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1. Introduction, definitions and notations

We denote by C the set of all finite complex numbers. Let f be a non-constant me-

romorphic function defined in the open complex plane C. Also, let ng;, n1j, ..., ng;
k

(k > 1) be non-negative integers such that for each j, > n;; > 1.
i=0
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We call M;[f] = A; (f)" (fO)™ - (f®)™ where T (r,A;) = S(r, [)
k
to be a differential monomial generated by f. The numbers v, = > n;; and

=0
k
Ly, = > (14 1)ny; are called, respectively, the degree and weight of M |[f]
i=0

([2], [8]). The expression P [f] = Z i [f] is called a differential polynomial

generated by f. The numbers vp max7y,, and I'p = maxI'y, are called,

1<j<s J 1<j<s
respectively, the degree and weight of P [f] ([2], [8]). Also, we call the numbers

TP = 1mln Y and k (the order of the highest derivative of f) the lower degree
<y<s

and the order of P [f], respectively. If vp = vp, P[f] is called a homogeneous

differential polynomial. Throughout the paper we consider only the non-constant

differential polynomials and we denote by Fy[f] a differential polynomial not

containing f, i.e., for which ng; = 0 for j = 1,2,...,s. We consider only those

P[f], Py [f] singularities of whose individual terms do not cancel each other.
The following definitions are well known.

Definition 1. The quantity © (a; f) of a meromorphic function f is defined as
follows -
: N (r,a; f)
O(a;f) =1—-limsup———+—.
( f) r—>oop T (T; f)
Definition 2. [7] For a € C U {oo},let n, (r,a; f) denotes the number of zeros
of f —a in |z| < r, where a zero of multiplicity < p is counted according to

its multiplicity and a zero of multiplicity > p is counted exactly p times; and
N, (r,a; f) is defined in terms of n, (1, a; f) in the usual way. We define

dp(as f)=1-— hmjup T<(7;af)f)

Definition 3. [1] P[f] is said to be admissible if
(i) P[f] is homogeneous, or
(ii) P [f] is non homogeneous and m (r, f) = S (r, f).
The following definitions are also well known.

Definition 4. The order p; and lower order Ay of a meromorphic function f are

defined as o T oo T
py = lim supog—f(r) and Ay = lim mfog—f(r) .
r—00 ogr r—oo  logr

Definition 5. The type o; and lower type o; of a meromorphic function f are
defined as

T _ T
oy = limsup s (r) and oy = liminf ()

r—o0o ref r—00 r
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In this connection, Datta and Jha [3] gave the definition of weak type of a
meromorphic function of finite positive lower order in the following way:

Definition 6. [3] The weak type 7¢ of a meromorphic function f of finite positive
lower order As is defined by

Ty (r)
SV

7y = liminf
r—00 T

Similarly, one can define the growth indicator 7; of a meromorphic function f of
finite positive lower order Ay as

Ty (r)

Ay

T = limsup
r—oo I

For an entire function g, the Nevanlinna’s characteristic function T (r) is de-
fined as

27
1 .
T, (r) = %/logJr ‘g(re’g)‘ de,
0

where log™ 2 = max (0,log z) for x > 0.
If g is non-constant then T, (r) is strictly increasing and continuous and its
inverse T, " : (T, (0) ,00) — (0,00) exists and is such that sli_glng*1 (s) = 0.
Lahiri and Banerjee [6] introduced the definition of relative order of a mero-
morphic function with respect to an entire function which is as follows:

Definition 7. [6] Let f be meromorphic and g be entire. The relative order of f
with respect to g denoted by p, (f) is defined as

-1
. p>0:T¢(r) <T,(r") L log T, "1 (r)
Py (f) = inf { for all sufficiently large r [ h?is;lp log 7 '

The definition coincides with the classical one [6] if g (2) = exp .
Similarly, one can define the relative lower order of a meromorphic function f
with respect to an entire g denoted by A, (f) in the following manner:

log T T
X (f) = lim o Ty Ty (r)
r—00 logr

Datta and Biswas [4] gave the definition of relative type and relative weak
type of a meromorphic function with respect to an entire function g which are as
follows:

Definition 8. [4] The relative type o, (f) of a meromorphic function f with
respect to an entire function g are defined as

T (r)
o, (f) = lunsupW, where 0 < p, (f) < oo.

r—00
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Similarly, one can define the lower relative type o, (f) in the following way

~1
50 () = liminf e )

minf ="t where 0 < p, (f) < oc.

Definition 9. [4] The relative weak type 7, (f) of a meromorphic function f with
respect to an entire function g with finite positive relative lower order A, (f) is
defined by
Ty (r)
T g f
T (/) = I
Analogously, one can define the growth indicator 7, (f) of a meromorphic function
f with respect to an entire function g with finite positive relative lower order

Ag (f) as

- . Ty Ty (r)
T4 (f) = hmsupgr/\T

T—00

In this paper we establish some newly developed results based on the growth
properties of relative order (relative lower order) relative type(relative lower type)
and relative weak type of polynomials generated by entire and meromorphic func-
tions. We do not explain the standard notations and definitions in the theory of
entire and meromorphic functions because those are available in [5] and [9].

2. Lemmas

In this section we present some lemmas which will be needed in the sequel.

Lemma 1. [1] Let f be either of finite order or of non-zero lower order such that

Ocos f) = > 0p(a;f) =1 ord(oo;f) = > 6(a;f) = 1. Then, for homoge-
neous Py [f];a#oo i

Lemma 2. [1] Let By [f] be admissible. If f is of finite order or of non zero lower
order and Y O (a; f) =2, then
aFoo

=T .
oo Tf (7’) Polf]

Lemma 3. [3] If f be a meromorphic function of reqular growth, i.e., py = Ay
then
O'fza'f:Tf:T_f.

3. Theorems

In this section, we present the main results of the paper. It is needless to mention
that in the paper, the admissibility and homogeneity of Py[f] will be needed as
per the requirements of the theorems.
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Theorem 1. Let f be a meromorphic function either of finite order or of non-zero

lower order such that © (co; f) = Y. dp(a; f) =1 ord(oco; f) = > d(a; f) =1
a#oo a7#00

and g be an entire function with 0 < 7, < 7, < 00 and 0 < o, < 0, < 0. Also

let © (0c0;9) = >, 6,(a;9) =1 o0rd(oco;9) = > d(a;g) =1. Then
aFoo

aFoo
1 1 1 1
e\ [T\ [ Yrin " [oe)”
max{ |~ (o) (M) [ Ze
T Polg) Ty 7 Polg] 99
-1
Tryip (1) T1.T, (r)
. o[g]* Polf] . Pyg]* Polf]
< hmmf— <limsup————
r—oo Tg 1Tf( ) r—00 Tg 1Tf (T)

1 1 1 1
Ag =\ Mo Z] Z]
min Thls) . Ty , TRl . ? ,
Y Polg] Tg T P[] o

where Py [f] and Py [g] are homogeneous.

IN

Proof. For any (> 0), we get from Lemma 1, for all sufficiently large values of r,

(1) Tyt (r) < {vpoip + €3 Tr (1)
and
(2) TPo[f] {’YPO 5} Tf (T>

Also, from Lemma 1, we get for all sufficiently large values of r that
T'py[q] (r) > {’VPo[g - 5} 1, (r)

i.e., r> TPO 9] [{WPO[g] 5} i (Tﬂ

. —1 r 1
(3) ie., T, <—’Yp0[g} — 8) TPO[g]( r).

and
T%w < {inp Ter T (r
€, < TPl[g {vmg e} Tg )]
(4) pe, To | —— ) <721 ()
U g +e) TR

Now, from (1) and (3), it follows for all sufficiently large values of r,

TI;ol[g]TPO[f] (r) < Tlgol[g] [{'VPo[f] + 5} Ty (7’)}

+e€
VP[] Tf (T,) '
IVPO[Q] - ¢

(5) ia,T%bTRUMT)<< Tt

- g
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Again from (2) and (4) it follows for all sufficiently large values of r,

Tyt Truis) (7) Togg {vmin =23 75 ()]
: ~ —1 | [ TRl E
(6) ico Tppg Ty () = T, <W> o

Now, for the definition of type and lower type we get for all sufficiently large

values of r that )
Tf (7’) E r
. <{<ag+e>} ) =00

Te(r) \*e
7 T, (r) > !
g e 102 {GL )
and
1
+e . +e
Tg VPl f] - Tf (7“) > [<7P0[ﬁ )T (7“)
(Ve — €) (crg - 5) TPolg) ~ €
1
Pg
+ée ) +e
(8) i.e., Yol T Tr(r)| >T <7P°[L_> Ty (r)] .
(’ypo[g] — 5) <ag — 5) Trolg) — €

Therefore, from (5) and (8), it follows for all sufficiently large values of r that

Py

T Polf] +e
(e —2) (70— <)

Therefore, from (7) and (9), it follows for all sufficiently large values of r that

(9) Tt T (1) < Ty (r)

1

Pg

YRyl te .
[((vpo[g]e) (;g%) ) Ty (r)

TJ;OI[Q]TPO[H (7”)
Tg_le (7“) { Ty (r) }Plg
(og+e)
ie Trytg Trotn) (1) (Vry +¢) (0g+2) |
, Tg—le (7”) (rYPo[g} — g) (5'9 — g)
1 1
TryjgTrois (1)

10 i.e., limsu
( ) THOOp Tgile (T)

T Polf] " 99 "
T Py[g) o g
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Similarly, from (6), it can be shown for all sufficiently large values of r,

-1 N B N
(11) lim infTPO[g}TPO[f] (r) > [ TRl " (7 Py |
7—00 Tg_le (7’) - VEo[g] 7

Therefore, from (10) and (11), we obtain that

o [~ \ 7 1
QLTI e 7 < L inf PoldLPoU] (r)
fYPQ[g] Og B rreo Tgile (T)

Ty Trolr) (1)
12 < limsup—od 270
12 S iy

1 1
T Polf] " 99 "
T Polg) Eg

Similarly, using the weak type, one can easily verify that

e 71
Trig | ™ ’ - hminpromlTpom (r)
Y Polg] T, r—oo To1TY (r)

Tt Trois (1)
< 1 0[9] 0
02 < e AT

1 1

o — A
< (2 T
7V Py[g) Tg

IN

Thus the theorem follows from (12) and (13). n
Theorem 2. Let f be a meromorphic function either of finite order or of non-
zero lower order such that Y ©(a;f) = 2 and g be an entire function with
aF#00
0<7,<T,<00and 0 <o, <0, <o0. Alsolet > O (a;g) =2. Then
a#00
T % *17 T -+ ~ i
i ( Po[f]) C ()" ( Pom) v (9
L'polg) Ty I'pojgl o
Trjg Trotr) (1) Trjg Trotr) (1)
< lim inf “Polgl” OUIR 7 < lim suppo[g]—0
R = T )

1 N 1 1
- (Fpomyg ) (Fpom)”g ag\"
- Lpyjg ) \Iny 74 ’

where Py [f] and Py |g] are admissible.
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With the help of Lemma 2, Theorem 2 can be carried out in the line of
Theorem 1. So, the proof is omitted.

Corollary 1. Under the same conditions of Theorem 1, if g is of reqular growth,
then by Lemma 3 one can easily verify that

Tryjg el (7) (mw) "

lim =
r—roo Tgile (r) Y Py[q]

Corollary 2. Under the same conditions of Theorem 2, if g is of regular growth,
then by Lemma 3 one can also verify that

-1 1
o Lol Trolsl (1) <Fpom> 2
r—oeo Tg_le (T‘)

1-‘Po 9]

Theorem 3. Let f be a meromorphic function either of finite order or of non-zero

lower order such that © (co; f) = > d,(a; f) =1 ord(oo;f) = D> d(asf) =1
a#£oo a#oo

and g be an entire function with 0 < A\, < p, < oo. Also let © (00;9) =

Y.0p(a;9) = 1 or d(o00;9) = > 6(a;g9) = 1. Then, for homogeneous Py |[f]

a7#00 a7#00

and Py [g],
A logTht T (r logT5t T (r
A ¢ i i Rl Pols) () < limsup P Folf) (1) _f
Py r—oo log T, 1Ty (r) rooo log T T (r) Ag

Proof. From (5) and (6), we get for all sufficiently large values of r that

_ _ Vrolf] T €
(14) log Tpol[g]Tpo[f] (r) <log T, L Y I Ty (r)
Trolg) ~ €
and
_ _ Trolf) — €
15 log 75t . T ry>logT 71| | —2—— )Ty ()] .
( ) g Po[g} PO[f]( )— g g (’Ypo[g] +e f( )

Now for the definition of order and lower order we get for all sufficiently large
values of r that

T, (T ()}=) < Ty(0)

(16) e, logT Ty (r) > (pg;_i_g)log T (r).
and
bve=
Tg aoin F T () . [(mm t+e ) T, (1)
(Veoi — €) (09 — 5) Trolg) ~ €
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+e +e
ie., Thin ™ )| > (w> T; (r)
(’}/PO[ ] E) <Ug - E) ’YPO[Q] —€
: - Trolp) T €
(17) e, log Ty (1) + O(1) > log T, ' | | —— | T} (r)
(Ag —¢) ! TRolg) ~ €

Therefore from (14) and (17) it follows for all sufficiently large values of r that

1
(18) log Ty, [g]Tpo[f] (r) < S log Ty (1) + O(1).

Therefore from (16) and (18) it follows for all sufficiently large values of r that

(pg—i-é?) log Ty (r) + O(1)
N—¢)  logTy(r)

1 (

)
o Ty Trin () ¢
19) e, li <
(19) e msip— BT <

Similarly from (15) it can be shown for all sufficiently large values of r that

logT>t T r Y
(20) lim inf rla "1 (7) > -2
rooo log T1Ty (r) Py

Therefore from (19) and (20) we obtain that

A\ logT>t T r logT>t T
29 < Jim inf— 0l AU s ol nun (1) gy
Py r—oco log T 1Ty (r) rooo  log Ty (1) Ag
Thus the theorem follows from above. .

Remark 1. The conclusion of Theorem 3 can also drawn under the hypothesis

>0 (a;f) =2 and > O (a;9) = 2 instead of “© (c0; f) = > d,(a;f) =1

a#0o a#o0o a#£oo

or 6 (o0; f) = 32 0(a; f) =17 and “O (c0jg) = > 6, (a;9) =1 or d(o0jg) =
a#oo

a#oo

> d(a;g) =17 where By [f] and Py [g] are admissible.
aF#o00

Corollary 3. Under the same conditions of Theorem 3 and Remark 1 if g is of
reqular growth then one may get that

log TPo[g}TPO[f] (r) _q




244 S.K. DATTA, T. BISWAS, M.D. AZIZUL HOQUE

Theorem 4. If f be a meromorphic function either of finite order or of non-zero
lower order such that © (co; f) = Y. dp(a; f) =1 ord(oco; f) = > d(a; f) =1

a#oo a7#00
and g be an entire function of regular growth having non zero finite order and

O (00;9) = >.0,(a;9) =1 0rd(c0;9) = > 0(a;9) = 1. Then the relative order
a#oco a#oo

and relative lower order of Py [f] with respect to Py [g] are same as those of [ with
respect to g where Py [f] and Py [g] are homogeneous.

Proof. By Corollary 3, we obtain that

log T} Tpo[ﬂ (7“)

= 1 Polg]
g (B =l ==
- —1
= lim Supw. 18T g Thin ()
r—00 log r oo log T,V Ty ()

= pg(f) 1 =py(f)

In a similar manner,
Arofgl (Po [f1) = Aq (f)-

Thus, the theorem follows. u

Theorem 5. If f be a meromorphic function either of finite order or of non-

zero lower order such that > O (a; f) =2 and g be an entire function of reqular
a#oo
growth having non zero finite order and > © (a;g) = 2. Then the relative order
a#00
and relative lower order of Py [f] with respect to Py [g] are same as those of f with
respect to g where Py [f] and Py [g] are admissible.

We omit the proof of Theorem 5 because it can be carried out in the line of
Theorem 4 and with the help of Corollary 3.

Theorem 6. If f be a meromorphic function either of finite order or of non-zero
lower order such that © (co; f) = Y. dp(a; f) =1 ord(oco; f) = > d(a; f) =1
a#oo a#oo
and g be an entire function of regular growth having non zero finite type and
O (co;9) = Y. 0p(a;g9) =1 oréd(oco;9) = > d(a;9) = 1. Then the relative type
a#oo a#oo 1

and relative lower type of Py [f] with respect to Py [g] are (M) *9 times that of f

Pylg]

with respect to g if p, (f) is positive finite and Py [f] and Fy[g] are homogeneous.

Proof. From Corollary 1 and Theorem 4, we get that

- T T (7)
orlg (Folf]) = Timsup—"0

1

,]_ _ 7
Tyt Troi) (1) LT ) _ <7P0[f]> o ()
Rofg " Pl T _ ().

= lim Jim sup

T—00 Tg_le (T) r—00 fr'pg(f) ,YPO[Q}
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Similarly,

1

apolg) (Po [f]) = (%ﬂ) "5, (f).
0l9

This proves the theorem. .

Theorem 7. Let f be a meromorphic function either of finite order or of non-zero

lower order such that © (co; f) = > dp(a; f) =1 ord(oo; f) = > d(a;f) =1
aF#00 a7#00

and g be an entire function of regular growth having non zero finite type and

O (0059) = - 0p(a;9) =1 0rd(o0;9) = > d(a;9) =1. Then Tryq (P [f]) and

a#oco a7#0o
1

Trolg (Po [f]) are (%ﬂ)g times that of f with respect to g, i.e., Tpyq (FPo [f]) =
0lg

1 1

<M>E 74 (f) and Ty (Po[f]) = <M>E 74 (f) when N, (f) is positive

TPylo) VPolg]

finite and Py [f] and Py lg] are homogeneous.

We omit the proof of Theorem 7 because it can be carried out in the line of
Theorem 6 and with the help of Theorem 5 and Corollary 2.
In a similar manner, we can state the following two theorem without proof:

Theorem 8. If f be a meromorphic function either of finite order or of non-zero

lower order such that > O (a; f) = 2 and g be an entire function of reqular growth
a#0o

having non zero finite type and > © (a;g) = 2, then the relative type and relative

aF£oo

1
lower type of Py [f] with respect to Py [g] are (?%ﬂ) " times that of f with respect
olg

to g if Py (f) is positive
finite and Py [f] and Py [g] are admissible.

Theorem 9. Let f be a meromorphic function either of finite order or of non-

zero lower order such that Y O (a; f) = 2 and g be an entire function of reqular
a#00
growth having non zero finite type and ) © (a;g) = 2. Then Tpyq (Fo[f]) and

aFoo
1

Trolg) (Pof]) are <%)E times that of f with respect to g i.e., Tpyq (FPo[f]) =

<m> i 74 (f) and TP?)[S]] (R [f]) = (M> i -7'_9 (f) when Ay (f) is positive

L'pyla) Trylg)

finite and Py [f] and Py lg] are homogeneous.

References

[1] BHATTACHARJEE, N., LAHIRI, 1., Growth and value distribution of differen-
tial polynomials, Bull. Math. Soc. Sc. Math. Roumanie, vol. 39 (87), (1-4)
(1996), 85-104.



246

2]

S.K. DATTA, T. BISWAS, M.D. AZIZUL HOQUE

DOERINGER, W., Fzceptional values of differential polynomials, Pacific
J. Math., 98 (1) (1982), 55-62.

Darta, S.K., Jua, A., On the weak type of meromorphic functions, Int.
Math. Forum, 4 (12) (2009), 569-579.

DarTA, S.K., Biswas, A., On relative type of entire and meromorphic func-
tions, Advances in Applied Mathematical Analysis, 8 (2) (2013), 63-75.

HaymaN, W.K., Meromorphic Functions, The Clarendon Press, Oxford,
1964.

LaHirl, B.K., BANERJEE, D., Relative order of entire and meromorphic
functions, Proc. Nat. Acad. Sci. India, 69 (A) III (1999), 339-354.

LAHIRL, 1., Deficiencies of differential polynomials, Indian J. Pure Appl.
Math., 30 (5) (1999), 435-447.

Sons, L.R., Deficiencies of monomials, Math. Z, 111 (1969), pp.53-68.

Valiron, G., Lectures on the General Theory of Integral Functions, Chelsea
Publishing Company, 1949.

Accepted: 18.10.2013



