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1. Introduction

Let M, (C) be the set of n x n complex matrices and A be a non-singular matrix
in M, (C). Consider the linear system

(1.1) Ax =b

and let A®) = (az(f)) be the matrix resulted from applying the first k(1 < k < n—1)
steps of Gaussian elimination to A; in particular, A®~Y is the upper triangular
matrix obtained from the LU factorization of A.
The quantity
(k)
max [a;;- |

(1.2) pn(A) =

max |@ij \
Z7j

is called the growth factor (in Gaussian elimination) of A.

For any A = (a;;) € M,(C), A* stands for the conjugate transpose of A.
Similarly, * means the conjugate transpose of = for any x € C. A € M,(C) is
accretive-dissipative if it can be written as

(1.3) A=B+iC,

where B and C are both (Hermitian) positive definite.
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If B, C are real symmetric positive definite in (1.3), then A is called a Higham
matrix.
For nonsingular matrix A, its condition number is denoted by

[ Amax(A7A)
/{(A) o )\min(A*A)

which is the ratio of largest and smallest singular values of A.
It is conjectured in [1] that

(1.4) pn(A) <2

for any Higham matrix A.

It is proved in [1] that if A in (1.1) is a Higham matrix, then no pivoting is
needed in Gaussian elimination.

George et al. obtained the following result in [2]:

Theorem 1 Let A € M,,(C) be accretive-dissipative. Then
(1.5) pu(A) < 32,
Furthermore, if A is a Higham matriz, then
(1.6) pn(A) < 3.

They proved Theorem 1 by the Theorem 2 in [2] below:
Theorem 2 Let A € M,,(C) be accretive-dissipative. Then

k
lal?|

|aj]

(1.7)

< 3, j=1,....,n; k=1,....,n—1.

Lin [3] got a stronger result as follows:
Theorem 3 Let A € M,,(C) be accretive-dissipative. Then

jat?]

(1.8) ‘”’|<2\/§, j=1,....,n: k=1,....n—1.
Qi

Consequently,

(1.9) pn(A) < 4.

If A is a Higham matriz, then

(1.10) pu(A) < 2V/2,
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2. The main theorem

In this paper, we show a refinement of (1.8) which is a main result. Moreover, we
get the refinements of (1.9) and (1.10):

Theorem 4 Let A € M,,(C) be accretive-dissipative. Then
1 — r\2

4 (150)
1+kK

Consequently, p,(A) < 2 [1 + (1_—”)2} If A is a Higham matrix, then

1+k
1—x\2
1+( )]¢Z
1+k

where K € [1,4+00) is the mazimum of the condition numbers of B and C.

k
latt]

V2, j=1,..,n k=1,..,n—1,
[en

(2.1)

pn(A) <

Proof. We fix numbers £ € 1,2,...,n — 1 and j, where j > k 4 1. Denote by A,
By, and (Y}, respectively, the leading principal order k submatrices in A, B and C.
Consider the (k + 1) x (k + 1) matrix

A u
A = < Uj]f ajj )

"=

where

U alj,agj,...,akj)

and
UT = (Cljl, Aj2, ...y ajk).
Note that Ay; is a principal order k£ + 1 submatrix in A.

Defining the vectors
bT - (blja bgj, ceey bk])

and

CT = (Clj, CQJ', ceey ij),

we can rewrite Ay; as

A BetiCe btic
ki = b*+ZC* bjj‘i‘iij

It is easy to see that ag»’;) can be obtained by performing block Gaussian
eliminations in Ay;; namely,
(k) _ o TA*l — b e — (bF V(B i ,1b .
a;; = aj; —v A u = by +icj; — (0" +ic")(Bg +1Ck)~ (b + ic).
Setting
k .
(lgj) :ﬁ‘f‘l% ﬁa’y € Rv
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we have by [2, Theorem 2.1]

6= bjj —b* Xpb+ " Xje — Y — c'Yib

and
v =cj; +b"Yib — c"Yie — 0" Xc — c* Xy,

where
(2.2) X = (Br + CuB,'Cr) ™!
(2.3) Yy = (Cy + ByC, 'By,) ™
with

Bk b Ck C
(24) ( b* by ) and ( ¢ cj )

positive definite. It is known that 3,~ > 0.

By simple computation, we have

(2.6) (0" Xpe+ " Xib) < " Xpb+ " Xye.

From (2.2) and (2.3) we have [2, Lemma 2.3]

1
(2.7) ngﬁcglamiykg%ng
From (2.4) and [4, (6)], we get
A=A A=A
(2.8) (= )2b;; > b* Byt and (——2)2%¢;; > Oy e

A+ A JVEDY,

n

In (2.8), A; and A, (A} and X)) are the largest and the smallest eigenvalues of B
(C), respectively.
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Note that f(z) = (Z2)™(m > 1) is increasing for 2 € [1,00). Then we have

i = 18+l

B+~
bjj — 0" Xpb + " Xypc — b"Yye — c"Yib
+cj; +0"Yb — Y — 0" Xpe — " Xy

IN

< by — U X+ ¢ Xy + (BYib + Vi) (by (2.5))
+ ¢j; +0Yeb — ¢ Yie + (0" Xgb + ¢ Xye) (by (2.6))
= bjj + Qb*Y}gb + Cjj + QC*XkC
< b+ b*B,;lb +cjj + c*C’,;lc (by (2.7))
)\n B )\1 2 )\/ . )\/ 2
< by] + <m) bjj +cj; + </\ n /\1) cjj  (by (2.8))
’ ’ 2
Ao — Ap = A
— ( /\) bj; + 1"‘(/\”TX1>]CJ’J'
1-—
< |1+ (1 ) (bj; + ¢j5)
1-—
< [1+ 1+ r \/_|bJ] + ZCJ]|
I P \/_ 2ay;|.
= 1+ r ajj5

where K —max(f\‘l , il) > 1, i.e., the maximum of the condition numbers of B

and C. This completes the proofs of (2.1).
It is easy to know that [1 + (175) } V2 < 2¢/2 for k € [1,+00). So (2.1) is a

refinement of (1.8).

To show the remaining claims, we need the following facts:
Factl. [2, Corollary 2.3] The property of being an accretive-dissipative matrix is
hereditary under Gaussian elimination.

Fact2. [2, Lemma 2.1, 2.2] If A = (a;;) € M,(C) is accretive-dissipative, then
\/Emlax lay| > max laj;|. If A is a Higham matrix, then max lay| > max |aj].
i

Suppose max; x |a§-]; | = | §fsg| for some jo, ko, then by (2.1) the result below
holds:
maX”k|a )| ﬂmaxjk|a§]-€| \/_\ ko)) 1—r\>
pu(A) = < k1% 1 Yool _ 9|1 4
max;; [ag| max ; |a| |@joso] 14k

Similarly, if A is a Higham matrix, then p,(A) < [1 + ( ) ] V2. The proof is
thus complete. .
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3. Conclusion

Our results in Theorem 4 are refinements of the results in Lin [3, Theorem 3].
Although it is a minor improvement, the result is much closer to the final solution
of Higham’s conjecture.
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