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1. Introduction

The fuzzy concept has penetrated almost all branches of Mathematics since the
introduction of the concept of fuzzy set by Zadeh [8]. Fuzzy sets have applications
in many fields such as information [4] and control [5]. The theory of fuzzy topo-
logical spaces was introduced and developed by C.L.Chang [2]. Several properties
on fuzzy product topological spaces were discussed by K.K. Azad [1].

The notions of Soft fuzzy set over a poset I and soft fuzzy topological space
was introduced by Ismail U. Tiryaki [6]. The notion of C-set in general topology
was introduced by E. Hatir, T. Noiri and S. Yuksel [3]. The concept of a soft fuzzy
C-open set in a soft fuzzy topological space is introduced by T. Yogalakshmi,
E. Roja, M.K. Uma [7].
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In this paper, a new structure, called soft fuzzy product C-structure on the
soft fuzzy product space is introduced. An associated product map is defined and
some of its properties are studied. Moreover, a compactification of the soft fuzzy
product C-space through the soft fuzzy product strong generalized topological
space is established.

2. Preliminaries

Definition 2.1. [7] Let X be a nonempty set. Let u be a fuzzy subset of X
such that o : X — [0,1] and M be any crisp subset of X. Then, the ordered pair

(u, M) is called as a soft fuzzy set in X. The family of all soft fuzzy subsets of
X,will be denoted by SF(X).

Definition 2.2. [7] Let X be a non-empty set. Then, the complement of a soft
fuzzy set (u, M) is defined as (u, M) = (1 — p, X|M)

Definition 2.3. [7] Let X be a non-empty set and the soft fuzzy sets A and B
be in the form,

A={(u, M) : p(x) € I* Vo e X,M C X}
B={(A\N): Mz) e I¥,Vz e X,N C X}

Then,
(1) ACB< p(zr) < ANz),Ve e X,M CN.
(2) A=B < p(x) = ANz),Ye e X,M = N.
(3) ANB < pu(x) AN(z),Vere X, MNN.
(4) AUB < p(x) vV ANz),Yere X,MUN.

Definition 2.4. [7] A soft fuzzy topology on a non-empty set X is a family 7 of
soft fuzzy sets in X satisfying the following axioms:

(1) (0,0),(1,X) €
(2) For any family of soft fuzzy sets (A\;, N;) € 7, j € J, = Ujes(A\;, N;) € T.

(3) For any finite number of soft fuzzy sets (A\;, N;) € 7,j = 1,2,3,..n, =
|_|;~L:1<)\j,Nj) €T

Then, the pair (X, 7)is called as a soft fuzzy topological space. (in short, SFTS)
Any soft fuzzy set in 7 is said to be a soft fuzzy open set (in short, SFOS)
in X.
The complement of SFOS in a SFTS (X, 7) is called as a soft fuzzy closed set,
denoted SFCS in X.
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Definition 2.5. [1] The product A x p of a fuzzy set X of X and a fuzzy set p of
Y is a fuzzy set of X x Y, defined by (A x p) (x,y) = min(A(z), u(y)), for each
(r,y) e X x Y.

Definition 2.6. [1] The product fi x fo : X1 x Xo — Y1 X Yy of mappings

fi: Xy — Yy and fo 1 Xy — Vs, defined by (fl X f2) <371,$2> = (fl(x1)7f2<x2))a
for each (x1,25) € X7 x Xo.

3. On soft fuzzy product C-space
Definition 3.1. Let (x1,25) € X; x Xy and A : X; x Xy — [0, 1]. Define,

A0 <A<, if(z,20) = (Y1, )
(1, 22), (Y1, 92) = { 0, otherwise

Then, the soft fuzzy set ((x1,x2),,{(z1,22)}) is called as the soft fuzzy point
(in short, SFP) in SF(X; x X3), with support, (x1,z2) and value, .

Definition 3.2. Let (A1, N7) and (\y, N3) be any two soft fuzzy sets. Then, the
soft fuzzy product set is defined as (A1, N1) X (A9, Na) = (A1 X Ay, Ny X Na)

Definition 3.3. Let (X, ) and (X5, 72) be any two soft fuzzy topological spaces.
The collection B = {(A; X Ag, N1 X No) : (A, N) € 7, (u, M) € 9 & N x M C
X x Xy} forms an open base of a soft fuzzy topology in X; x Xo.

The soft fuzzy topology in X; x Xs, induced by B is called as the soft fuzzy
product topology of 71 and 75, denoted by 7 X 7.

The ordered pair (X7 x X3, 7 X 73), which means the product of (X7, 71) and
(Xo, 7)), is called the soft fuzzy product topological space (in short, SFPTS).

Moreover, the member of a soft fuzzy product topology is called as a soft
fuzzy product open set.

Definition 3.4. Let (X; x X5, 7 X 73) be a SFPTS and (A, N) be a soft fuzzy
product set in X7 x X5. Then, the soft fuzzy product interior and soft fuzzy product
closure of (A, N) are defined by,

cd(MN) = {(u, M) : (u, M) is a soft fuzzy closed set in X; x Xo
and (A, N) T (p, M)}

intA\,N) = L{(v,L):(y,L) is a soft fuzzy open set in X; x Xy
and (A, N) 2 (v, L)}

Definition 3.5. Let (X; x X, 7 X 7») be a SFPTS. A soft fuzzy product set
(A, N) is said to be soft fuzzy product o*-open , if int(\, N) = int(cl(int(\, N))).

Definition 3.6. Let (X; x Xy, 73 X 72) be a SFPTS. A soft fuzzy product set
(A, N) is said to be soft fuzzy product C-open (in short, SFPcOS), if

(A, N)=(p, M) 11 (7, K)
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where, (u, M) is a soft fuzzy product open set and (v, K) is a soft fuzzy product
a*-open set.

The complement of soft fuzzy product C-open set is called as a soft fuzzy
product C-closed set (in short, SFPcC'S).

Definition 3.7. A soft fuzzy product C-structure on a non-empty set X; x X is
a family st(7; X 73) of soft fuzzy product C-open sets in X; x X, satisfying the
following axioms:

(1) (0,0),(1,X) €.

(2) For any finite number of soft fuzzy C-open sets (\;, N;) € 7,j = 1,2,3, ...n,
= |—|;-l:1(>\j, NJ) cT.

Then, the pair (X; x Xy, st(7y X 7)) is called as a soft fuzzy product C-space.
(in short, SFPCst(X; x X3))

Any soft fuzzy product set (A, N) in st(7; X 73) is said to be a soft fuzzy
product C-open set in X1 X Xo.

The complement of a soft fuzzy product C-open set in SFPCst(X; x Xs) is
called as a soft fuzzy product C-closed set.

Definition 3.8. Let (X; x Xo,st(my x 7)) and (V) x Y3,st(0; X 02)) be any
soft fuzzy product C-spaces. A function f: X — Y is said to be soft fuzzy C¥-
continuous product map, if the inverse image of every soft fuzzy product C-open set
in (Y1 x Yy, st(01 X 02)) is a soft fuzzy product C-open set in (X7 x Xo, st(11 X 72)).

Definition 3.9. Let (X; x Xy, st(1; X 73)) and (Y1 x Y3,8t(0; X 09)) be any soft
fuzzy product topological spaces. A surjective function f: X — Y is said to
be soft fuzzy C7-quotient product map, if the inverse image of every soft fuzzy
product C-open set in (Y] X Ya,st(0; X 09)) is a soft fuzzy product C-open set in

(Xl X X2,§t<7'1 X 7'2)).

Definition 3.10. Let (X; x X5, 77 x T3) be a product topological space and
I = [0,1] equipped with the usual topology, a lower semi C#-continuous pair
(p, M), where p : (X7 x X5, Ty x Ty) — I with a C-open set u'((a,1]) and
M C X, x X, is also a C-open set in X; x X, for all a € [0, 1].

Definition 3.11. A soft fuzzy product C-space (X; x Xo,st(m X 72)) is said to
be a weakly induced soft fuzzy product C* -space, which is the soft fuzzy product
C-space induced by a topological space (X7 x X, T} X T3) if the following conditions
hold :

(a) Ty x Ty = {A C X; x X3 is a product C-open set | (X4, A) € St(m X 12)}
(b) Every (u, M) € st(1; X ) is a lower semi C#-continuous pair.

Definition 3.12. Let PrTop be the category of all the product topological spaces
and the continuous product maps. Let SF PrCst be the category of all the soft
fuzzy product C-space and SF C'#-continuous product maps. Define a functor, w :
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PrTop — SFPrCst, which associates to any product topological space (X; x Xs,
T1 X Ty), the soft fuzzy product C-space (X; X Xa,w(m X 73)), where w(m X 72) is
the totality of all lower semi C#-continuous pair. Then, (X; x Xo,w(1; X T2)) is
called as the weakly induced soft fuzzy product C*#-space by (X1 X Xo,71 X To).

Proposition 3.1. For mappings f; : X; — Y; and soft fuzzy sets (A\;, N;) of Y;,
(Z = 1,2),’ we have (fl X fg)il(/\l X /\Q,Nl X Ng) = fl_l(/\l,Nl) X f2_1(/\2,N2>.

Proof. The proof is clear.

Proposition 3.2. For mappings f; : X; — Y; and soft fuzzy sets (A\;, N;) of Y;,
(i = 1,2); we have (fi X f2)(A1 X Ag, N1 X No) T fi(Ar, N1) X fa(A2, Na).

Proof. The proof is clear.

4. Properties of the associated product map on soft fuzzy product
C-space

Definition 4.1. Let f; : X7 — Y] and f5 : X5 — Y5 be any two maps. Let X7 x X5
and Y] X Y5 be two product sets and f; x fo : X1 x Xy — Y] X Y5 be a product map.

Then, define the product associated map fl/;?Q as f1/;<72(<x1, Ta)y , {(z1,22)})
= f1 x fo({x1, 22) , {{®1,22)}), for each soft fuzzy point ((x1,x2) A, {(x1,22)}) in
SFPCEt(Xl X XQ)

Proposition 4.1. Let fi : X1 — Y] and fo : Xo — Y5 be any two onto maps.
Let X1 x Xg and Y7 X Yy be two product sets. If f1 X fo : X1 X Xo — Y] X Y5 is
a product onto map, then for each soft fuzzy point (< x1,x9 >y, {< 1,29 >}) in

SFPCst(X, x Xo, fi X fa(< x1,29 >, {< 21,22 >}) is the soft fuzzy point in
SFPCst(Y] X Ys) that takes the value X in fi X fo < 21,29 >.

Proof. For 0 < A <1,
J1 % f2(<9€1>$2>A Az, 2)}) = fi ¥ f2(<$1,902>,\ A1, 22)})

= (f1 x f <$17x2>Aaf1 x f2({{z1,72)}))
= (1 x fol(z1,22),), {(f1(21), fo(2))})

where, f1 X fo({z1,22),)((y1,92))
sup (z1,22)\ (2, ), if (fr X f2) ' ((y1,90) # &

(z,y)e(f1xf2) = ({y1,y2))

0, otherwise

_ { A, if(fr X f2) Ty, v2) # @

0, otherwise

Then, fﬁ2(<$1,$2>)\ A (x1,29)}) is the soft fuzzy point in SFPCst(Y; X Y3)
that takes the value A in f; x fo((x1,x2)). .
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Proposition 4.2. Let f1 : X1 — Y1, fo: Xo—= Y5, g1 : Y1 — Z1 and g5 : Yo — Zs
be any maps. Let fi X fo: X1><X2—>Y1><Y2andg1><92 Y1><Y2—>Z1><ZQbe

the two product onto maps. Then, (g1 X 92> (fix f2) = (91 X gp) 0 (f1 X fa).

Proof. By using the above Property 4.1, we have for each soft fuzzy point
(<$1,x2>)\ s {<£L’1,$2>}) in SFPO5£(X1 X XQ)

(g1 x 92) (f1 x fo)({x1, 2a) s » {{@1, 22) })
= (91 x g2) o (f1 X f2) ({1, 2), , {{71,72) })
g1 % g2)((fr X fo) ({1, )y, {(21, 72) }))

= ( ) (

= (@5/92)((]“1 X fo)({z1, T2) 5, {{21, 22) }))
(91 X 2)((fr X f2) ({21, 2) ., {(21,22)}))
( )o (fl X fo)({z1, 2) 5 {{21, 22) })

Thus, (g1 x 92) (fi X f2) = (g1 X g2) o (f1 X fa). =
Proposition 4.3. Let f; : X1 — Y] and fo : Xo — Y5 be any two onto maps.
Let X1 x X5 and Yy x Yy be two product sets. Let fi X fo : X1 X Xo — Y] X Y5

is a product onto map. If (f1 X fo) is the identity map, then f1 X fo is also the
identity map.

Proof. Since (fy x f2) is the identity map, (f1 x f2)((z1,22),,{(z1,22)}) =
((z1,22)a, {(z1,22)}), for each soft fuzzy point ((x1,22),,{(x1,22)})
n SFPCSt(Xl X Xg) This unphes that, (fl X f2)(<$1,$2>>\,{<I1,.§C2>})

= ((z1,22)x, {(z1,22)}), for each soft fuzzy point ((z1,z2),,{(z1,22)}). Now,

by the definition of the associated product map, (fi X f2)((z1,z2),,{(z1,22)}) =

(fr x fo)({wr, ma) s {(w, 22)}) = (1 X o) (21, 22)), {{f1(21), fa(2))}). This
implies that, ((f1 % f2)((z1, 22),), {{fi(z1), f2(z2))}) is the soft fuzzy point which
takes the value A in (f1 x fo) (x1, z2) and ((z1, x2), , {(x1, 22) }) is also the soft fuzzy
point which takes the value X in (xq,x9). Thus, (f; X fo)((z1,29)) = (21, 22), for
each (z1,x9) € X7 x Xs. Hence, f; X fo is the identity map. .

Proposition 4.4. Let f1 : X1 — Y] and fy : Xo — Y5 be any two maps.

—_——

(1) If f1 X fo: X1 X Xo — Y] X Yy is a product onto map, then (f1 X fo) is also
the product onto map.

—~——

(2) If f1 X fo: X1 x X9 — Y] X Y5 is a product one- to-one map, then (fi X fo)
15 also the product one-to-one map.

Proof. (1) For each ((y1,v2),,{(y1,¥2)}) soft fuzzy point in SFPCst(Y; x
Ys), we have (yi,y2) € Y1 x Y3, then there exists at least (x1,22) € X; X Xo

such that (fi x f2) (z1,22) = (y1,42). Now, (fi X fo)({z1,22),,, {{x1,22)}) =

(% f)fn, ) (mnsma) 1) = (% o) 22),), (U X F) (G, ) whih
takes the value a in (f; x fo) (x1,x2) and since (f; X fo) (z1,22) = (Y1, ¥y2), this
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shows that ((fi x f2)((z1,22)0), (i X f2)({{z1,22)})) = (W1, 92)a > {1, 92) })-

Therefore, (fi X f2) (21, 72), L (@1, 72)}) = (92,92} » {01, 2)}). Thus, fi x o
is the product onto map.

(2) If ({1, 22) o, {(71, 22) }), ({21, %) 5, { (@, 25) }) are the two soft fuzzy points

in SFPCst(X1xXy) such that (fi X f2)((z1,22), , {{x1,22) })=(f1 X f2) ({2, 25) 4,
{(x.3)})- This implics that (/, x f2)((21,),.+ {{e1,22)}) = (i x f2)((z1,25) 5,

{{#},25)}). This shows (fi1 X fo) (z1,22) = (f1 x f2) (2}, 25) and a = B. Since
(f1 X f2) is a one-to-one map, (x1,z2) = (x}, x5) and a = 3, it follows

((z1, w2)o » {(1, 22)}) = ({21, 25) 5, { (2, 25) }).-

Thus, f; x fy is one-to-one. u

Proposition 4.5. Let fi : X7 — Y] and fo : Xo — Y5 be any two maps. If

fix fo: Xy x Xo — Y] XYy is a product one- to-one map, then (fi x fo)~! =
-1

(f1 x f2)

Proof. For each soft fuzzy point ((y1,v2),.{(v1,¥2)}) in SFPCst(Y; x Y3)
and by the hypothesis, there exists a unique <x1,x2> € X; x X, such that

(f1 X fa) (w1, 29) = (yl,yg)./IELnust be shown that (f1 X fa)~1 is well-defined. It
is enough to show that (fi x f2) 7' ({41, 42)a » {(y1,92)}) = (21, 22), , { {1, 22) })-
Otherwise let (f1 x f2>_1(<y1,y2>a,{<y17/yx2>/}>:(<17/12€2/>>\7{<$1,l‘2>}) and a#\.
Then, (fl X fo) (1, wa) s {{wn, 22) 1) =1 X f2)(fr X f2) (W1 Y2)a > {01, 92) 1))

= (f1 X fa)({x1,22),, , {{x1,22)}). Since (f; X fo) is a one-to-one map, (f; x f2)
is one-to-one. Thus, ((x1,22),,{(x1,22)}) = (<$17/.£2_>/>\,{<ZE1,I'2>}>. But, A # «a.

Thus, it leads to a contradiction. Therefore, (f1 % f2)'((y1,y2), . {{v1,¥2)}) is
uniquely the soft fuzzy point in SFPCst(X; x X3) which takes the value « in
(fi X fa)™' < 1,92 >. Thus, it is well defined.

Next, (f1 % f2)71(<y1;y2>a7{<y1ay2>}) = (f1 x f2)71(<y17y3>1a7{<y1ay2>}) =
(f1 X f2) 7 (Y1, ¥2) o » {(Y1, 92) }). Hence, (f1 X f2)7t = (fi X fa) . -

Proposition 4.6. Let f; : X1 — Y] and fo : Xo — Y5 be any two maps. Let
fix fo: X1 x Xy =Y xXY5 be a product map.

(a) If (f1 x fa) is onto, then (f1 X fo) is also onto.

(b) If (f1 X f2) is one-to-one, then (f1 X fo) is also one-to-one.

Proof. (a) For each (y1,y2) € Y1 x Yo, let ({(y1,42), . {{v1,y2)}) be the soft fuzzy
point in SFPCst(Y; X Ys) which takes the value 1 in (y;,y2). By hypothesis,
there exists a soft fuzzy point ((z1,z2),,, {(z1,22)}) in SFPCst(X; x X3) such

that fi X fa((@r, 22)o , {(@1,22)}) = ((1,92) , { (41, 4)}). Then,
fix fo({zr, @a), , {{xn, 22)}) = (Wi, y2)y » {{y1, v2) }) and (fi % f2) " ((y1, y2)) # ¢
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Hence, (f1 x f2) is a onto map.

(b) Let (w1, 2) , (a, @) € Xy x X with (fix fo)((w1,22)) = (frx fa) ({h, 74).

Now, (fi x p)(ln, 22y, {@naa)}) = (A x fo)((wn2a),, {(m,22)}) =
((fixf2)({x1, 22))1, (f1x fo)({{z1,22)})), where, for A=1

(fix f2)((z1, 22) 1) ((Y1, y2))

sup (z1,29)\ (< z,y >), if (fi X f2) 7 (Y1 92) # @
= (z,y)€(f1x f2) " ({y1,y2))
0, otherwise

L, if<$1,~’172> = <~’U,3/> and(fl X f2)_1(<yby2>) #* ¢
0, otherwise
1
0

» (e x o) ({2, 25)) = (Y1, 92)

, otherwise

{

X J2) (21, 25) ) (Y1, v2)).

This implies that, (fr % f2)({e1, ), {220 }) = (o X F2) (G 2t)y (G, 20))).

Since (f1 X f2) is a one-to-one map, ((x}, z5), , {(x], 25)}) = ({1, 22), , {{x1, 22) }).
This implies that, (zq,x9) = (2, 2}). Thus, (fi X f2) is a one-to-one map. .

Definition 4.2. Let (X7 x X5, T} x T3) and (Y7 X Y3, S x Ss) be any two product
topological spaces. A function f: X — Y is said to be a C-irresolute product

map, if the inverse image of every product C-open set in (Y] x Y3, 51 x Sy) is a
product C-open set in (X; x Xo, T} x T3).

Proposition 4.7. Let fi : X1 — Y] and fo : Xo — Y5 be any two maps. Let
(X1 X Xo, 71 X T2) and (Y} X Ys,01 X 09) be any two product topological spaces. If
fix fo: (Xy x Xo, 11 X 1) — (Y1 X Ya,01 X 09) is a C-irresolute product map iff
fi X fo: (XixXo,w(mi X7)) — (Y1 x Yo, w(oy X03)) is a soft fuzzy C* -continuous
product map.

Proof. For each soft fuzzy C-open set (u, M) in (Y7 X Ys,w(o1 X 03)), we
have p~'((a, 1]) is a C-open set in a1 x g9 for all @ € [0,1] and by hypothesis
(fixfo) Y (a,1]) is a C-open set in 7y X 7o. Then, (o (f1 X fo)) '(a, 1] is
a C-open set in 73 X 7o, and also (f; x fo) '(M) C X; x X, is a C-open in
X1 X Xy. Therefore, < (o (f1 X f2)), (f1 X fo)"H(M) > is a soft fuzzy C-open set
in (X7 X X5, w(71 X 72)). Now,
-1
(frx fa) (M) = (fi x fo) (1, M)

= ((fi x f2) 7 (), (f1 x fo) (M)

= ((wo (fi x f2)), (fi x f2)7 (M)

-1
Thus, (fi1 x f2) (u, M) is a soft fuzzy C-open set in (X; X Xo,w(m X 72)). Hence,

—_——

(f1 X f2) is a soft fuzzy C#-continuous product map.
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The converse part is clear by using the definition of the weakly induced soft
fuzzy product C#-space. u

Definition 4.3. Let (X7 x X5, T} x T3) and (Y7 X Y5, 51 X Ss) be any two product
topological spaces. A surjective function f: X — Y is said to be C-quotient
product map, if the inverse image of every product C-open set in (Y] x Y5, 51 X Ss)
is a product C-open set in (X7 x Xy, T7 x Ty).

Proposition 4.8. Let f; : X1 — Y] and fo : Xo — Y5 be any two maps. Let
(X1 X Xo, 11 X 72) and (Y7 X Ya,01 X 09) be any two product topological spaces.
Then, f1 X fo: (X7 X Xo, 71 X o) — (Y1 X Ya,01 X 09) is a C-quotient product
map iff f1 X fo: (X1 X Xo,w(m X 72)) — (Y1 X Ya,w(01 X 09)) is also a soft fuzzy
C7#-quotient product map.

Proof. By the definition of a weakly induced soft fuzzy product C-space, A is a C-
open set in (o1 X 09) iff (X4, A) is a soft fuzzy C-open set in ((Y X Y2), w(o1 X 03)).
Now,

(i X f2) (X A) = (i % )" (Xa A)

= ((f1 x f2) 7 (Xa), (f1 x f2) " (A))
= (Xao (fi X f2), (f1 X f2) ' (A))
= (

X(pixfa)-1(ay (f1 X f2) 1 (A))

-1
That is, (fi x fa) (Xa,A) = (X(fxp)-10a), (f1 X f2) 1(A)) is the soft fuzzy C-
open set in (X} x Xo,w(7; X 73)). Hence, (f1 x f2)"1(A) is a C-open set in 71 X 75.
Therefore, f; x fo is a C-quotient product map.

Conversely, let (u, M) be a soft fuzzy C-open set in (V) X Y3, w(oy X 09)) iff
p (e, 1] is a C-open set in 01 X 09, and M C Y} x Y; is a C-open set in 0y X 0, for
all a € [0, 1]. By the hypothesis, (f; x fo) (" (a, 1]) is a C-open set in 73 X 7o
and (f1 X fo) L (M) C X1 X X2 is a C-open set in 7 X 7o, for each a € [0,1]. That

-1

((f1 X fa) (), (f1 X f2) (M))/f/(f?;/fQ)il(,u,M) is a soft fuzzy C-open set

in (X1 X Xo,w(m x 7). Hence, f1 x fy is also a soft fuzzy C#-quotient product
map. .

Definition 4.4. Let (X; X X, w(m X 73)) and (Y] x Ys, w(0y X 02)) be any two soft
fuzzy product C-spaces and f; x fy be a soft fuzzy product map from X; x X5 to
Y, x Y. Then, fi x fo is called as a soft fuzzy C*-homeomorphism from X; x X
to Y7 x Yo, if

(i) f1 x fois a soft fuzzy C#-continuous product function.
(ii) f1 x fa is a soft fuzzy bijective product function.

(iii) Inverse of fi x fy is also soft fuzzy C#-continuous product function.



120 T. YOGALAKSHMI, E. ROJA, M.K. UMA

Proposition 4.9. Let (X; X Xo,w(m1 X 72)) and (Y1 X Ya,w(0o1 X 09)) be two weakly

—_—

induced soft fuzzy product C-spaces, and (fi x fo) be a soft fuzzy C¥-continuous
map from (X1 x Xo,w(m1 XT3)) onto (Y1 xYa, w(oy X09)). If there exists a soft fuzzy

C# -continuous map (g1 X g2) from (Y1 X Ya,w(o1 X 03)) to (X1 X Xa, w(11 X 72))

such that (f1 X f2) o (g1 X g2) = ly;xy,, then (Y1 X Yo,w(o1 X 02)) is soft fuzzy
C#-homeomorphic with (X; x Xs) | R, where R is the equivalence relation.

Proof. Since (fi X f2) o (91 X g2) = ly,xy,, then by using all the above proposi-
tions, we have (f; X f2) 0 (g1 X g2) = ly,xy,- Then, the map hy X hy : (X7 X X5) |
R — Y, x Y, induced by f; x fo is a C#-homeomorphism. Finally, by the above

all propositions , h; x hy is clearly a soft fuzzy C#-homeomorphism. u

5. Compactification of SFPCst(X; x X5)

Definition 5.1. Let X; x X, be a product space. Let (X; x X3) | R be a
quotient set on (X; x Xy with R, an equivalence relation. Then, the collection of
all quotient sets on X; x X, denoted by Q(X; x X5).

Definition 5.2. Let R, be an equivalence relation. Then, X; X Xy | R, 20) =

e, 22)]s [{yn, y2)] (21, w0) R (21,5 22) 5 (Y1, y2) B (21, 22) 5 V (21, 22) € X1 X Xy} is
also a quotient product set on X x Xo.

Definition 5.3. Let (X7 x Xo,st(7y X 7)) be a soft fuzzy product C-space and
A be a subset of X7 x X5. If X4 is a characteristic function of A in X; x X, then

5t(7‘1 X TQ)A = {()\,N) Il (XA,A) : ()\,N) 65t(7’1 X 7'2)}

is called as a soft fuzzy product C-substructure. Now, the pair (A, st(m; X T3)4) is
called as a soft fuzzy product C-subspace.

Let (X7 x Xs,8t(11 X 72)) be a non compact soft fuzzy product C-space.
Associated with each (u, M) € st(my X 72), we define (u, M)* = (u*,M*) €
SF(Q(Xl X XQ)) For each (Xl X XQ) | R e Q(Xl X XQ)

/JJ<< X1, T2 >), ifd< T1,T2 >€E X X X9

1 (X% Xs) | R)= such that X7 X Xo | R = X; X Xo | Resy ap>;
V cor aas]exsx o g P 1502 >), otherwise.
b, if M = ¢;
M* =< 99Xy x Xy), if M =X, x Xy

{(X1 X X9) | Rewyay>, s M <xp,29 > M C Xy X Xo,i € 1.

Proposition 5.1. Under the previous conditions the following identities hold.

(i) (0>¢)* = (07 ¢)
(11) (1X1><X27X1 X XQ)* = (1Q(X1><X2)7 Q(Xl X XQ))
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Definition 5.4. A soft fuzzy product strong generalized topology on a non-empty
set X is a family & of soft fuzzy product sets in X satisfying the following axioms:

(1) (0,¢),(1,X) €.
(2) For any family of soft fuzzy sets (\;, N;) € 7,7 € J , = Ujes(\;,N;) € T.

Then, the pair (X, ®)is called as a soft fuzzy product strong generalized topological
space. (in short, SFPsGTS)

Any soft fuzzy product set in & is said to be a soft fuzzy product &-open set
(in short, SFPGOS) in X.

The complement of SFPGOS in a SFPsGTS (X, 7) is called as a soft fuzzy
product &-closed set, denoted SFPGCS in X.

Proposition 5.2. Under the previous conditions the collection
B = {(u, M) : (1, M) € st(ry X 1)}
is a base for some soft fuzzy product strong generalized topology on Q(X; X X3).
Proof.
(i) For (pq, My), (o, Ms) € st(11 X 75) and X7 X Xs | R € Q(X; x X3), we have

(uiel(”h M,))* = (ViEI iy Uie[ MZ)* = ((\/iel :ui)*v (ﬂie[ Mz)*)

(Vier )" (X1 x X5) | R)

( (V/L,)<<$1,1E2>), if 3 <ZE1,.T2> € X1 X XQ
_ such that (X1 X X2) | R = (Xl X XQ) | R<x17x2> )

{ v[(ml,mz)]e(Xl><X2)|R(Viel i) ({1, 22)), otherwise.

( \/z'eI pi({z1, 2)), if 3(z1,72) € Xy X X
such that (X; x X5) | R=(X1 X X3) | Rz, 20) ;

( Vier Vi sl r Hil{@1,22)), - otherwise.

= \/iEI i (X1 x Xo) | R).

Thus (Ver )" = Ve 13-
Now,
0, it My N M,y = ¢;
(MyN M) =< Q(X; x Xy), it My N My =X x Xo;
X1 %X Xo | Rizyaoy, if (1, 29) € MiN M, C Xy x Xo.
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0, if My = ¢ and My = ¢ or My # ¢ and M; # ¢;
Q(Xl X XQ), if Ml = X1 X X2 and M2 = Xl X XQ,

Xl X X2 | R<:Jc1,:fc2>7 1f <Q?1,1’2> € Ml C Xl X XQ
and <l‘1,$2> e M, C X1 xXo.

=M N M;
Therefore ((p1, My) M (pa, M))* = (1, My)* M (pe, Ma)*.
Thus, b* forms a base for Q(X; x Xs). .

Definition 5.5. The soft fuzzy product C-space, generated by the base b* of soft
fuzzy product C-open sets, is denoted by (71 X 7)* = 77 X 75.

Definition 5.6. Let q: X7 x Xy — Q(X; x X5) defined by
qQ(< z1,2 >) = X1 X Xy | Rig, 2)
for each (x1,25) € X7 x Xo.

Proposition 5.3. Under the previous conditions, q(X1 x X3) is soft fuzzy Cst-
dense in (Q (X1 x Xa), (11 x 1)), that is C-clir,xr)(A(1x,xx,), X1 X X3) =
(Lox, xxz), QX1 X X3)).

Proof. Given (u, M) € SFPCst(X; x X5), we have q(u, M) € SF(Q(X; x X5)).
Then for each (u, M) € SFPCst(X; x X3). Now q(u, M) = (q(p), q(M))

Sup M(<$1,$2>), if qil(Xl X Xo | R) 7& Qb :
q(u)(X1x X5 | R) =< (z1.a2)€q- 1 (X1xX2|R)
0, if 7 (X1 X X5 | R) = 6.

p(< xy, e >), if 3 < x1,29 >€ X; X X; such that
_ Xl X X2 ‘ R = Xl X XQ ‘ R(xl,x2>;

0, ifv<l'1,l‘2> - X1 X XQ,X1 X XQ | R 7& X1 X XQ | R(Ihgm).
C](M) = {C[(< X1, Lo >),\V/ < T1,To >€ M}
Now C—Cl(ﬁx.r2)* (q(lexXg,Xl X Xg))

C_C1(71><T2)*(1Q(X1,X2)7 Q(Xl X Xz)), if 4 <£B1, l‘2> € Xl X Xg such that
Xl X XQ ‘ R = Xl X X2 | R<$1’$2> ;

C’Cl(’r1><7'2)*<07¢)7 ifv<$1,x2> S Xl X X27X1 X X2 |
R 7’é X1 X XQ | R(xth)-

Let ((5, L)*: |_|j€J (,L[/j7Mj)*:C_CZ(’TlXT2)* (q(1X1XX2>X1 X XQ))

Since q(1x,xx,, X1XX2) C (4, L)*, we have for each (z1,22) € X7 x X,
0" (X1 xX2) | Rz, a0))20(1x,xx0 ) (X1 X X2) | Rz a))=1 and L™ 2 q(X1 x X3).
This implies that, 0*((X1 X X2) | Reyy2o>) = 1 and L* = Q(X; x X3). Now, for
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each (z1,79) € Xy x Xg and j € J, Apj((Xy X Xa) | Rizyapy) = 1 and NM; =
Q(X1 x Xo). Tt implies 25 ((X1 X X3) | Riz)2y)) = 1 and M = Q(X; x X3). Thus,
for each (x1,22) € Xy xXoand j € J, puj({(x1,22)) = 1 and M; = X7 x X,. That is,
for each j € J, (pj, M;) = (1x,xx,, X1 X X2)). Now, we conclude that, (6%, L*) =
Mies(tg, M;)* = Mjer(1x,xxy, X1 X X2))* = (Lorx, xx2), Q(X1 X X5)). This implies
that, q(1x, xx,, X1 X X2) is a soft fuzzy Cst-dense set in (Q (X7 x X3), (71 X 72)*). =

Proposition 5.4. The function q is a soft fuzzy Cst-embedding of X1 x Xo into
Q(X1 X X2)

Proof.

(i) q is a one to one function:

If (z1,22) # (Y1, y2), we have Rz, o) # Ry, ). Let
(1, 22)) o s {< 1,22 >}) # ((Y1,92) 5, {(Y1,42)}) be two soft fuzzy points.

(a) If (x1,22) # (y1,y2) for each X7 x Xy | R € Q(X; x X5). We have
(21, T2)y , {21, 22)}) = (X0 X Xo | Rizyan),,» { X1 X Xo | Rigy 00 })-
Similarly, q((y1,y2) 5, {(v1,92)}) and it is clear that

qa((z1, 22),, , {{z1, 22)}) # Cl(<y1,3/2>g Ay, v2) 1)
(b) If (xq,22) = (y1,¥2), then o # (3 and therefore, clearly

q(<x1> $2>a ) {<$1’ $2>}) 7é q(<y1, y2>ﬁ ) {<y17 y2>})'

Hence g is one to one.

(i) q is soft fuzzy product Cst-continuous:

For each (p, M)* € b* and (xq,x9) € X1 X X5, we have
g~ (p, M) =q 7 (", M)
= (g7 ("), q (M)
= (1" oq,q7 (M"))
where

poq(<ay,wz >) = pi(q(< 21,22 >))
= M*(Xl X X2 | R<x1,x2>)
= p(< xq, 29 >)

and q~'(M*) = M. Thus q~'(u, M)* = (u, M) € St(m1 x 7). Hence q is
soft fuzzy product Cst-continuous.
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(iii) g is a soft fuzzy product Cst-open function on Q(X; x X5):
For each X; x X5 | R € Q(X; x X3) and (u, M) € St(1 X 72).
(p*, M) M (XCI(X1><X2)7 {a(X1 x Xo)}) = (1" A Xq(X1xX2)5 M N {a(X1 x X2)})
= (a(p), a(M)) = a(p, M) € (11 x 72)"

Thus q is a soft fuzzy product Cst-open function. Hence q is a soft fuzzy
Cst-embedding of X7 x X; into Q(X; x X5). n

Proposition 5.5. The soft fuzzy quotient product space (Q(X; x X3), (11 X 72)*)
is soft fuzzy product Cst-compact.

Proof. Let § = {(\f, Nf) € 77 x 75 : (\;, N;) € St(m1 X 1) for i € J} be a soft
fuzzy product Cst-open cover of Q(X; x X3). That is,
I—]ZEJ(/\:7N7,*) - (]-Q(X1><X2)7 Q(Xl X XZ))

By definition of (A}, N}'), Uier(Af, NJ) E (Lox: xxs), @(X1 X X3)), for some finite
subfamily F of J. Thus § has a soft fuzzy product finite subcover.
Hence, (Q(X; x X3), (171 X 72)*) is soft fuzzy product Cst-compact. .

Conclusion. Cst-compactification of the category of all product topological space
can be done, using section- 5.

Acknowledgement. The author is thankful to the referee for his/her several
valuable suggestions which improved the presentation of the paper.

References

[1] Azap, K.K., Fuzzy Hausdroff spaces and fuzzy perfect mappings, J. Math.
Anal. Appl., 82 (1981), 297-305.

[2] CHANG, C.L., Fuzzy topological spaces, J. Math. Anal. Appl., 24 (1968),
182-190.

[3] HATIR, E., NoIrI, T., YUKSEL, S., A decomposition of continuity, Acta.
Math. Hungar., 70 (1996), 145-150.

[4] SMETS, P., The degree of belief in a fuzzy event, Information Sciences, 25
(1981), 1-19.

[5] SUGENO, M., An introductory Survey of fuzzy control, Information Sciences,
36 (1985), 59-83.

[6] TIRYAKI, ISMAIL U., Fuzzy sets over the poset I, Hacettepe, Journal of Ma-
thematics and Statistics, vol. 37 (2) (2008), 143-166.

[7] YocaLaksaMI, T., RoJa, E., UmaA, M.K., A view on soft fuzzy C-
continuous function, International Fuzzy Mathematics Institute, (accepted).

[8] ZADEH, L.A., Fuzzy sets, Inform. and Control, 8 (1965), 338-353.
Accepted: 25.12.2012



