Chovanec
[8]. The concept of BC'K-module was extended by R. A. Borzooei, J. Shohani
and M. Jafari in 2011 [4]. Now, we introduce a different extended BC' K-module
that we can obtain some interesting results by it. Since the notion of prime-
submodule is fundamental notion in modules theory, in this paper we introduce
and investigate it on BC'K-modules and we obtain some results as mentioned in
the abstract.
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2. Preliminaries

Definition 2.1. [9] A BC K-algebra is a structure X = (X, *,0) of type (2,0)
such that:

(BCK1) ((zxy)x(xx2))*x(zxy) =0,
(BOK2) (x*(z*y))*y=0,

(BCK3) xxz =0,

(BCK4) 0%z =0,

(BCKb) xxy=yxxz =0 implies that x = y,for all z,y,z € X.

The relation x < y which is defined by x x y = 0 is a partial order with 0 as least
element. In any BC K-algebra X, for all x,y, z € X, we have

(BCK6) xxy<uz (r*xy)*xz=(r*xz2)*y.
Definition 2.2. [9] Let (X, *,0) be a BC'K-algebra. Then
(i) 0 # Xo C X is called to be a subalgebra of X, if for any z,y € X,, zxy € X,

(i) @ # I C X is called an ideal of X, if 0 € I and for any z,y € X, zxy € [
and y € I, implies that z € I. Specially, generated ideal by x is defined by
(x] ={y € X : yxx =0}, for any z € X,

(i) X is called bounded, if there exists 1 € X such that x < 1, for any = € X.
In this case, we set Nz = 1 % x,

(iv) X is said to be commutative, if y* (y x ) = x * (x x y), for all z,y € X,

(v) proper ideal I of X, is called prime ideal if X is commutative and a Ab € [
implies that a € [ or b € I, for any a,b € X,

(iv) X is said to be implicative if x * (y x x) = x, for all z,y € X.

Note. In a BCK-algebra X, we let z Ay = y * (y x ) and in a bounded BCK-
algebra X, we let z Vy = N(Nx A Ny), for all z,y € X. Moreover, in bounded
commutative BC K-algebra, x Ay is the least upper bound and z V y is the grate
lower bound of x,y, for any z,y € X and so (L,V, A) is a bounded lattice.

Lemma 2.3. [9] Let X be a bounded implicative BCK -algebra. Then for all
x,y,z2 € X,
i)  axAy=2xx Ny,

ii rx(xANy)=2x*y,

i) aA(yxz)=(xAy)*x(xAz),

(
(
(
(iv) (rv*y)+(y*z)=v+y, wherex+y=(z*y)V (y*1z),
(
(
(

~—

v) (@ty)Ahz=(zAz)+(yA2),
vi) z4+2=0 and sox = —x,

vil) 24+0=0+4+2z=uz.
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Let A be an ideal of BC' K-algebra X. For any z,y € X, we define z ~ y
if and only if x xy € A and y*xx € A. So ~ is an equivalence relation on X.
Denote the equivalence class containing x by C, and X = {C, : v € X}. Then
( > ,C’O) is a BC'K-algebra (quotient BC K-algebra), Where Oy x Cy = Cyyy, for
all z,y € X. Moreover, the relation ” <” which is defined by, C, < C,, if and only
if v xy € A, is a partial order relation. If X is bounded and commutative, then
% is bounded and commutative, too. Let (X,*,0) and (Y,*',0) be two BCK-
algebras. A mapping f : X — Y is called a homomorphism if f(0) = 0 and

flzxy) = f(x)« f(y), for any z,y € X (see [9]).

Definition 2.4. [1] Let X be a BC'K-algebra, M be an abelian group under ”+”
and (z,m) — z.m be a mapping of X x M — M such that,

(XM1) (zAy).m=uz.(y.m),

(XM2) z.(m+n)=zm+ zn,

(XM3) 0.m =0, for all z,y € X and m,n € M.

Then M is called a BC'K-module or briefly X-module. If X is bounded and for
any m € M, 1.m = m, then M is called a unitary X module.

Definition 2.5. [1] A map f : M — N, where M and N are X-modules, is an

X-homomorphism if the following hold:
(i)  f(m+n)= f(m)+ f(n), for all m,n € M,
(

(ii) f(x.m)=x.f(m), for all m € M and x € X.

Proposition 2.6. [3] Let M and N be two BCK -modules over commutative
BCK -algebra X and Hom(M,N) = {f : f is a homomorphism from M into N}.
Then (Hom(M, N),+) forms an abelian group where (f 4+ g)(m) = f(m)+ g(m),
for any f,g € Hom(M,N) and m € M. Moreover by operation e : X X
Hom(M,N) — Hom(M,N), Hom(M,N) is an X-module, where x & f(m) =

Theorem 2.7. [4] Let X be a bounded implicative BC K -algebra. Then (X, +),
is an abelian group and X is an X-module, where v +vy = (zxy) V (y * ).

Note. From now on, in this paper X is a BC K-algebra and M is an abelian
group.

3. Extended BC K-Modules

Definition 3.8. Let operation . : X x M — M satisfies the following axioms:
(XM1) (zAy)m=xz(y.m),
(XM2) z.(m+n)=zm+z.n,
(XM3) 0.m =0,

(XM4)

(xxy).m = x.m — y.m, where x xy # 0, for = # y,
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for all z,y € X and m,n € M. Then M is called an extended BC K -module or
briefly X¥-module. If X is bounded and 1.m = m, for any m € M, then M is
called a unitary X -module.

Example 3.9. Let X be a bounded implicative BC'K-algebra such that 7 <”
is totally ordered and operations "+4,.”:X x X — X are defined by, v +y =
(xxy)V(y*x), 2.y =2 Ay, for all z,y € X. Then X is an X¥-module. By
Theorem 2.7, it is enough to show that (z xy).z = z.z2 — y.z, for any z,y,z € X,
where x xy # 0 for x # y. If x = y, then the proof is clear. Now, let = *x y # 0,
for x # y. Since x xy # 0, x £ y and so y < z and this means that y x z = 0.
Therefore,

(weg)s = (

= (z*xy+0)Az by Lemma 2.3(vii) ,
(x*xy+y*xx) Az, sinceyxz =0,
(x+y) Az, by Lemma 2.3(iv),

= (xAz)+(yAz), byLemma 2.3(v),

= zT.2+1Y.z,

= x.z—y.z, by Lemma 2.3(vi).

Example 3.10. (i) Let X be a bounded commutative BC K-algebra such that
X
(X,.) be an XF-module and A be an ideal of X. Then (Z’ +') is an abelian

group, where C, +'Cy, = C,4, and v +y = xxyVyx*z, for any x,y € X. Moreover,

X X
if operation e : X X 1 — 1 is defined by z ¢ Cy = C,,, for any z,y € X, then

X
T is an X ¥-module.

(i) Let X = {0, 2} and operation ”*” on X is defined by Oz = 0%0 = x*z = 0
and 0 = z. Then (X, *,0) is a BC K-algebra. Now, let operation . : X XZ — Z
is defined by z.n = n and 0.n = 0, for any n € Z. We claim that Z is an
XF-module. Tt is clear that (x A 0).n = 0.n = 0, x.(0.n) = 2.0 = 0 and so
(x A0).n = x.(0.n). Similarly (z A z).n = z.(z.n) and (0 A z).n = 0.(z.n).
Then (XM1) holds. The proof of (XM2) and (XM3) is clear. Moreover, since
(x+0)m=n=zn—0nand (r*xz)n=0=zn—an, (XM4) holds.

(iii) It is easy to see that BC' K-algebra (X, *,0) in (i¢) is bounded with unit
x. Moreover, (X, +) is an abelian group, where a +b = (a * b) V (b x a), for any
a,b € X. Now, let operation . : X x X — X is defined by a.b = a A b, for any
a,b € X. Then (X, +) is an XF-module.

(iv) Let X ={0,a,b,1} and operation ” *” on X is defined by
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* 0 a b 1
0 0 0 0 0
a a 0 0 0
b b b 0 0
1 1 b a 0

Then (X, *,0) is a bounded BC'K-algebra. Let M = {0,a} C X. Then (M, +) is
an abelian group, where z +y = (zxy) V (y * z), for any xz,y € M. We define the
operation . : X x M — M by
_Ja ifz=borlandy=a
Y= 0, otherwise

Then M is an X*-module.

(v) Let (X, *,0) be a bounded BCK-algebra with unit 1, 1 # a € X and
lxa =1ora Now, if Y = {0,a,1}, then Y is a subalgebra of X and so it
is a BC K-algebra. Moreover, let M = {0,1} C X. Then (M,+) is an abelian
group, where x +y = (z xy) V (y x ), for any z,y € M. Now, let the operation
.0 Y x M — M is defined by y.m =y Am for any y € Y and m € M. Then M
is a Y ¥-module.

(vi) Let X ={0,1,2,3,4} and the operation ” x” is defined by

* 0 1 2 3 4
0 0 0 0 0 0
1 1 0 0 0 0
2 2 2 0 2 0
3 3 3 3 0 0
4 4 4 3 2 0

Then (X, *,0) is a bounded BC K-algebra. Let Y = {0,1,4} and M = {0,2,3,4}.
It is clear that Y is a subalgebra of X and so is BC' K-algebra. It is easy to show
that (M, +) is an abelian group, where z +y = (z*y) V (y * x), for any x,y € M.
Now, we define the operation . : Y x M — M by y.m =y Am, for any y € Y and
m € M. Then M is a Y ®-module.

(vii) Let X = {P,{2},{1,2}} be a subset of BC' K-algebra [7, Example 2.8].
Then it is easy to see that (X, ®, P) is a BC'K-algebra. If operation . : X XZ — Z
is defined by {2}.n =n and {1,2}.n = P.n = 0, for any n € Z, then Z is an X-
module.

Theorem 3.11. Every X¥-module is an X -module.

Proof. The proof is clear. .

Example 3.12. Let X be a nonempty set. Then (P(X), —) is a bounded implica-
tive BC'K-algebra and Z is a P(X)-module with operation . : P(X) X Z — Z
such that A.n = u(A)n, for any A C X, where for a € X,

_J 0, ifagA
“(A>_{ 1, if aeA
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But Z is not a P(X)F-module. Since for A, B € P(X) such that a ¢ A,a € B,
we have

(A—B)n=p(A—Bn=0#-n=0—n=An—Bmn
and so (X M4) is not true.

Definition 3.13. A map f : M — N, where M and N are X*-modules, is called
an XE-homomorphism, if the following hold:

(i) f(m+n)= f(m)+ f(n),
(ii) f(z.m) =z.f(m), for all m,n € M and x € X.
Proposition 3.14. Let M, N be two X*-modules and
Hom(M,N)={f:f: M — N is an X* — homomorphism}.

Then (Hom(M, N) is an X¥-module by the operation which is defined in Propo-
sition 2.6.

Proof. By Proposition 2.6, it is enough to show that (zxy)e f(m) =z e f(m) —
y e f(m), for any z,y € X, where x xy # 0, and  # y. Now, since N is an
XF-module, we have

(xxy)e f(m)=(zxy).f(m)=zf(m)—y.f(m)=zef(m)—yef(im) =
Theorem 3.15. Let X be a bounded implicative BCK -algebra. Then, by the

assumption of Example 3.9, (Z X, +') is an abelian group, where {x;}er +'

i€l
{itier = {zi+yitier, for any {zi}ier, {Yi}ier € ZX- Moreover, if the operation
el
XX ZX - ZX is defined by v {x;} = {x ANz}, for any z,2; € X, i € N,

icl iel
then Z X is an XE-module.
iel
Proof. Since by Theorem 2.7, (X, +) is an abelian group, then it is clear that

<Z X, —l—') is an abelian group.

iel
Now, for any z,y,z;,y; € X and ¢ € N, we have:
(XM1): (xANy){x;} ={(zAy) ANy ={z AN (yANz;)} =x{y ANa;} = z.(y{x;}).
(XM2): By Lemma 2.3(v),

v.({zi} ' {y}) = w{zi+yt={oA(wi+y)} ={r Az + 2Ny}
= {z Az} + {z Ay} =z} + v {y:}
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(XM3): 0.{z;} ={0Az;} ={0}.
(XM4): Let x %y # 0 for  # y. Then by Lemma 2.3(v) and (vi),
vz} —"y{x;} = {zeAnz}—"{ynz}
{z ANz} + {y AN}
{e Nz +y N}
{(z +y) A}

( +y){z:}
(xxy+yxz){z;}
= (xxy+0){z;} = (v xy){z;}. -

Theorem 3.16. Let X be BCK-algebra in Theorem 3.15, and A be an ideal

X - _

in X. Then (Z Z’+> is an abelian group, where {Cy, }+{Cy,} = {Coity,}
i€l

and x; +y; = x; xy; Vy; x x;, for any z;,y; € X and v € I. Moreover, if we

X X X .
define @ : X X ZZ — ZZ by v {Cy,} = {Cirs,}, then (Z Z) is an
iel el il
XE_module.

: X . : X .
Proof. It is easy to show that (; R +> is an abelian group and ; o san
X¥-module. .

Theorem 3.17. Let (X, ) and (Y, %) be two BCK -algebras, M be a Y-module
and ® : X — Y be a BCK-homomorphism such that x # 0 implies that
o(x) £ 0, for any x € X. If operation e : X x M — M is defined by x e m =
é(x).m, for any x € X and m € M, then M is an XF-module.

Proof. Let M be a Y¥-module and ® : X — Y be a BCK-homomorphism
such that = # 0 implies that ¢(z) # 0 , for any x € X. Then for any z,y € X
and m,n € M, we have:

(XM1)x: By (XM1)y, we have

(xAy)em = oxAy)m=d(yx*(y*z)).m=(9(y)* (d(y) x d(x))).m,
= (o(z) A o(y)).m = ¢(x).(d(y).m) =z e (y em).

(XM2)x: By (XM2)y, we have
rze(m+n)=¢(x).(m+n)=¢(x)m+o(x)n=cem+zen

(XM3)x: 0em = ¢(0).m =0.m=0
(XM4)x: By (XM4)y, where x xy # 0, for x # y we have

(e y)om = (wxy)m = ($(x) x(y)).m = d(x).m — $ly).m = zem —yem.
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Theorem 3.18. Let X be a bounded commutative BC'K -algebra, (X,+) be an
XF-module and A be an ideal of X. Then % is an X*-module.

Proof. Let X be a bounded commutative BCK-algebra, (X,+) be an X-

X
module and A be an ideal of X. It is easy to show that | —,+' | is an abelian

A
group, where C;, +' Cy = Cyy and o +y = (v *y) V (y* ), for any =,y € X. Let
X
operation e : X x T is defined by z ¢ Cy = C,,, for any x,y € X. Then
we show that 1 is an X¥-module. For z,2",y € X,

(XMl)%: By (XM1), (x ANa') @ Cy = Cigparyy = Co(aray) =z @ (' 0 C,)
(XMQ)%: By (XM?2),

zvo(Cy+'Cy) = x0Cyy = Cy yry) = Coytay = Coyt+ Coy = v0Cy+ x0Cy
x1 By (XM3),00C, = Gy
x: Let x xy # 0, for x # y. By (XM4),

(zxy)eCy = Clasy)y = Cory—yy = Coy ~' Cyy =z0Cy ~'ye Cy. u

3. Prime submodules in X?-modules

Definition 3.1. A subgroup N of X¥-module M is a submodule of M if for any
r€ X andanyn € N, z.n € N.

Example 3.2. (i) By considering the Example 3.10 (ii), 2Z is a submodule of Z.

(ii) Let X be a bounded implicative BC K-algebra with the assumption of Exam-
ple 3.9, and M, = {x € X : © < r}, where r € X. Then M, is a submodule of
X. First we show that M is a subgroup of X. Let m,n € M,. By assumption,
mx*n=0orn*xm=0. W.L.G, n*m = 0. Hence, by Lemma 2.3(vi), m —n =
m+n=(m=*n)V (nxm)=(m=*n)V0=msx*n. On the other hand by (BCK6),
mx*n <m and m <r. Hence m*n <r and so m —n € M,. It means that M, is
a subgroup of X. Now, we will show that x.m € M, for any x € X and m € M,.
By (BCK4) and (BCK6), we have

(xm)sxr=(xAm)xr=(mx*(mx*z))xr=mx*r)x(mxx)=0x(m=*xz)=0

Hence, x.m < r and so x.m € M,. Therefore, M, is a submodule of X.

M
Lemma 3.3. Let M be an X¥-module and N be a submodule of M. Then N 18

an XE-module.
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M M
Proof. Let N be a submodule of M and operation e : X x N N is defined by

rzo(m+N) =x.m+N, foranyxr € X andm € M. Let x = y and m+N = m/+N.
Then m —m/ € N. Since N is a submodule of M, z.(m —m') =x.m —xz.m' € N
and so rem + N = x em’ + N. It means that ” e ” is well defined. For any
x,y € X and m,m’ € M,

(XM1)y: By (XM1),
(xAy)e(m+N) = (xAy).m+N = z.(ym)+N =ze(y.m+N) =ze(ye(m-+N))
(XMQ)%: By (XM2),
ze(m+N+m'+N) = z.(m+m)+N=zm+zm +N
= zm+N+zm'+ N=ze(m+ N)+ze(m'+N)

(X M3)
(X M4)

: By (XM3),0e(m+N)=0m+N=N
: Let x xy # 0, for x # y. By (XM4),

ES

ES

(xxy)e(m+N) = (zxy)m+N=(xm—-—ym)+N=xm+N-—-—ym+N
= xe(m+N)—ye(m+ N). n

Theorem 3.4. Let M, M’ be X*-modules, ¢ : M — M’ be an X*-homomorphism
and N be a submodule of M such that ¢(N) = 0. Then there exists an XP-

M
homomorphism from N to M.

M B _
Proof. We define ¢ : v M' by ¢(m+ N) = ¢(m). It is easy to show that ¢

is well defined and it is an X ”-homomorphism. .

Theorem 3.5. Let M, M’ be X¥-modules and ¢ : M — M’ be an X¥-homo-
morphism. Then

(i) Ker¢ and Imgo are submodules of M and M', respectively,

(ii) Kerd ~ I'mgao.

Proof. (i) The proof is clear.

(ii) We know that, ¢ : M — I'mg¢ is an epimorphism. Now, in Theorem 3.4, it
is enough to consider N = Kerg. u

Theorem 3.6. Let M be an X¥-module and N, K are submodules of M. Then

i) N+ K={n+k:neNkeK} and NNK are XE-modules,

K N+K
NNK N~

(if)
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~

M
a where N C K.

K
(iii) N is a submodule of & and

SRS

Proof. (i) N + K is an X-module (see[3]). Now, let x x y # 0, where x # y, for
any z,y € X and n+ k € N + K. Then,

(x*xy).(n+k) = (zxy)n+(rxy)k=zn—ynt+zk—yk=z.(n+k)—y.(n+k)

and so we have (X M4) . k. Therefore, N+ K is an X ¥-module. Moreover, NNK
is an X-module (see [3]) and it is not difficult to verify the condition (X M4)nnk-.
Hence N N K is an X*-module, too.

(i), (iii) The proofs are easy. .

Theorem 3.7. Let X be a bounded commutative BC'K -algebra such that xxy # x,

where x # y for x,y # 0, M be an XF-module and K be a proper submodule of
M. Then (K : M) ={zx€ X :2.M C K} is a prime ideal of X.

Proof. First, we show that (K : M) is an ideal of X. If (K : M) = X, then
1.M C K and so M C K, which is a contradiction. Since K is a subgroup of M,
0.m =0 € K, for any m € M and so 0 € (K : M). Now, for any z,y € X, let
zxy€e (K:M)={re X :2.MCK}andy € (K : M). Then (x *xy).m € K
and y.m € K, forany m € M. If x =y or x = 0, then it is clear that x.m € M.
Solet # #y. If xxy =0, then x x (x xy) = x and so x Ay = x. Since
ym € K, x.(ym) € K, for any m € M and K is a submodule of M and so
xm = (xAy)m € K. If x xy # 0, then by (XM4), x.m —y.m = (z*xy)m € K.
Since (K, +) is a subgroup of M and y.m € K, we have x.m € K. Therefore,
(K : M) is an ideal of X.

Now, we prove that (K : M) is prime. Let z Ay € (K : M), for z,y € X.
Then for any m € M, (z Ay).m € K and so (y * (y *x)).m € K. Now if x =y,
then z.m = (zx0).m = (z* (zxx))m=(x Ay)m e K. If v =0 or y = 0, then
it is clear that x € (K : M) ory € (K : M). If z 4y, z,y # 0 and x xy = 0,
then x.m = (z % 0).m = (z* (x xy)).m = (y Az)m = (x ANy).m € K, for any
meM. fx#y x,y#0, 2%y #0, x # x+y and x * (xxy) # 0. Then by
(XM4), ym=xzm—(z.m—y.m) =xz.m—(r*xy).m=xx(xxy)m= (yAzx).m =
(x ANy).m € K, for any m € M. Finally, if 2 #y, 2,y #0, xxy #0, z #x xy
and x * (z x y) = 0, then by (BCK6), we have (zxy) *x =0 and so x = x x y,
which is a contradiction. Therefore, (K : M) is a prime ideal of X. n

Proposition 3.8. Let M be an X¥-module. If for any x,y € X, x # y implies
that x xy # 0, then Annx (M) ={z € X :x.m =0, Vm € M} is an ideal of X.

Proof. It is clear that 0 € Annx(M). Now, let z xy,y € Annx (M) and = # y,
for any z,y € X. If x = 0, then it is clear that z € Annx(M). Now, let = # 0.
Then by (XM4), zm =2z.m —0=xz.m —y.m = (z*xy).m =0, for any m € M,
and so x € Annx(M). Therefore, Annx (M) is an ideal of X. .

Theorem 3.9. Let M be an X¥-module and I be an ideal of X such that
I C Annx(M). If the operation e : X/I x M — M is defined by c, e m = x.m,
for any z,y € X and m € M, then M is an (X/I)F-module.
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Proof. Let @ : X/I x M — M is defined by c, e m = z.m, for any =z € X
and m € M. First we prove that e is well defined. Let ¢, = ¢,, m = n and
x # vy, for all x;y € X and m,n € M. Then xxy € [ and yxz € [. If
xxy=yx*x =0, then by (BCKb5), x =y, which is a contradiction. If z xy # 0
oryxx # 0, since I C Annx(M), by (XM4), 0 = (x xy).m = x.m — y.m or
0= (y*z).m =ym—x.m and so z.m = y.m. Now, since m = n, x.m = y.n.
Hence, o is well defined. Now, we will show that M is an (X/I)¥-module.

(XM1)x/r: We have c; A ¢y = ¢y * (Cy * Cz) = Cya(ysa), then by (X M1)x,
(cx Ney)om= (y*(y*xx).m=(xAy)m==zx.(y.m)=c,®(c,em)
(XMQ)X/[ By (XMQ)X,
c;oe(m+n)=x.(m+n)=xm+axn=c,em-+c,en.

(XM3)x/r: coem =0.m = 0.
(XM4)x/r: Let ey xcy # co, for ¢, # ¢,. Hence cpyy # co. Since 0% (zxy) =0 € I,
(xxy)*0=xxy ¢ I and so x xy # 0. Therefore, by (XM4)x,

(coxcy)om=cCpyom=(r*xy)m=2zm—y.m=c, ®m—c, ®m. .

Notion. For X*-module M, Y C X and submodule N of M, we consider
YM=YM={zm:xze€Y me M}

Lemma 3.10. Let X be a commutative BCK -algebra, M be an X¥-module, N
be a submodule of M and I be an ideal of X. Then

I.M+N:{Zti.mi+n:tiel, m; € M, neN}

i=1
15 a submodule of M.

Proof. Let N be a submodule of M and I be an ideal of X. It is clear that 7 +7”
is an associative operation in .M + N and 0 € [.M + N. Moreover, by (X M4),

n

=1 =1

=1

for any Z t;m;+n € .M+ N. Hence, every element in /.M + N has an inverse

i=1
element and so .M + N is a subgroup of M. Now, by (XM1) and (XM2),

n

x. <i t;m; + n> = i x.(t;m;) +xn = Z(x Ati).m; +x.n
i—1 i—1 i—1

n

= Z(tZ Ax)m; +zn = Ztl(xml) +xznel.M+ N,

=1 i=1
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for any thmz +ne€l.M+ N and z € X. Therefore, .M + N is a submodule
i=1

of M. n

Theorem 3.11. Let X be a bounded BCK -algebra, I be a proper ideal of X and
M be an XE-module. Then M/IM is an (X/I)®-module.

Proof. Let I be a proper ideal of X and M be an X¥-module. By Lemma 3.10,
IM is a submodule of M. Now, we define ® : X/I x M/IM — M/IM by
c;om~+IM = xm+ IM, for any x € X and m € M. Since [ o (M/IM) =
{roe(m+IM):z el meM}={em+IM:2zecl,meM}=IM, then
I C annx(M/IM). By Lemma 3.9, ” @7 is well defined. Now, we show that
M/IM is an (X/I)®-module, for any z,y € X and m,n € M.

(XM1)x/r = Since (cz A cy) = ¢y * (cy * €z) = Cyu(ysa)> DY (XM1)x,

(caNey) o (m+TIM) = cypye)® (m+IM) = (y*(y*x)).m+IM,
= (zANy)m+IM =z.(ym)+ IM,
oo (ym+IM)=c,o(c,o(m-+IM))

(XM2)x/r: By (XM2)x,

czo((m+IM)+(n+IM)) = ccoe(m+n+IM)=x.(m+n)+IM
(xm+4azn)+IM,=xm+IM+zn+IM
= c,o(m+IM)+c,o(n+1IM)

(XM4)x/r: If ¢ = ¢y, then by (XM4)x,

(cpxcy)o(m+IM) = cpyo(m+IM)=cye(m+IM)

= 0m+IM = (z*z)m+IM,
= am~+IM—xm+IM,
= c,o(m+IM)—c,o(m+1IM)

Now, let ¢, * ¢, # 0 where ¢, # ¢,. Then ¢y, # co L€, (x*xy)*x0 =z *y ¢ [ and
so x xy # 0. Hence, by (XM4)x,

(coxcy)o(m+IM) = cpuyo (m+IM)=(xxy)m+IM=(x.m—ym)+IM,
=axm~+IM —ym+IM=c, o (m+IM)—c,o(m+IM)

Therefore, M /IM is an (X/I)®-module. -

Definition 3.12. Let M be an X*-module and N be a submodule of M. Then
N is called a prime submodule of M, if N ## M and for any z € X, x.m € N
implies that m € N or z € (N : M).
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Example 3.13. By considering the Example 3.10 (ii), 2Z is a prime submodule
of Z. 1t is clear that 2Z is a subgroup of Z. Now, let x.n € 2Z. If x # 0, z.n = n,
then n € 2Z. If + = 0, then x.n = 0.n = 0 and so 0 € (2Z : Z). Hence, 2Z is a
prime submodule of Z.

Theorem 3.14. Let X be a commutative BC K -algebra, M be an X¥-module and
N # M be a submodule of M. Then N is a prime submodule of M if and only
if for any ideal I in X and for any submodule D of M, ID C N mplies that
IC(N:M)orDCN.

Proof. (=) Let N be a prime submodule of M, I be an ideal in X and D be a
submodule of M such that ID C N. We show that I C (N : M) or D C N. Let
I'¢ (N:M)and D ¢ N. Then there exist € X and d € D such that .M ¢ N
and d ¢ N. On the other hand, /D C N implies that z.d € N. Since N is a
prime submodule of M, x.M C N, which is a contradiction.

(<) Let 2 € X and m € M such that z.m € N and m ¢ N. Let [ = (2] =
{ye X:yxx=0}and D =<m == {y'.m:y € X}. For any y € I, we have

ym=(yx0)m=yx*x(y*xzx)m=(rAy)m=(yAz)m=y.(z.m) €N

So ID ={y.(y'm) :y,y' € X} ={y'.(ym) :y,y’ € X} C N and so I C (N : M)
or D C N. Sincem ¢ N, I C (N : M) and this implies that x.M C N. Therefore,
N is a prime submodule of M. u

Proposition 3.15. Let M be an X¥-module and N be a submodule of M. Then
P M

P is a prime submodule of M if and only zfﬁ 1 a prime submodule of N where

N CP.

Proof. By Lemma 3.3, the proof is easy. n

Definition 3.16. Let M be an XZ-module. M is called torsion free if z.m = 0
implies that m =0 or x = 0, for any x € X and m € M.

Example 3.17. (i) In Example 3.10(ii), Z is a torsion free.
(ii) In Example 3.10(iv), M is not a torsion free. Because, a.a = 0 but a # 0.

Theorem 3.18. Let X be bounded, M be a unitary X¥-module and K be a
submodule of M. Then K is a prime submodule of M if and only if P = (K : M)

M xX\" X
s a prime ideal of X and i s a torsion free ($> -module, where (F’*’ P)
s a quotient BC'K -algebra.
Proof. (=) Let K be a prime submodule of M. By Theorem 3.7, P = (K : M)
is an ideal of X. If X = (K : M), then 1 € P and so M = K, which is a
contradiction. Now, let x Ay € P, for any x,y € X. Then for any m € M,

(x Ay).m € K and so by (XM1), z.(y.m) € K. Since K is a prime submodule
of M, we have ym € K or z € (K : M). It means that y € (K : M) or
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M
x € (K : M). Hence, (K : M) is a prime ideal. Now, we show that 7 is a

E
X M M
torsion free 5 -module. Let the operation e : 5 X * K is defined by

cco(m+K)=xzm+ K, forany z € X, m € M. Similar to the proof of Theorem
X M
3.9, e is well defined. Finally, for any ¢, € ¥2 and m+ K € 7o e will show that,
c; ® (m+ K) = K implies that ¢, =cypor m+ K = K. Let ¢, ¢ (m+ K) = K, for
any x € X and m € M. Then x.m+ K = K and so x.m € K. Since K is a prime
submodule of M, m € K or x € (K : M). If m € K, then m + K = K. Now, if
x € (K:M)= P, then ¢, =cy= P (because zx0 =2 € Pand Oxxz =0 € P).
M . :
Therefore, 7 sa torsion free.
L M . xX\”*

(<) Let P be a prime ideal in X and 7 sa torsion free 5 -module.
First we show that K & M. Since, if K = M, P = (K : M) = (M : M) = X,
which is a contradiction. Now, let x.m € K, for any x € X, m € M. Hence
x.m+ K = K and so ¢, ¢ (m + K) = K. Since 7 is torsion free, ¢, = ¢y = P

or m + K = K. This means that + € P or m € K. Therefore, K is a prime
submodule of M. .

Theorem 3.19. Let X be a bounded commutative BC'K -algebra, M be a uni-
tary X¥-module, N be a submodule of M and P be a prime ideal of X. Then
K(N,P)={m € M :cm € PM + N,3c € X — P} is a submodule of M and
PM+ N C K(N,P).

Proof. First, we show that K (N, P) is a subgroup of M. Let m,n € K(N, P).
Then there exists ¢, € X — P such that cm,d.n € PM + N. Let t = cA (.
Then

t.tm—n) = (¢cAd).(m—n),

c.(d.(m—n)) by (XM1),

c.(d.-m—dm), by (XM2),

= c(d.m)—c(dn) by (XM2),

(end)m —c(dn), by (XM1),

= (' Ne)m—c.(dn),

= d.(em)—c(d.n) e PM+ N, by Lemma 3.10.

and so m —n € K(N, P), which means that K (N, P) is a subgroup. Now, let
r € X and m € K(N, P). Since m € K(N, P), there exists ¢ € X — P such that
c.m € P.M + N. Now, by Lemma 3.10,

c.(x.m) = (cANz)m=(xAc)m=zx.(ccm)€E PM+ N

Hence, z.m € K(N, P) and so K(N, P) is a submodule of M. Finally, for any
m € PM+N,ifwelet c=1thencm=1m=m &€ PM+N, thenm € K(N, P)
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(note that 1 € X — P, otherwise for any x € X, xx1=0¢€ P and 1 € P results
in z € Pie., X =P, which is impossible). Therefore, PM + N C K(N,P). =

Theorem 3.20. Let X be a bounded commutative BCK -algebra, M be a uni-
tary X¥-module, N be a submodule of M and P be a prime ideal of X. Then
K(N,P)=M or K(N, P) is a prime submodule of M such that

P = (K(N,P): M).

Proof. Let K(N, P) # M. We will show that K (N, P) is a prime submodule of
M and P = (K(N, P) : M). By Theorem 3.19, K(N, P) is a submodule of M.
Let x.m € K(N, P), for any + € X, m € M. Then there exists ¢ € X — P such
that c¢.(z.m) € P.M + N. We will show that m € K(N, P) or x € (K(N,P): M).
If x € P, then «.M C PM + N C K(N,P) and so .M C K(N,P). Hence
x € (K(N,P): M). If © ¢ P, then x € X — P. Since P is a prime ideal of X,
cNx € X —P. because, if cAx € P, then ¢ € P or x € P, which is a contradiction.
On the other hand, c.(x.m) € PM + N and so (¢ A xz).m € P.M + N. Hence,
m € K(N,P). Therefore, K(N, P) is a prime submodule of M. Now, we will
prove that P = (K(N, P): M). Let p € P. Then for any m € M, p.m € P.M+N.
Let ¢ = 1. Then c.(p.m) € P.M + N and so p.m € K(N, P), which implies that
P.M C K(N,P). Hence, P C (K(N,P): M). Now, let ¢ € (K(N,P) : M) such
that ¢ ¢ P. Since ¢ M C K(N,P), g¢m € K(N,P), for any m € M. Hence
there exists ¢ € X — P such that c¢.(¢.t) € PM + N and so (cAgq).t € PM + N.
Now, since P is prime, cAq ¢ Pie.,cANqg€ X — P and sot € K(N, P). Hence,
M = K(N, P), which is a contradiction. Then g € P and so (K(N,P): M) C P.
Therefore, P = (K(N, P) : M). n

Definition 3.21. Let M be an X”-module and N be a submodule of M. The
intersection of all prime submodules of M, including N, is called radical of N and

it is shown by rady;(N). If there exists no prime submodule of M consisting of
N, then we let rady (N) = M.

Theorem 3.22. Let X be a bounded commutative BCK -algebra and M be an
X¥P-module. Then for any submodule N of M,

rady (N) = ﬂ{K(N, P): P is a prime ideal of X}.

Proof. Let T'=(\{K(N,P): Pis a prime ideal of X} and m € T. Let L be a
prime submodule of M including of N. Hence, by Theorem 3.7, Q = (L : M) is a
prime ideal of X. Since for any prime ideal P of X, m € K(N,P), m € K(N,Q)
and so there exists ¢ € X — @ such that em € Q.M + N = (L : M).M +
N C L+ L C L. Since L is a prime submodule of M and ¢ ¢ Q = (L : M),
m € L. Hence T C rady(N). Now, let m € rady (N). Hence, m € L, where
L is any prime submodule of M consisting of N and P be a prime ideal of X. If
K (N, P) = M, then the proof is complete. Let K (N, P) # M. By Theorem 3.20,
K (N, P) is a prime submodule of M and P = (K(N,P) : M). Now, we show
that N C K(N,P). By Theorem 3.19, we have PM + N C K(N, P) and so
N C K(N,P). Since m € rady(N), then m € K(N,P). Hence m € T and so
rady (N) C T. Therefore, rady (N) =T. .
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