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Abstract. In this article, we introduce a generalization of Fourier and Hartely trans-
forms. The transform we have obtained has been investigated on certain space of distri-
butions. T'wo spaces of Boehmians are also established. The extended transform is then
obtained and is well-defined, linear, one-to-one and onto mapping. More properties are
also illustrated.
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1. Introduction

Let R be the set of real numbers and g be an integrable function defined on R.
The transform we consider in this article is given by the integral equation

) RO == [ 90 @cos(r6n) + Bsin(16r) dr

The inversion formula is recovered from our transform (1) as

@ 9= [0 © (Leosten + Jainen) de

Let v = o = B = 1, then the shortness of (1) and (2) reduces to the Hartley
transform pair [2], [8], [12]. On the other hand, a substitution of « = 1, g = i,
v=1,in (1) and (2), describes a Fourier transform pair [9].
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Denote by E' (R) the space of distributions of compact supports. Then, the

—_—

extention 27 of /77 to a distribution g € E’ (R) can be given as

) R 6O = <= {9 (7) acos (67) + Bsin (7))

This definition is indeed well-defined by the smoothness of « cos (v€7)+ sin (v€7).

Therefore, Lgﬂg justifies its following properties:
(i) Lfé’% is linear;
(ii) LgﬁR is continuous;
(iii) Lg’% is analytic.
The justification of those properties follows in fact from basic properties of distri-
butions.
In what follows, we spread the discussion to further space of Boehmians over
two sections.
n Section 2, we construct the image and preimage spaces of Boehmians. In
In Section 2 truct the image and preimag f Boehmi I

Section 3, we discuss the transform in the context of Boehmian spaces and obtain
some properties.

2. The constructed spaces of Boehmian

We assume the reader is acquainted with the concept of Boehmian spaces. For
further constructions, reader can check the citations [1], [3], [4], [6], [7], [10], [11],
[13] of this article.

Let us first define some auxiliary mappings that are useful to our next inves-
tigation of Boehmian spaces.

Denote by D the Schwartz space of test functions of bounded support. Then,
for every g € E' and v € D we introduce the operation e defined by

(4) (gov)l(s) =g vxl)(s),

where ¢ € F, and * is the usual convolution product of two functions of first kind
[9], [5].

To establish the first space of Boehmians we are requested to establish the
following theorems.

Theorem 1. Let g € E' and v € D; then we have gev € E'.

Proof. Let ¢ € E and K be a compact subset of R; then, by (4), we have

(5) (gov)l(s)=g(vx0)(c).
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So, to prove the theorem, it is sufficient to show that v«¢ € E. By the property [9],
Dfxg=Dfxg

we derive that
dk dk

d—gk(v*f)(g)zv*d—gkf(g).

Hence, allowing K traverse the compact subsets of R implies

da* K
sup |— (v * ¢ = sup|v* I/ ‘
Sup | 37 (00 (<) up |k 5 (<)
dk‘
1™ is certain positive constant.
This gives
q*
sup |— (v £) (g)| < oo.
up | 35 (04 0) (<)
Hence, v+ ¢ € E. Thus, gel{ € E'.
This completes the proof of the theorem. .

Theorem 2. Let g1, 9, € E' and { € D,n € C; then we have

n (g1 + g2) @ L = (ng1 +ngs) @ L.

The proof of this theorem is straightforward. Hence, we prefer to omit the details. m

Theorem 3. Let g, — g in E' and v € D; then g, v — g®v as n — 00.

Proof. For ¢/ € E, we can write

(6) (gnov—gev)l=((gn—9g)ev)l= (g —g)(v*{).

Right hand side of equation (6) is well defined by Theorem 1.
Considering the limit as n — oo, the right hand side of (6) tends to 0 as
n — 0o.
Therefore,
(gnov—gev)l —0

as n — oo.
Hence g, e v — ge v as n — .
The proof of the theorem is completed. .

As final in this construction, we merely need to establish the following
theorem.
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Theorem 4. Let g € E' and (6,) € A; then we have g ® 8, — g as n — 0.

Proof. Let ¢ € E and (4,,) € A; then, since (d,,) is delta sequence, we have d,, * ¢
as n — 0o0. Hence,

(7) (g@d,)l =g (6, xl) = gasn— 0.
Thus our theorem is completely proved. n

The space B (E/, D, A, o) is therefore considered as a Boehmian space.
The sum and multiplication by a scalar of two Boehmians can be defined in

a natural way
fol Jon] _ [ JnoTat gneen
€n Tl €n® Ty

n -&} = %} ,neC.

€n L €n

and

The operation e and the differentiation are defined by
-] o220

€n Tn | €n ® T | €n €n

If {&} €EB (E/, D, A, o) and ¢ € D, then we have

677/
oo 5]
€n €n
A sequence of Boehmians (f,,) in B (E'7 D, A, o) is said to be d-convergent

to a Boehmian § in B (E/, D, A, o) , denoted by £, BN B, if there exists a delta
sequence (e,) such that (3, e¢,),(Bee,) € E'\Vk,n=1,2,3,....and

(Bpoer) — (Boer) asn— oo, in B, k=1,2,3,....
The following lemma is equivalent for the statement of d-convergence:
B 2 g (asn— o0)in B (E', D, A, o) if and only if there is f,x, fr € E
and (e) € A such that (3, = {M} B = [ﬁ] and for each k =1,2,3, ...,
€k

€k
fok = frasn — oo in E.

A sequence (f,,) of Boehmians in B (E', D, A, e) is said to be a A-convergent to

a Boehmian  in B (El, D, A, o) , denoted by 3, LY B, if there exists a (€,) € A
such that

(By—B)ee, € E,
Vn=1,2,3...and (8, —3)ee, = 0asn— ooin F .
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Let us now consider another space of Boehmians.
Let W be the space of Lg’g{ transforms of distributions in E'; then we define
a product ® as

®) s = [wieravis)de
¢ € R. Then, (8) can be simply written as

(0@ v) (&) = v (€).
where @ (¢) = w (~€).

Theorem 5. Let g € E',v € D; then

L’fé’% (gov) = Li:?é (9) ®v.

Proof. Over compact subsets K of R we by (3) have that

ih(gev)(§) = ((gev)(r),acosyér + Bsinyér)
ie. = (g(1),(v(z),acosyE (T + x) + BsinvE (17 + x)))

ie. = / (g (1), acos¥E (14 x) + Bsinyé (7 + x)) v (z) da.
R
Therefore, we have obtained
By _(,B
g ev) (©) = (Lig@v) (©).
This completes the proof of the theorem. .

Theorem 6. Let w € W,v € D; thenw®v € W.

Proof. The assumption that w € W implies w = Lft’%g for some g € E'.
Therefore, we get

(9) we V= LiﬁRg@v.
By Theorem 5, equation (9) gives
(10) wev = (gev).

Theorem 1, therefore, implies w ® v € E'.
This completes the proof of the theorem. .

The proofs of the following two theorems have similar techniques.

Theorem 7. w,,w € W,(5,) € A and v € D. Then we get
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(1) Let w, - w in W and v € D; then w, ® v — w & v.
(2) Let w € W and (6,) € A; then w ® 6, — w as n — 0.

Theorem 8. Let wy,ws € W,v € D; then for ny,ny € C, we get that
(nfwy + nyws) ® v =1} (w1 ® v) X 15 (w2 @ V)
where v € D .

The Boehmian space B (W, D, A, ®) is therefore constructed.
Addition, multiplication by scalars and convergence on B (W, D, A, ®) are
similar to that of B (E', D, A, o) . Hence details are avoided.

3. The generalized Lg’% transform of Boehmians

—_—

Let [—] € B (E',D,A, o); then, we define the generalized transform f 7R

«

in the space B (W, D, A, ®).

Theorem 9. The mapping Lféﬂ{ 18 well-defined.

Proof. Let {&] = [g—”] € B (E',D,A, o) ; then we have

€n Tn

& is equivalent to In in B (E/, D, A,o) .

€n Tn

Therefore, f, o7, = gn®€,,Vm,n € N. The action of Lfé’% jointly with Theorem 5
imply
ok () ® T = (0% (9m) ® €,

VYm,n € N. Hence

By By

. o Lo n) .

R (/n) is equivalent to R (9-) in B(W,D,A, ®).
n Tn

Hence, we have obtained

R LY e
a,R €n a,R T :
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This completes the proof of the theorem. .

/\

Theorem 10. The mapping L 18 linear.

Proof. Let {E] , [g_n} € B(E',D,A,e),k,1n € R; then

€n Tn

Gl = s

B ([(ﬂfn) ® 7+ (Ngn) @ GnD

1.e. =
Y.k €n®Ty

[Lm () @ 7o + (ngn) @ m] |

€ @ Ty

/\

Linearity of /77 and (11) imply

() |

Theorem 5 gives

%(H[E]”{gﬁ]):[ 5 (fa) ® 7o + 100 (90) @ €

I
l—l

(fn L4 Tn) + nLaR (gn L4 En)
€ ® Th, '

€n Tn €n ® Ty

Thus, we have

7 (ﬁ H . H) _ [nnﬁ:& <fn>] . [nnﬁ:ﬂé (g@]

Hence, we got that

B[4 ofe]) [ [

The theorem is completely proved. .

Theorem 11. The mapping LﬁﬂR is an isomorphism from B (E',D,A,o) into
B(W,D,A,®).

Proof. We first prove that Lﬁg{ is injective mapping from B (E',D,A, o) into
B(W,D,A,®).

Assume that
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in B(W,D,A,®).
Then, by (11), we have

Hence, we derive that

% (fa) - % (n)
€n Tn

are equivalent quotients in B (W, D, A, ®) .

Thus, the concept of equivalent classes of B (W, D, A, ®) implies
ok () ® T = 10 (9m) ® €.
Theorem 5 then gives
% (o ®70) = (0% (90 ® €0)

Injectivity of L'g% and the concept of equivalent classes of B (E/7 D, A, o) implies

E are equivalent I in B <EI,D, A, o) .

€n Tn

9n
Tn

Therefore {&] and [

are equivalent.
En

This proves the first part.

—

Surjectivity of (2% is obvious.

The theorem is completely proved. n

The proofs of the following theorems are obvious.

Theorem 12. If Li’% {g_n] =0, then

On
9n
—| =0
]
in the sense of B (E/, D, A, o) )

Theorem 13. If (53,,) is sequence in B (E/, D, A, o) such that (3, Y B asn — oo,
then
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—_

By A
lak (Ba) = (0% (B)
asn — oo in B (W, D, A, ®) on compact subsets.

Theorem 14. Let {g—n} € B(E',D,A,e); then

(7] ee) =5 (e [2))

Readers can check the proofs from the citations given by the same author.

(€,) € A.
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