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1. Introduction

If f:1C Ry — Ry where Ry = [0,00) is said to be s-convex on [ if the inequality
(1.1) flaz + (1 —a)y) <af(z) + (1 — )" f(y)

holds for all z,y € I and a € [0, 1]. It can be easily seen that for s = 1, s-convexity
reduces to ordinary convexity of functions defined on [0, 00).

One of the most famous inequality for the class of convex functions is so called
Hermite-Hadamard inequality, which states that: Let f : I C R — R be a convex
function on the interval I, then for any a,b € I with a # b we have the following
double inequality

a b a
(1.2) f( ;b>§bia/a f(t)dtgw.

Since then, some refinements of the Hermite-Hadamard inequality on convex func-
tions have been extensively investigated by a number of authors (e.g., [1], [3], [4],
[7], 8], 9] and [10]).
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In [6], Dragomir and Fitzpatrick established a variant of Hermite-Hadamard
inequality which holds for the s-convex functions.

Theorem 1.1 Suppose that f : I C [0,00) — [0,00) is an s-convex function in
the second sense, where s € (0,1] and let a,b € [0,00), a < b. If f € L[0, 1], then
the following inequality holds

Along this paper, we consider a real interval I C R, and we denote that I° is
the interior of I.

In [5], Dragomir and Agarwal obtained the following Hermite-Hadamard type
integral inequality.

Theorem 1.2 Let f : I C R — R be differentiable mapping on I°, where a,b € I
with a < b. If |f'| is convex on [a,b], then the following inequality holds

(1.4) f(“)2 _a/f dt‘

()] + |1 (O)1]-

In [2], Alomari, Darus and Kirmaci proved the following inequalities of Hermite-
Hadamard type for differentiable convex mappings.

Theorem 1.3 Let f : I C [0,00) — R be a differentiable mapping on I°, such
that f' € Lla,b], where a,b € I with a < b. If |f'| is s-convex on [a,b], for some
fized s € (0, 1], then the following inequality holds:

‘f<a+b /f dt’

-
= 4(s+1)(3+2)

1/ (@)] +2(s +1)

,<a+b)‘+|f ]

(225 +1)(b—
Ad(s+1)(s+2

a)
@l o]
In [12], Pearce and Pecari¢ proved the following theorem.

Theorem 1.4 Let f : I C R — R be a differentiable mapping on I°, such that
I € Lla,b], where a,b € I with a <b. If |f'|? is convez on [a,b], for some ¢ > 1,
then the following inequality holds:

) [r(50) - y [ sl < A0

If |f']7 is concave on [a,b], for some q > 1, then

ao) (5 - [ o] <

()|
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For recent results and generalizations concerning Hermite-Hadamard’s in-
equality, see [6]-[12] and the references given therein.

In this paper, we establish some new inequalities of Hadamard’s type for the
class of s-convex functions in the second sense.

2. Lemmas
To prove our main results, we consider the following lemma:

Lemma 2.1 Let f: I C R — R be differentiable mapping on I°, where a,b € I
with a < b. If f' € Lla,bl], then the following inequality holds

FOa+ (1= \b) — ﬁ/ F(t)dt

= (b—a)(1—\)? /1 tf (t(/\a +(1=Nb)+(1-— t)a)dt
+(b — a)\? /1(15 ~1f (tb + (1 —=t)(Aa+ (1 - A)b))dt.
for each X\ € [0,1].

Proof. We note that

L = /1tf’<t(>\a F (1= Ab) (1 t)a)dt

_ mtf (t0a+ (1= X)) + (1= 1)a)|
_m /01 f(t()\a F(1—Ab) + (1 t)a)dt
- 5ooi=H a)l(l e (12
_Wlﬂ—A) /01 7 (Ha+ (1= 28) + (1 = 1)) d.
Setting « = t(Aa + (1 — A)b) + (1 — t)a, and dz = (b — a)(1 — A)dt, which gives
I = mf(m + (1= \)b) — = a)21<1 myE /GM(I_A)bf(x)dx-

Similarly, we can show that

L = /Ol(t - 1)f’<tb+ (1-t)(ha+(1- A)b))dt

1 1 b
= = a))\f(/\a + (1= M\)b) — bR //\aJr(l)\)bf(x)dx,
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and therefore,

I = (b—a)(1 = NI+ (b— a)\2];

= Jat (1) ——/f

which completes the proof. u

1
Remark 1. Applying Lemma 2.1 for A = 5 we get the Lemma 2.1 in [2].

3. The new Hermite-Hadamard type inequalities

Theorem 3.1 Let f : I C R — R be a differentiable mapping on I°, such that
f' € Lla,b], where a,b € I with a <b. If |f'| is s-convezx on |a,b], for some fired
€ (0, 1], then the following inequality holds

FOha+ (1= \)b) — _a/f dt)
/! 1 /
< = (1= N (g @) + gl e + (1= WD)
2 1 / 1 /
Ho =X (g WO+ Sl et - 0l),

for each X € [0,1].

Proof. From Lemma 2.1, we have

‘f()\a (=)~ i - /abf(t)dt’

< (b—a)(1—\)? /1 tf (t()\a F (1= Nb) + (1 t)a) dt
(b — a)\? /1(1 —H)|f (tb Y (1—t)0at+ (1 A)b)) |t

Because |f’| is s-convex, we have

bia/abf(t)dt(

< (b—a)(1 =)’ / (1 + (1= )]+ (L= 171 (a)] ) d

Fa+ (1—\b) —

+(b—a)/\2/0 @ =0 (E1F O+ @~ 0717 Qa1 2p))de

= =)=V (g @) + gl e+ (1= WD)

b= 2y O+ gl e (L= W),

which completes the proof. n
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1
Remark 2. Applying Theorem 3.1 for A = > we get the result in Theorem 1.3.

Theorem 3.2 Let f : [ C R — R be a differentiable mapping on I°, such that
f" € Lla,b)], where a,b € I with a <b. If | f'|P/®=Y is s-convex on [a,b], for some
fizred s € (0,1], p > 1, then the following inequality holds

‘f()\aJr(l— ——/f dt‘
<6-a(517) () (= w e s ir@i s - yiro
V@ + (@2 oirer] ).

1/q

for each X € [0,1] and p is the conjugate of q, ¢ = p/(p — 1).

Proof. From Lemma 2.1 and using the Holder inequality, we have

P+ (=) ! - /abf(t)dt‘
< (b—a)(1—\)? /1 t|f’(t()\a (1= N)D) + (1 - t)a) ldt

+(b—a)X [y (1 !f’(thr (1—t)(ha+ (1 - )b)>|dt
< (b—a)(l_w(/o tpdt>1/p</01 7(t0a+ (@ = 28) + (1~ a)|'ar) "

+(b—a))\2</01(1—t)pdt)l/p< 1

Because |f’|? is s-convex, we have
/l
0

1 ’(tb+(1—t)(*a+(1—A)b))‘thg ’f/(b)|q+|f/3(A_f1+(1_A)b)‘q-

(4 (1~ )+ (1 W) ‘thf/q.

0

[f'(Aa+ (1 = N)b)|? + [ f'(a)|
s+1

Y

f! (t(Aa + (1 = A)b) + (1 — t)a) ‘th <

0

Therefore, we have

‘f()\aJr(l— - _a/f dt‘
<0-a(517) " (7) " (@-r[iroar a -+ Ir@p]

[l 00t @ =N o] ).

1/q
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Now, since |f’|? is s-convex on [a,b], for any A € [0, 1], then by (1) we have
(3.1) [f'(Aa+ (1= )p)[* < X°[f ()] + (1 = A)°[f(B)*.

Combining all the above inequalities, we obtain

a0 am - [ roa

1/p 1/q 1/q
<t-o(7) " (57) (V@A 1B @)
1/q
2 X @f + (1= 21O+ o] ).
This proves the theorem. .

Theorem 3.3 Let f : I C R — R be a differentiable mapping on I°, such that
f" € Lla,b], where a,b € I with a <b. If |f'|? is s-convex on [a,b], for some fized
s € (0,1], ¢ > 1, then the following inequality holds

FOa+ (1= \b) — ﬁ/ F(t)dt
1

<t-0(crperg) () (=[x s i
1/q

s+ D)1= AV )]

+\2 [(S + DN @)+ ((s+ 1)1 =N+ 1)‘]”(6)"1] 1/f1>’
for each X € [0, 1].

Proof. From Lemma 2.1 and using the using the well-known power-mean inequa-
lity, we have

O+ (1= 2p) - 7 ! - /abf(t)dt]

< (b—a)(1—N)? /01 tlf (t(ha+ (1 —A)b) + (1 —t)a)|dt

+(b — a)\? /1(1 —|f(tb+ (1 —t)(Xa+ (1 — \)b))|dt

< (b—a)(l—)\)2</01tdt)1_é</Olt

q 1/q
dt)

+(b—a))\2</01(1—t)dt>1q</01(1—t)|f’(tb+(1—t)()\a+(1—)\)b))|th)

f'(tAa+ (1 —=N)b) + (1 —t)a)

1/q
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Because |f’|? is s-convex, by (1) we have

1
|
0

1 <t(/\a +(1=Mb)+ (1 — t)a) ‘th

< / (#4117 a1 = NI + (1= 1] (a) )t

1 1
- @I+ S Gat (1=,

(s+1)(s+2)
I

< [ (=017 @+ 0 =017 Oa+ (1= i)
1

/ q L / a _ q
Im!f(b)\ + S+2!f(>\ + (1= A)b)|%.

Therefore, we have

‘f()\a—l— (1 \)b) — _&/f dt‘

and

(th+ (1= )0a+ (1= N)b) )th

< <b—a>(m>l/q (3) " (AW Gt (=N @

FA%[(s + DI o+ (1= VB + | F/B)]7).

Now, since |f’|? is s-convex on [a,b], for any A € [0, 1], then by (1) we have

(3.2) [f'(Aa+ (L= X)b)T < N[ f'(a)|* + (1= A)°[f/(B)]".
Combining all the above inequalities, we have
FOa+ (1— ) ——/ F(t dt‘

<0-0(cmry) (3) (-l n i
T SATH Ol
£+ DNIF @I + (s + D -2+ Do) ),

we get the desired result. n

Theorem 3.4 Let f : I C R — R be a differentiable mapping on I°, such that
f' € Lla,b], where a,b € I with a < b. If |f'|? is s-concave on [a,b], for some fized
€ (0,1], ¢ > 1, then the following inequality holds

‘f()\a—l— 1—A ——/f dt’

< (b_a><2qq—_11>1 e ((1_/\) Aa+(2—N)b

(A

((1+)\)a—2|—(1—)\)b> ‘—l—)\z

).
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for each X\ € [0,1].

Proof. From Lemma 2.1 and using the Holder inequality, we have

‘)\a—i—l b

<(b-a)1- )/0t|f<(/\a+(1—)\)b)+(1—t)a>\dt
+(b—a)X? [1(1—t)|f" (tb Y (1= t)a+ (1 A)b)) dt
< (b—a)(l—)\)2</1tpdt>1/p</l f’(t(/\a+(1—>\)b)+(l—t)a> th>1/q

(b a))\2</01(1 _ t)pdt>1/l’</01 th>1/q.

Because |f’|9 is s-concave, by the reversed direction of (3) we have

/01 )f’(t()\a + (1 —=A)b) + (1 - t)a) ’th < 28_1’f/<(1 + /\)aJ2r (1- )\)b) J

and

7 (tb S (1= t)a+ (1 A)b))

_1 ,<)\a+ (2 - )\)b> a
2

/01 ‘f’(thr (1—t)(ha+ (1 — A)b))‘q <

SO

a0 - [ roa

< (- a)< 1 )1/ 2%«1_)\)2 ,((1+)\)a+(1—)\)b> ,()\a+(2—)\)b>‘>

+\?

p+1 2 9
_ (b_a)(gqq__11> K= ((1_>\)2‘f,<(1+)\)a42r(1—)\)b>‘+)\2‘f,()\a+(§—)\)b)‘>’
which yields the desired result. u

1
Remark 3. Applying Theorem 3.4 for A = 50 e get

a—l—b /f dt’
—b4a<2qq—11)1 TG )
<) ),

2

J

which is an improved result comparing with Theorem 2.5 in
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4. Applications to special means

Now, using the results of Section 3, we give some applications to special means of
real numbers.

We shall consider the means for arbitrary real numbers «,  (a # ).

(1) Weighted mean

W(a,B) =X+ (1-NB, a,BeR, \el01].

(2) Generalized log-mean:

Bn—l—l _ an—i—l

Ly(a, ) = (n+1)(ﬁ—a)] , ne€ Z\{0,1}, o,8 € R, (a # p).

Therefore, by applying the s-convex mapping f : [0,1] — [0,1], f(z) = z°, the
following inequalities hold:

Proposition 4.1 Leta,b € I°, a <b and 0 < s < 1. Then, we have

‘WS(C% b) - L§<a7 b)|

< (b—a)(1— A)%WW—1 + H%Ma +(1- A)b|s‘1>
(b - a)AQ(myb\“ + ﬁma +(1- )\)b|s’1),

for each X\ € [0, 1].

Proposition 4.2 Let a,b € I°, a < b and 0 < s < 1. Then, for all ¢ > 1, we
have

‘Ws(a7 b) - L§<a7 b)|
1/p 1/q 1/q
<stb-a)(3%) () ((1 = N[O + Dlal D + (1= A pjeY)]
2| ys (s—1) s (s—1) 1/a
F22 [N a1 (1= A+ D],

for each X\ € [0,1].
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