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1. Preliminaries

Unless otherwise stated, Y is a fixed topological space with topology 7, collection
of all neighborhoods (nbd(s)) of y € Y is denoted by N(y). If f : X — Y is
a mapping and A C X and B C X, then [A]p means the closure of A in B.
For continuous mappings f : X — Y and g : Z — Y, a continuous mapping
A: X — Z such t ete. if X is hat f = g A is called a morphism of f into ¢ and
is denoted byA : f — ¢. A is called surjective, closed, perfect surjective, closed,
perfect etc., respectively. Open covers will be denoted by U , V, W,

To proceed we need the following definitions and results. For more details
one can consult [3] and [5].

Definition 1.1 A mapping f : X — Y is called a Ty-mapping, if there exist
disjoint nbds in X for every x,z* € f~'y such that x # z*.

Definition 1.2 If A and B are subsets of X, then we say that A and B are
1. nbd separated in U C X.

2. Functionally separated in U C X.



178 MURAD ARAR, HASAN HDEIB

if, respectively, the sets ANU and BNU.
1. Have disjoint nbds in U.

2. There exists a continuous function f : U — [0,1] such that ANU C f~1(0)
and BNU C f7'(1).

Definition 1.3 A mapping f : X — Yis said to be completely regular (regular)
if for every z € X and every closed set F in X such that x ¢ F there exists a
neighborhood O € N(fz) such that {z} and F are functionally separated (nbd
separated) in f~1O.

A completely regular (regular) To-mapping is called a Tychonoff or Tgé—
mapping (regular or T3-mapping).

Definition 1.4 A mapping f: X — Y is called functionally prenormal (prenor-
mal) if for every y € Y and every disjoint closed (in X)) sets F' and H there exists
a neighborhood O of y such that F' and H are functionally separated (nbd sepa-
rated) in f~'O. If for every open subset O of Y the mapping f |;-10 : [0 — O
is functionally prenoraml (prenormal), then f is called functionally normal (nor-
mal). A normal T3-mapping is called Ty-mapping.

A mapping g : A — B is said to be a (closed, open, dense, etc.) submapping
of the mapping f : X — Y if g is the restriction of f on the (closed, open, dense,
etc.) subset A of the space X and g(A) = f(A) C BCY. Amapping f: X =Y
is said to be compact if and only if f is perfect. If f : X — Y is a compact
T5-mapping and g : A — B is a submapping of f where B is a closed subset of Y,
then g is compact.

Definition 1.5 [3] A mapping f : X — Y is called paracompact if for every
y € Y and every open (in X) cover U = {U,; a € A} of f~'y there exists
O, € N(y) such that f~'y is covered by U and (f~'O, A U) has an open (in X)
y-locally finite refinement in f~10,,.

Theorem 1.6 [3] If f : X — Yis a reqular mapping, then the following conditions
are equivalent.

1) fis a paracompact Ty-mapping.

2) For every y € Y and every open (in X) cover U of f‘}y there exists
O, € N(y) such that f~'y is covered by U and (f~*O, AU) has an open
(in X)) o-locally finite refinement V in f71O,; that is V = UV
Vi is locally finite in =10, for everyi < w.

icw Vi, where

Definition 1.7 [1] Let f : X — Y be a mapping. Then f is called countably
paracompact if for every y € Y and every countable open (in X) cover U of fly
there exists O, € N(y) such that f~'y is covered by U and f~'O, A U has an
open (in X) y-locally finite refinement in f~10,,.
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Theorem 1.8 [1] Let f : X — Y be a mapping. Then the following conditions
are equivalent.

(i) f is normal and countably paracompact.

(i) For every y € Yand every countable open (in X) cover U = {U;; i € N}
of 1y there exists a neighborhood O, € N(y) such that =10, is covered

by U; furthermore, for every i = 1,2, ... there exists Oy, € N(y), where
Oity) C Oy, and a closed ( in [~ O;y)) subset F; C [0y NU; such that

o, = F.

i=1

2. Strongly paracompact mappings

Definition 2.1 Let f : X — Y be a mapping. For every y € Y the open (in X)
cover U = {U }aen of f7ly is said to be y-star-finite if for every r € f~ty there
exists U, € U such that z € U, and the family S(U,, U) = {Us € U; UsNU, # ®}
is finite.

Definition 2.2 Let f : X — Y be a mapping. Then f is said to be strongly

paracompact if for every y € Y and every open (in X ) cover U = {U, }aea of

'y there exists O, € N(y) such that f~'0, C U U, and U A f7'O, has a
acA

y-star-finite open (in X) refinement in f~*O,).
The following results can be derived easily from Definitions 2.1 and 2.2.

Theorem 2.3 If f : X — Y s a strongly paracompact mapping, L a subset of Y
and A is a closed subset of X, then

1) f is closed.

2) For everyy € Y and every open (in X) cover [A]A: {Us}aea of f1y there
exists O, € N(y) such that {710, C U U, and U A f~1O,, has a star-finite

a€cA
open (in X) refinement V.= {Vi}gen in f~O,; that is, Vs intersects finitely
many elements of V' for every g € A.

3) fis paracompact.

=~

If f is, also, Hausdorf, then it is normal.

ot

6

)

)

) fla: A=Y is strongly paracompact.
) fr: f7'L — L is strongly paracompact.
)

7) Each fibre of f is a strongly paracompact space.
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If the fibres of a mapping f are strongly paracompact spaces, then f is not
necessarily a strongly paracompact mapping, even if f is closed and Tychonoff.

Example 2.4 Let L be the Niemytzki plane and let L; be the line y = 0. Then
L is closed in L and so the quotient mapping ¢ : L — L/L; is closed. Since L
is Tychonof space, ¢ is Tychonof. Since each fibre is discrete, the fibres of f are
strongly paracompact space. But f is still not strongly paracompact because it is
not paracompact. See Buhagiar [1997].

We know that if {V,; a € A} is a locally finite open cover of a space X, then
the cover {[V,]x; a € A} is locally finite in X. The same holds for star-finite
families; more precisely

Lemma 2.5 If{V,; a € A} is a star-finite cover of the space X, then the corres-
ponding cover {St(V,); a € A} such that St(V,) = U{V,; V, NV, # ®,v € A}

1s a star-finite cover of X.

Corollary 2.6 If {V,; o € A} is a star-finite open cover of the space X, then
the corresponding cover {[V,]|x; a € A} is a star-finite cover of X.

Now, we shall prove the following characterization of strongly paracompact
mappings in the presence of regular mappings.

Theorem 2.7 If f: X — Y is a reqular mapping, then the following conditions
are equivalent.

1) fis strongly paracompact.

2) For every y € Y and every open (in X) cover U = {Us}aen of f~ly there
exists Oy € N(y) such that f*O, C U U, and U A f~'O, has y-closed
acA

star-finite locally finite refinement in f~10,.

Proof. (1) — (2). Let U = {U,}aca be an open (in X) cover of f~'y. For every
x € f~'y there exists W, (open neighborhood of z) and Oy, € N(y) such that
(Wals-10,0, € Ua(e) N f 7 Oya), Where W, € Upy). Let W = (W2 € fly}.
Then W is an open cover of fly, so that there exists O, € N(y) such that
f'o,cu W and W A f~10, has a star-finite (and so locally finite) open (in X)
refinement in f‘lOy, say V = {Vs; 8 € B}. Since V is star-finite and open (in
f710,), we have (by the previous lemma) the family {[Vs];10,; 6 € Bl}is star-
finite (and so locally finite) closed refinement of WA 'O, in f *1Oy. For every
z € X let Oy, = Oy N 0O,y But for every § € B there exists x € X such
that Vz C W, N f710,; let Vj = Vsls-r0, - Since Vs € W, N 710, we've
Vi CW,n f1o,)] s-10:,,- Note that
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(Wo N [0 p-10: = W N 7O N 7105,
C Wolx N{f10)x N f105
C Walx N f105,
C [Walx N f Oy
S Ua(@) N7 Oyt

for some a(x) € A; hence Vi C Uspy N f'Oym for some a(z) € A. Let
Vi = {V4*; 8 € B} such that V5™ = ViUV It is clear that V5™ is y-closed
for every 8 € B. Since Vi C f'0;5,) € f'0,, Vi C U N f'O, and
Vi* = ViUV C Uny N f10,; this implies that V* is a refinement of U A f10,.
One can readily prove that Vi* C [Vs];-10, for every 8 € B. Since {[Vp]s-10,}
is star-finite and locally finite in f~*O,, we have V* is star-finite locally finite in
f710,. This completes the proof of (1) — (2).

Now, we shall show that (2) — (1). If U is an open cover of f~'y, then

there is O, € N(y) such that f~'O, € UU and U A f'0O, has a star-finite
locally finite y-closed refinement in f '0,, say {P,;a € A}. For every a € A
let Zo = {Pas; Pox N Py = @} and Z, = U{Pps; Pox N P, = ®}. Now, for every
x € f~y — Z, there exists an open (in f~'0,) neighborhood V, of z such that
V. intersects finitely many elements of {P,; a € A}, so that V,, intersects finitely
many elements of Za, say Pui, Pas, ..., Py, But UZ 1 Pai is closed in f*IO; for
some Of € N(y). Set G, = V. N (f 'O} — U Pai). Then G, is an open
(in X) neighborhood of z and disjoint from Z,. Let W = {W,;a0 € A} where

= U{G.;x € f~'y — Z,}or everya € A. Then W is an open (in X) cover
of f~ly and W, is contained in St(P,) = U{Pas; Pax N P, # @} for each a € A.
But the family {St(P,)«a € A} is star-finite, by Lemma 2.1, so that W is a star-
finite open (in X) cover of f~'y. For every a € A there exists U, € U such that
P, is contained in U,. Let W! = W, N U, and let W+ = {W* a € A}. Then
W* is a star-finite open (in X) refinement of U A /7'0,. To complete the proof
note that i) implies that f is closed, so that there exists O; € N(y) such that
fflO; C UW*; hence the cover W* /\fﬁlO; is a star-finite open (in X) refinement
of U A fflO; in f*IO;. This completes the proof. "

For the sake of a later application we shall prove the following theorem.

Theorem 2.8 If f : X — Y is a reqular mapping, then the following conditions
are equivalent.

1) For every y € Y and every open (in X) cover U = {Us}aen of f71y there
exists O, € N(y) such that f~10, C U Uy and U A f~ 'O, has a y-closed

star-countable locally finite reﬁnement in f~1O,.
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2) For every y € Y and every open (in X) cover U = {Us}taen of f~ly there
exists O, € N(y) such that f~'O, € U U, and U A 71O, has a star-
aEA

countable open (in X) refinement in f~1O,.

Proof. (1) — (2). If Uis an open (in X) cover of f~'y, then there exists O, €
N(y) such that f~'0O, C U U and U A f~10, has a locally finite star-countable y-
closed refinement in =10, say V. We can write V = U,y V; such that {V;;¢t € T}
is the set of all components of V and Vt = {Vii;i € N} for every t € T. Set
Ct = Uien Vii- The family {Cy;t € T} covers fflOy. We shall show that, C} is
closed and open in f *1Oy for every t € T. Since {Cy;t € T'} is a pairwise disjoint
family, it is sufficient to show that C; is open in f _10 foreacht € T. Let x € C}.
Then, by locally finiteness, there exists V(open nelghborhood of z) such that
V. intersects finitely many elements of V — Vt, say P,1, Pa.o, ..., Pan. There exists
O; € N(y) such that Ui, Py is closed in 71O}, If G, = (f~ 10;— * 1 P.i), then
G, is an open nelghborhood of z contained in C’t, this implies that C} is open in
f _lOy and so closed and open in f _1Oy. For every t € T' and every natural number
i let U(t,i) in U such that V;; C U(t,i) and V* = {C, N U(L,i);t € T,i € N}.
It is clear that V*is an open (in X) star-countable refinement of f71o, A U in
f~10,. This completes the proof of (1) — (2).

Now, we prove (2) — (1). First, we shall show that f is paracompact. Let
U be an open (in X) cover of f~'y. Then there exists O, € N(y ) such that
f71o, ¢ UU and U A f7'0, has a starcountable open refinement V in f~ '0,.
Since V is star-countable, we have V = U,cr V; such that {Vj;t € T} is the set of
all components of V and V; = {V;,;i € N} for every t € T'. Let Vi = {Viist € T}.
V; is locally finite in fflO so that V = Uier V, = Uien Viis a o- locally finite
open (in X) refinement of U in f~ 1Oy. But f is regular; hence(by Theorem 1.6) f
is paracompact.

(2) = (1). Let U be an open cover of f~'y. For every z € f~'y there exists
W, open (in X) neighborhood of z and O,y € N(y) such that W10, ., C
Uw) N [0y (), where W, C Uy, for some U,y € U. Let W = Wy z € fly}.
W is an open cover of f~'y, so that there exists O, € N(y) such that f‘lOy C
UW and W A /710, has a star-countable open (in X) refinement in f~'0,),

= {V,;a € A}. Since V is an open cover of fly and f is a paracompact
mapping, there exists O} € N(y) such that O} € O,, f~'0, C U Vand VAfO,
has a locally finite open (in X) refinement in f 10;, say V*. If V e V*, then there
exists a(V) € A such that V' C V. For every V € V* fix such an o V) and let
M, =U{V; a(V)=aandV € V*}. Tt is clear that M, C V,for every a € A;
hence {M,; o € A} is an open (in X) cover of f~'Oj. Since V = {Vya € A}is
star-countable and M, C V,, ,the family {M,; « € Al}is star-countable, and since
V* s locally finite in fflOZ, there exist U, (open subset of fflO;) such that U,

intersects finitely many elements of V* for every z € f *1OZ(and so finitely many
elements of {M,;a € A}); hence the family {M,;a € A} is a star-countable



STRONGLY PARACOMPACT MAPPINGS 183

locally finite open (in X) refinement of V A f ~'0; in f7'0;, so that the family
{[Ma]-10; taea is a star-countable locally finite (in X) refinement of VA f710;
in f~'O0;. For every z € X let Oy, = Oy N O, and for every a € A let

M: = [Myx N f~ lOy(x and M** = M:UM,. Then, one readily proves that
M = {M**}ocn is a star-countable locally finite refinement of ﬁAf‘lO; inf~O;
consisting of y-closed subsets. This completes the proof. "

The next two lemmas will be used to show that the conditions in Theorems
2.7 and 2.8 are equivalent in the realm of functionally normal mappings. First,
we shall define functionally open sets for mappings.

Definition 2.9 Let f : X — Y be any mapping. For a subset A of X we say that

A is y-functionally open if there exists O, € N(y) and a continuous real valued
function g : f~'O, — I such that ¢='((0,1]) = An f~'0,.

Lemma 2.10 If f : X — Y is a continuous mapping and {U};i € N} is an
open cover of f~'y such that each U} is y-functionally open, then there exists a
star-finite open cover of f~'y and refines {U}; i € N}.

Proof. For every i€N there exists O; € N(y) and a continuous real valued
function a; : 710, — I such that o; '((0,1]) = Uy N f~0,. Let U; = U N f~10,.
It is clear that {U;;i € N} is an open cover of f~!y refinement of {U};i € N}.
For every ¢ € N let f; : X — I be defined such that

B wi(z); z e f7O;
Jilz) _{ 0 zeX-— [0

Note that f; is not necessarlly a continuous function. Let g : X — [ be

defined such that g(z) = 332, filz) 5 - g is not necessarily continuous. For every
k € Nset Vi, =g '((,1]) and Fk =g *([+,1]). Note that V} is not necessarily an

open subset of X, and F}, is not necessarily a closed subset of X. For every i < k
let U, = U; N (Viy1 — Fi—1) . We shall show that the family U = {Int(U);i,k €
N,i < k} is a star-finite open cover of f~'y and refines {U;;i € N}. First, one
can readily prove that {Uir;i,k € N} is a star-finite refinement of {U};i € N} SO
that the family U = {Int(U;);i,k € N and i < k} is a star-finite refinement of
{Uf;ie N}. It remains to show that the family U = {Int(Uy);i,k € N and i <
k} covers f~ly. If x € f~ly, then x € U; for some natural number 4; which
implies that f;(z) # 0 and so g(z) # 0, so that there exists a natural number m
such that g(z) > L, ie, z € V;, C F,, .Let k be the smallest natural number
such that z € Fy. Since Fj, C Vi1, we have z € Vi, and x ¢ Fj_4. It is clear
that I}, C U,<x U;, so that there exists j < k such that x € Uj;; which implies
that © € U;;. Now, we shall show that € int(U;). Since x € Vk+1, we have

g(z) =32, flé(i) > m, so that there exists n, € N such that > i @) > le
For every i = 1,2, ...,n,let s; = 0 whenever f;(x) = O and if f;(x) 7é O let s; be

any real number such that s; < fi(z) and X2, 5 > 5; furthermore let

N fi_loz‘ if fix) =0
LR RN S (o
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Set H, = N M;. It is clear that H, is an open subset of X and contains
2. We shall show that H, C Vj,1. Butif t € H,, then t € f;!([s;,1]) for every
z' = 1,2,...,n,, so that fi(t) > s; and g(t) = ¥, f121 > Sty flz(f) > X 5 >
k+1’ hence t € g 1((k—}rl, 1]) = Viy1 , which implies that H, C Vi11. On the other
hand, since x gﬁ Fy_ 1 we've g(z) < 5 . Let s € (g(x), +=5) and n, € N such

that 32, .1 5 < =5 — 5. For every i < n, let s; = 1 whenever f;(x) =1 and let

€ (fi(x),1) such that iy 5 < s whenever fi(x) # 1; furthermore let

{ [710:=a7([0,1]) iffi(z) =1
a; ([0, si]) if fy(z) # 1.

Set Hy = Ni2; A;. It is clear that H is open in X and contains z. We shall
show hat H; N Fy_y = ®. If t € H}, then t € A; for every ¢ =1,2,..,ng, so that
fi(z) < s; for every s; , which implies that

o - zf L5 A

i =

i=1 =1 1=No+1
o 00 1
< .
N ; 1:no+1Qi
S
— — — S
o T E—1
< + ! !
S — — S = —
k—1 k—1

So that t ¢ g~ ([15,1]) = Fr—y and HiNFp_y = ®. Let Hy* = H:NH,NU;.
H** is an open (in X) neighborhood of z contained in Uj; more precisely x €
Int(U;), so that the family U = {Int(U,;);i,k € N,i < k} covers f~'y. This
completes the proof. "

Lemma 2.11 If f : X = Y is a countably paracompact functionally normal
mapping, then for every open (in X) cover U = {U;;i € N} of f~'y there exists
O, € N(y) such that f~'0O, CUU and U A f~'O, has a star-finite open (in X)

Teﬁnement in f1O,.

Proof. By Theorem 1.8, there exists O, € N(y) such that f~'0, C UU and
U A f7'O, has a refinement {Fj;i € N} in f~'O, such that F; C U; for every i,
and there exists O; € N(y) for every i such that O; C O,, F; is a closed subset
of f7'O; and U2, F; = f7'0,. Since f is functionally normal, the mapping
fo, : f71O; — O is functionally normal for every 4, so that there exists OF € N(y)
such that O C O, and there exists a continuous function «; : f‘lO;* — I such
that o (F; N f7'0;) = 1 and a;((f~'0;) — U;) = 0. Set V; = o; ' ((0,1]). Since
F;N f~10r C V7, we have the family V = {V;;i € N} is an open cover of f~ly
consisting of y-functionally open subsets. By Lemma 2.10, there exists a star-
finite open (in X) cover W of f~ly refines V = {Vi;i € N}. Since f is closed,
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there exists O} € N(y) such thatf~'0; C UW . It is clear that f71Oo; A W is

a star-finite open (in X) refinement of f~'0* AU in f~'0;. This completes the
proof. .

Question 2.12 [s Lemma 2.11 true if the functional normality is replaced by
normality?

The following theorem is a characterization of strongly paracompact map-
pings.

Theorem 2.13 If f : X — Y 1is a functionally normal mapping, then the fol-
lowing conditions are equivalent.

1) fis strongly paracompact.

2) For every y € Yand every open (in X) cover U = {Us}aea of 71y there
exists O, € N(y) such that f~10, C U U, and U A f~10, has a y-closed

star-finite locally finite refinement in f 10 .

3) For every y € Yand every open (in X) cover U = {Ua}aea of f~ty there
exists O, € N(y) such that f~'O, € U U, and U A 71O, has a star-
aEA

countable y-closed locally finite refinement in f~1O,.

4) For every y € Y and every open (in X) cover lg = {Uqy}acnof f1y there ex-
ists O, € N(y)such thatf 'O, C U U, and UA f~1O, has a star-countable
aceA

open (in X) refinement in f~10,.

Proof. By Theorems 2.7 and 2.8 we have 1) is equivalent to 2) and 3) is equivalent
to 4). It is clear that 2) implies 3). It suffices to show that 4) implies 1).

Assume 4). First, note that f is paracompact (see the proof of Theorem 2.7).
Now, we shall show that f is a strongly paracompact mapping.

Let U be an open (in X) cover of f~'y. Then there exists O, € N(y)such that
fto,cu U and U A f~10, has a starcountable open refinementVin f ~'0,. We

can write V = U,cp V; such that {V; € T} is the set of all components of V. But
for every t € T we have V, = {Vii; i € N}. Set Cy = Uijeny Vii. Then Cy is a closed
and open subset of fflO for every t € T'. Since f is a paracompact functionally
normal mapping, we have fo, = f ’10 — O, is a paracompact functionally normal
mapping, and since C}; is a closed subset of f~ 1O , we have f; = fl¢, : Ct = O,

is a paracompact (and so a countably paracompact) functionally normal mappmg
for every t € T'. But V, is an open cover of C so it is an open cover of f; 'y and

(by Lemma 2.11) there exists O, € N(y) such that f, 'O, C U Vi and V}/\ft Lo,
i=1
has a star-finite open (in X) refinement V,* in f; 'O,. It is clear that V* = | J V/*
teT
is an open (in X ) cover of f~'y. Since the family C' = {Cy;t € T} is pairwise
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disjoint and ‘A/t* is star-finite for every ¢ € T, we have V* = U Vt* is star-finite,
teT
and since f is closed , there exists O € N(y) such that f~'0; C JV*, so that

f710; AV* is a star-finite open (in X) refinement of f~1O; AU in f~'0;. This
completes the proof. .

Corollary 2.14 FEwvery Lindelof functionally normal mapping is strongly para-
compact.
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