ITALIAN JOURNAL OF PURE AND APPLIED MATHEMATICS — N. 32-2014 (283—300) 283

SOME DERIVATIONS ON THE BOUNDS
FOR THE ZEROS OF ENTIRE FUNCTIONS
BASED ON SLOWLY CHANGING FUNCTIONS

Sanjib Kumar Datta

Department of Mathematics
University of Kalyani

Kalyani, Dist-Nadia, PIN-741235
West Bengal

India

email: sanjib_kr_datta@yahoo.co.in

Dilip Chandra Pramanik

Department of Mathematics

University of North Bengal

Raja Rammohunpur, Dist-Darjeeling, PIN-734013
West Bengal

India

email: depramanik@gmail.com

Abstract. A single valued function of one complex variable which is analytic in the fi-
nite complex plane is called an entire function. The purpose of this paper is to establish
the bounds for the moduli of zeros of entire functions in the light of slowly changing
functions.

Keywords: zeros of entire functions, proper ring shaped region.

2000 Mathematics Subject Classification: Primary 30C15, 30C10, Secondary
26C10.

1. Introduction, definitions and notations

Let
P(2) = ag + a1z + as2® + agz® + ... + ap_12" " a2 |an| # 0

be a polynomial of degree n. Datt and Govil [2], Govil and Rahaman [4], Marden
[8], Mohammad [9], Chattopadhyay, Das, Jain and Konwer [1], Joyal, Labelle and
Rahaman [5], Jain [6],[7], Sun and Hsieh [12], Zilovic, Roytman, Combettes and
Swamy [14], Das and Datta [3] etc. worked in the theory of the distribution of
the zeros of polynomials and obtained some newly developed results.
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In this paper we intend to establish some of sharper results concerning the
theory of distribution of zeros of entire functions in the light of slowly changing
functions.

The following definitions are well known :

Definition 1. The order p and lower order A of an entire function f are defined as

loo? M loo? M
p = limsup og—(T,f) and A = liminf og—(r,f)’
r—00 logr r—00 log 7

where log" 2 = log(log[k_l] x) for k=1,2,3,... and logl” 2 = 2.

Let L = L(r) be a positive continuous function increasing slowly, i.e.,
L(ar) ~ L(r) as r — oo for every positive constant a. Singh and Barker[10]
defined it in the following way:

Definition 2. [10] A positive continuous function L(r) is called a slowly changing
function if, for € (> 0),

<

1
= < k® forr >r(e)
and uniformly for k(> 1).

If, further, L(r) is differentiable, the above condition is equivalent to

lim rL(r) =
r—00 L(T’)

Somasundaram and Thamizharasi [11] introduced the notions of L-order and L-
lower order for entire functions defined in the open complex plane C as follows:

Definition 3. [11] The L-order p” and the L-lower order AL of an entire function
f are defined as

. log® M(r, f) - log® M(r, f)
L= —= ) d A =liminf —=—212
p lﬂsogp log[rL(r)] an "o log[rL(r)]

The more generalized concept for L-order and L-lower order are L*-order and
L*-lower order respectively. Their definitions are as follows:

Definition 4. The L*-order p’”" and the L*-lower order A" of an entire function
f are defined as

2] 2]
pL* = lim sup M and )\L* — liminf lOg M(T7 f)

r—00 log[reL(T)} r—00 log[reL(r)]

2. Lemmas

In this section, we present some lemmas which will be needed in the sequel.



SOME DERIVATIONS ON THE BOUNDS FOR THE ZEROS OF ENTIRE FUNCTIONS...285

Lemma 1. If f(2) is an entire function of L-order p“, then for every ¢ > 0 the
inequality i
N(r) < [rL(r)}"

holds for all sufficiently large r where N (r) is the number of zeros of f(z) in
2| < [rL(r)].

Proof. Let us suppose that f(0) = 1. This supposition can be made without
loss of generality because if f (z) has a zero of order 'm’ at the origin then we
may consider g (z) = ¢- % where ¢ is so chosen that g (0) = 1. Since the func-
tion g (z) and f (z) have the same order therefore it will be unimportant for our
investigations that the number of zeros of ¢ (z) and f (z) differ by m.

We further assume that f(z) has no zeros on |z| = 2[rL(r)] and the zeros
zi’s of f(2)in |z| < [rL(r)] are in non decreasing order of their moduli so that
|z;] < |zi1]. Also let pl suppose to be finite.

Now, we shall make use of Jenson’s formula as state below

n R 1 2 )
(1) 10g|f(0)|:—210g—+2—/ 10g|f(R€%¢)‘dgb.
i1 |2i] T Jo
Let us replace R by 2r and n by N (2r) in (1)
N(2r) o 1 2 )
log [£(0)] ==Y log— + —/ log | f (2r €)|dg.
—1 2| 27 Jo
Since f (0) = 1,1log|f (0)] =log1 = 0.
N(2r) o
2r 1 .
. _ o}
(2) ..;logm—%/o log | f (2r €")| dg.
N(2r) o N(r) o
(3) LHS. = Z logm > Zlogm > N (r)log2
i=1 ¢ i=1 ‘
because for large values of r,
log 2r > log 2.
|2i]

1 27 )
- i
R.H.S = o /0 log ’f (27" e )| do

1 2

< — log M (2r) d¢ = log M (2r) .
2 Jo

(4)

Again, by definition of order pY of f(z), we have for every ¢ > 0, and as
L(2r) ~ L(r),

(5) log M (2r) < [2rL(2r))e" /2

log M (2r) < [2rL(r)]P"+e/2,
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Hence, from (2) by the help of (3),(4) and (5), we have

N(r)log2 < [2rL(r))r"+/

20t +e/2 (rL(r))"
log2  (rL(r))=/?

ie., N (r) < [rL(r)]P"te.

This proves the lemma. n

In the line of Lemma 1, we may state the following lemma:

Lemma 2. If f (2) is an entire function of L*-order p~~, then for every e > 0 the
inequality

N (r) < [ret)" +
holds for all sufficiently large r where N (r) is the number of zeros of f(z) in
2| < [rel™)].

Proof. With the initial assumptions as laid down in Lemma 1, let us suppose
that f (2) has no zeros on |z| = 2[reX("] and the zeros z;’s of f (2) in |z| < [rel(")]
are in non decreasing order of their moduli so that |z;] < |zi41]. Also, let pt”
supposed to be finite.

In view of (1), (2), (3) and (4), by definition of p*" and as L (2r) ~ L (r), we
get for every € > 0 that

log M (2r) < [27’€L(27")]PL*+8/2
ie, logM(2r) < [QTeL(T)]pL*JfE/Q‘

(6)

Hence, by the help of (3),(4) and (6), we obtain from (2) that

N (r)log2 < [2r6L(T)]pL*+E/2

L* L* *
o +e/2 [reL(T)}p +e I L* 4
N(T) < log2 [rL(r)]e/2 < [Te (T)]p g

Thus, the lemma is established. .

3. Theorems

In this section, we present the main results of the paper.

Theorem 1. Let P(z) be an entire function having L-order pl in the disc
|z| < [rL(r)] for sufficiently large r. Also, let the Taylor’s series expansion of
P(z) be given by

P(z) =ag+ ap 2" +---+a,, 2" + aN(,,)zN(”"), ap # 0, anpy # 0
with 1 < py <py < -+ < ppm < N(r) =1, p;’s are integers such that for p* > 0,

Jaol (0")¥) > Jay, | (p")¥P > > ay, | (pP)VOT > aw |-
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Then, all the zeros of P(z) lie in the ring shaped region

1 1 a

o] < |z < p_L (1 + |a| (()|)‘ <pL)N(T)> .
I apq N(r

p (H |a0,(pL)p1>

Proof. Given that

P(2) = ag + ap 2" + -+ + ap, 2P+ ay 2
where p;’s are integers and 1 < p; < py < -+ < pp < N(r) — 1. Then for pX > 0,

laol (0")¥) > Jap, | (pF)¥P > > ay, | (pM)VOT > aw |-

Let us consider

~P1

L\N(r) ZPm SN (r)
- { T GE T e oy aN<T><pL>—N<r>}
= ag(p")N ") + ap, (pH)NOTPIP 4 qy, (PN TP 4 2N
Therefore,

Q)| > JanzV )| -
}ao(pL)N(T) -+ apl (pL)N(T)_plzpl + s+ apm(pL>N(T)_mepm .

(7)

Now, using the given condition of Theorem 1 we obtain that

|a0(pL)N(r) + ay, <pL)N(r)*p1Zp1 + -+ ap,, (pL)N(T‘)*mepm‘

< Jaol (22" + s | (pH)V O |2 - g | (92107 |2
L\N(r) | ,|N(r) 1 1

< lao| (p*)™" 2] W—F“'—FW for |z| #0.

Using (7), we get for |z| # 0 that

1 1

N(r r N(r

Q(2)] > |ane| 121N = Jao| (0N |A¥ | —ee o+ 5
’Zl (r)=pm |Z’ (r)

1

1
N(r N(r
> |aN(T)| ‘Z’ ") |@O’(pL)N(T)‘Z| ) (W"’"“f‘m—l—“-)

(8) “©
N(r r N(r
= |ang| 121" = Jao| (p%)¥ ) |27 (Z W) -

k=1



288 S.K. DATTA, D.C. PRAMANIK

o0

1

The geometric series Z — is convergent for
k=1 1%
1
— <1
||
ie., for |z| >1
and converges to
1 1
Ai-& -1
Therefore,
= 1
Z — = for |z] > 1.
’ -1
k=1

Using (8), we get from above that for |z\ > 1

r r T 1
Q> faves| 1™ = Jao (29 1) ()
o o] (1))
= A (Jaxio| - 2T,

|z

Now, for |z| > 1,

|ao| (")

Q(2)| > 0if  Jane| - >0

2l -1 =
L\N(r)
ie., if |aN(T)| > %
L\N(r)
feif [o—1> ol (P)7T
|an)]
L\N(r)
e i |2 > 14 1T
|ax)|

Therefore, |Q(z)| > 0 if
|ao| (")

|2| > 1+
|an )]
Therefore, Q(z) does not vanish for
|Z| > 1+ ’ 0’ (pL)N(T)‘
’aN(T)‘

So, all the zeros of Q(z) lie in

|ao| (p")N)

2] <14
[ane)]
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Let z = zy be any zero of P(z). Therefore, P(zy) = 0. Clearly, zy # 0 as ag # 0.
Putting 2z = plz in Q(2), we get that

Qpt20) = (P)¥0.P (20) = (o500 = 0.
So z = plzy is a zero of Q(z). Hence,

|ao| (p")N
x|

1 L\N(r)
i.e., |Zo| < Y 1+ M .
P |an ]

|pLzO| < 1+

Since zj is an arbitrary zero of P(z), therefore, all the zeros of Q(z) lie in
1 a L\N(r)
9) |z|<—L<1+M .
P |an)|
Again, let us consider
1
R — L\N(r) N(’I‘)P i
(2) = (o) 0P (-

Therefore,

1 1 1
—( L \N(r) ,N(r) R TV I _
R(2)=(p") z {a0+apl (pL)Przpt + + ap,, (pL)pm zPm TaN() (pL)N(?")zN(T)}
:(Io(pL)N(T)ZN(T)—Fapl (pL)N(r)fpl ZN(r)fpl 4ot p,, (pL)N(r)fmeN(r)fpm_I_aN(T).

Now,
(10) B

Also
|ap, (PPN N g, (pE)N O ZNE o g |
< ay, (p1)NOPNO 4 ay, (PN NEO | 4|
BN YO | (YO 3O o)
N(

LYN() =1 (|Z|N<r>—p1+,,_+‘Z|N<r>—pm+1)_

Using (11), we get from (10) that for |z| # 0

(11)

= |ap1|

(p
< ap, | (p
‘R(Z)’ > ’CLO’ (pL)N(r) ‘Z|N(T) _ ’apl‘ (pL)N(T)*;m OZ’N(T)—IH R ‘Z‘N(T‘)—pm I 1)

r N(r r)— N(r 1 1 1
= |a0| (/)L)N( ) |Z| ) — |ap1| (pL)N( e ’Z| ") ottt e N(r)
|| || E

> lao| (p" )NV 2N

r)— N(r
=l ()07 12 U(IZIIP1 +"'+IZI%+ |z|z$<r> +)
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Therefore, for |z| # 0,

r [ r)— r . 1
(12) IR > lao] (09N (2N — [y ] (pF) V0P 2O (Z 7) |
k=1

|z
o)
: . .
Now, the geometric series Z —= 1s convergent for
i
1
— <1
2]

ie., for |z >1

and converges to

So

‘R(Z)’ > |a0| (pL)N(r) |Z|N(r) . |ap1‘ (pL>N(T‘)—p1 |Z|N(7‘) ( 1 )

|z[-1
N(r r a
= |z| ( )(pL)N( )—p1 <|ao| (pF)Pr — |Z|p11|) .

REE
Now,
REI> 01 ol (21 = 72l 2 0
Z —_—
e i Jag] (1) > ,'|—_‘1
. ) |ap1|
ie if |z|—-12>
S PR PaT
. ) |ap1‘
1.e., lf |Z| Z 1 + W > 1.
Therefore,
. ‘am’
R(z)| >0if |z > 1+
RE) > 0if 214

Since R(z) does not vanish in

|ap1|

z Z 1+ T 17 T \p 0
= e
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all the zeros of R(z) lie in

|ap1’
|ao| (p*)P!

Let z = 2 be any zero of P(z). Therefore, P(zy) = 0. Clearly, zy # 0 as ag # 0.
Putting z = 1/pf2y in R(z), we obtain that

1 LNG) 1 N(r)
R - " P
(p) (o) (p) (20)

|z <1+

So 0, |
a
plzo |ao| (p*)Pr

: L ‘am’ )
ie., — < 14+ —2

wl © < [aof (pL)P"
) 1
ie., |z0] >

L ’“m’ '
p <1 + |a0(—pL)p1)

As 2y is an arbitrary zero of P(z), all the zeros of P(2) lie in

1
L |ap1| ‘
p (1 + |ao|<pL>m)

So, from (9) and (13), we may conclude that all the zeros of P(z) lie in the proper
ring shaped region

(13) 2| >

1 1 a
<l < 2 {1y Lol e
pk (1 + ’af’l’ ) P |aN(T)’

lao|(p%)P1
This proves the theorem. .

In the line of Theorem 1, we may state the following theorem in view of
Lemma 2:

Theorem 2. Let P(z) be an entire function having L*-order pY” in the disc
|z| < [re™)] for sufficiently large r. Also, let the Taylor’s series ewpansion of
P(z) be given by

P(z) =ag+ ap, 2" +---+ap, 2" + aN(T)zN(’”), ap # 0, aney # 0
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with 1 < p; < pa < -+ < pm < N(r) — 1, p;’s are integers such that for pv” > 0,
Jaol (0" )N > ap | (05 )V > > ap, [ (0PN > ] -

Then, all the zeros of P(z) lie in the ring shaped region

1 (10 * r
<|Z|<?<1—i— |ao| (pL)N())'
> P |an]

1
L* |“P1
14 <]. + \a0\<pL*)pl

The proof is omitted.

Corollary 1. In view of Theorem 1, we may conclude that all the zeros of
P(z) =ag+ ap 2" + -+ ap, 2" + a,2"

of degree n with 1 < p; < py < --- < pm <n—1, p;’s are integers such that for
p* >0,
|aol = [ap,| = -+ = |an]

lve in the ring shaped region
1 a
o << ()
lop1| tn
(1)
on putting p* =1 in Theorem 1.

Corollary 2. In view of Theorem 2, we may conclude that all the zeros of
P(z) =ag+ ap 2" + -+ ap, 2" + a,2"

of degree n with 1 < p; < ps < -+ < pm <n—1, p;’s are integers such that for
o >0,
lag| > lap,| > ...... > |ay|

lie in the ring shaped region

1
L e (H@)
(1_|_ |G‘P1|) ‘an‘

laol
on putting p*~ =1 in Theorem 2.

Theorem 3. Let P(z) be an entire function having L-order pb. For sufficiently
large r in the disc |z| < [rL(r)], the Taylor’s series expansion of P(z) be given by
P(z)=ap+a1z+ -+ aN(r)zN(r), ag # 0. Further, for p* > 0,

laol (p")V T = Jar] (pP1)VO T = - 2 aw| -
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Then, all the zeros of P(z) lie in the ring shaped region.

1
<z| < =+,
oA

where to and t{ are the greatest roots of

9(t) = |an| VO = (Janm | + (") aol) YO + (04N Jag| = 0

and
f(t) = |ao| p"tNO — (lao| p" + ar]) V) + |aa| = 0.

Proof. Let
P(z)=ap+a1z+---+ aN(r)zN(r)

by applying Lemma 1 and in view of Taylor’s series expansion of P(z). Also
laol (p")¥) > Jaa| (p")N T > > Jan |-

Let us consider

Now

1Q(2)| > |an] 12177 — |ao(p") N 4ar (PPN O a2V O

Also, applying the condition |ao| (p*)N") > |ai| (p*)N 71 >+ > |an)),
from above that

la0(P2) V) + ay (PN 2 4t a2V
< Jao| (#)N) + Jaa| (pF)VO7 2] + -+ |angy-a] |21
< |ao| (p")M (1 ol 4+ |Z|N(r)—1>

|Z|N(r )

Therefore, it follows from above that

= Jao| (p")™ for |z[ # 1.

N(r)
r V-4 -1
Q) 2 faweo] 127 = faol (- EL—S .

293
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Now
A" ~1

Q) >0 if awe| o™ = faol (1) - =

> 0

N(r
Ny |2 "1
2] =1

e, i Jawgy| 27 (12 = 1) > Jao] (0¥ (J21Y7 = 1)

e, it Jangy] 121V > Jaol (%)

e, i a2 = (Jaw] + laol (07)Y) 2™ + Jaol (07 > 0.

Let us consider
(14) g(t) = |ane | = (lane)| + laol (0")N) Y0 + Jag| (o) = 0.

The maximum number of positive roots of (14) is two because maximum number
of changes of sign in g(¢) = 0 is two and if it is less, less by two. Clearly, ¢t = 1
is a positive root of g(t) = 0. Therefore, g(¢) = 0 must have exactly one positive
root other than 1. Let the positive root of g(t) be t,. Let us take tg = max {1,%,}.
Clearly, for t > tg,g(t) > 0. If not for some t5 > tg, g(t2) < 0. Also g(o0) > 0.
Therefore g(t) = 0 has another positive root in (Z2, 00) which gives a contradiction.
So, for t > tg,g(t) > 0. Also ty > 1. Therefore, |Q(z)| > 0 if |z| > ;. So, Q(z)
does not vanish in |z| > ty. Hence, all the zeros of Q(2) lie in |z] < ty.

Let z = zy be a zero of P(z). So, P(zy) = 0. Clearly, zy # 0 as ag # 0. Putting
z = plzy in Q(z), we get that

Qp =) = (01)"" P(z0) = (0*)"" 0 =0

Therefore, z = plzy is a zero of Q(z). So,

1 .
pLzo‘ < tp or |z| < p—LtO. As 7y is an

arbitrary zero of P(z),
. . 1
(15) all the zeros of P(2) lie in the region [z < —to.
p
In order to prove the lower bound of Theorem 3, let us consider

R(z) = (p4) N0 N0 p <L) _

ptz
Then
R(Z) :(pL)N(T)ZN(T) (a/o_i_&_i__i_aN( );>
Pz (YN0 2N
— GO(pL>N(T)ZN(T) + a1<pL)N(7‘)—12N(7‘)—1 et aN('r)-
Now

[R(2)| > lao| (p")N ) |27 = ar (p")N I TNOT 4 ang]
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Also
|a1<pL)N(r)flzN(T)*1 + -+ aN(r)| < |a1‘ (pL)N(T)il |Z’N(T)_1 +oeet+ ‘GN(T)l :

So, applying the condition |ao| (p*)N™) > |a1| (p")NIE > - > |ay(|, we get
from above that

— ’al(pL)N(r)_lZN(r)_l _|_ [N + aN(r)’

> —Jaa] (pP)NOT N7 =~ aw|
> —far] (p)VO (J2 YO -4 1)
N(r) 1
= — |a| (p")N™) 1% for |z # 1.
Using (16), we get for |z| # 1 that
N ’le(T)fl 1
(16) [R(2)| = (p")VO7 | ao| p" |2 |Cl1||z|—_1 ~
Now
’Z‘N('r)—l 1
[R(2)] > 0if  (pF)NO=1 [ ao| p* |2 ‘aly‘z’—_l >0
N(r)-1 1
ie, if  |aol p% |2|N" = |ay| 12 -1 > 0
| ‘N(T)fl 1
e it Jaol o 21Y0) > o
2| -1

e it Jaol p* 27 (12] = 1) > o (\z|N<T>—1 -1)

ie if  Jaol p |2V = (Jaol p* + laa]) |2V + |as] > 0.
Let us consider
F@t) = laol pMtNO — (Jag| p* + |ar|) V) + |ay| = 0.

Clearly, f(t) = 0 has two positive roots, because the number of changes of sign
of f(t) is two. If it is less, less by two. Also, t = 1 is the one of the positive
roots of f(t) = 0. Let us suppose that ¢ = t5 be the other positive root. Also, let
ty = max{1l,t,} and so ¢{ > 1. Now ¢ > ¢ implies f(¢) > 0. If not, then there
exists some t3 > t( such that f(t3) < 0. Also, f(oco) > 0. Therefore, there exists
another positive root in (¢, 00) which is a contradiction. So, |R(2)| > 0if |z]| > ¢;.
Thus R(z) does not vanish in |z| > ¢;. In other words, all the zeros of R(z) lie in
12| <.
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Let z = zp be any zero of P(z). So, P(z9) = 0. Clearly, zy # 0 as ag # 0.
in R(z), we get that

Putting z = —
P~ %0

1 LN () 1 N(r) 1 N(r)
R - r P(z) = — 0=0
(PLZO) (%) (PLZO) (=0) <ZO)

1
Therefore, —— is a root of R(z). So,
P~ z0
an arbitrary zero of P(z) =0,

7 As 2y is
0

1 < t/ . li | ‘ > 1
I 0 = {9 p 0] — I

(17) all the zeros of P(z) lie in |z]| >

phty

From (15) and (18) we have all the zeros of P(z) lie in the ring shaped region
given by

1
oty <1 ot

where ¢y and ¢}, are the greatest positive roots of g(t) = 0 and f(t) = 0 respectively.
This proves the theorem. .

In the line of Theorem 3, we may state the following theorem in view of
Lemma 2:

Theorem 4. Let P(z) be an entire function having L*-order pL”. For sufficiently
large v in the disc |z| < [ret™)], the Taylor’s series expansion of P(z) be given by

P(z) =ao+ a1z + -+ anpyz T,CLO;AO
Further, for pv~ > 0,
| ol <PL*)N(T) > |as| (PL*)N(T)_I > > |CLN(T)’ )

Then all the zeros of P(z) lie in the ring shaped region.

1
. <||<—t0
oty pt

where ty and t;, are the greatest roots of

g(t) = ‘GN(T)‘ N+ (}CLN(T)| + (PL*)N(T) |ao|) ¢V + (PL*)N(T) \a0| =0

and
F@) = lao| p" tNOF — (Jao| p" + Jas|) £V + |ay| = 0.

The proof is omitted.
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Corollary 3. From Theorem 3, we can easily conclude that all the zeros of
P(z)=ap+ a1z + -+ a,2"
of degree n with property |ag| > |ay| > -+ > |a,| lie in the ring shaped region

1
7 <ol <to
0

where to and t{, are the greatest positive roots of
9(t) = lan| " = (Jan| + |ao])t" + [ao| = 0

and
F(t) = Jaolt"" = (Jao| + |ar )t" + |ar| = 0
respectively by putting p* = 1.

Corollary 4. From Theorem 4, we can easily conclude that all the zeros of
P(z)=ap+arz+ -+ a,z"

of degree n with property |ag| > |ai| > -+ > |ay| lie in the ring shaped region

1
t—,§|2\§t0
0

where to and t( are the greatest positive roots of
9(t) = lan| " = (lan| + |ao|)t" + |ao| = 0

and
F(t) = lao| " — (lao| + |ar[)t" + |ar] = 0
respectively by putting p*” = 1.

Corollary 5. Under the conditions of Theorem 3 and
P(2) = ag + ap 2" + -+ + ap, 2P + ay) 2
with
I1<pi<pa < <pp <N(r)— 1,
where p;’s are integers and ag, ay,, ..., any are non vanishing coefficients with
laol (P")¥) 2 Jay, [ (P1)¥ TP > - >y, | (07O > Jan]

then we can show that all the zeros of P(z) lie in

where ty and t;, are the greatest positive roots of
9(t) = Jane | Y = (lane | + laol (0")N ) ¥+ Jao| (p)V = 0
and

F(t) = |ao| (p")P N — (lag| (p5)P* + |ap,|) tY") — |ay, | = 0 respectively.
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Corollary 6. Under the conditions of Theorem 4 and
P(z) =ao+ ap, 2" + ...+ ap, 2P + aN(T)zN(T)

with
1<p <po < <pyu <N(r)—1,

where p;’s are integers and ag, ay, , ..., an(y are non vanishing coefficients with

laol (P2 )N > ap, | (P )NOP1 > > ay, [ (0P )OO > ||

then we can show that all the zeros of P(z) lie in

1
Lo

<l =%

pL*t/O _—
where to and t(, are the greatest positive roots of
g(t) = ‘aN(r)‘ tN(r)—l—l . (}a'N(r)| + |6L()| (pL*)N(r)) tN(’I‘) + |CL0| (pL*)N(r) =0
and

F(t) = laol (p™ )PtV — (lag| (0¥ )P + lagy|) ¥ — |ay, | = 0 respectively.

Corollary 7. If we put p* =1 in Corollary 5, then all the zeros of
P(z) = ap+ ap 2" + -+ + ap,, 2P + ap 2"

lie in the ring shaped region

1
7 <ol <to
0

where to and t( are the greatest positive roots of
g(t) = lan] """ = (lan] + lac|) " + |ao| = 0

and
f@) = |ao| " — (|ao| + |ap,|) t" — |ay,| =0 respectively

provided
|aol = lap,| = ... > |ay,, | = |an].

Corollary 8. If we put p*" =1 in Corollary 6, then all the zeros of
P(z) =ag+ ap 2" + -+ ap, 2" + a,2"

lie in the ring shaped region



SOME DERIVATIONS ON THE BOUNDS FOR THE ZEROS OF ENTIRE FUNCTIONS...299

where ty and t;, are the greatest positive roots of

9(t) = lan|t" = (lan| + [ao]) " + ao| = 0

and
) = |aol t"™ — (Jao| + lap, |) " — |ay, | = 0 respectively
provided
|ao| > |ap, | > ... > |ay,,| > |an].
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