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Abstract. Based on the technique used by M.A. Khan and A.K. Shukla [2] here
finite series representations of bionomial partial differential operators have been used to
establish operator representations of various polynomials not considered in the earlier
mentioned paper. The results obtained are believed to be new.
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1. Introduction

Recently, in 2009, M.A. Khan and A.K. Shukla [2] evolved a new technique to give
operator representations of certain polynomials. They give binomial and trinomial
operator representation of certain polynomials. The aim of the present paper is to
strengthen the technique evolved by obtaining binomial operator representations
of some more polynomials not considered in the above mentioned paper.
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2. The definitions, notations, and results used

In deriving the operational representations of various polynomials use has been
made of the fact that

(2.1) Dµxλ =
Γ(1 + λ)

Γ(1 + λ− µ)
xλ−µ, D ≡ d

dx

where λ and µ, λ ≥ µ are arbitrary real numbers.

In particular, use has been made of the following results:

(2.2) Dr e−x = (−1)r e−x

(2.3) Dr x−α = (α)r (−1)r x−α−r, α is not an integer

(2.4) Dr x−α−n = (α + n)r (−1)r x−α−n−r

(2.5) Dn−r xα−1+n =
(α)n

(α)r

xα−1+r

(2.6) Dn−r x−α =
(α)n(−1)n

(1− α− n)r

x−α−n+r, α is not an integer,

where n and r are denoting the positive integers and

(a)n = a (a + 1) · · · · · · (a + n− 1); (a)0 = 1.

We also need the definitions of the following polynomials in terms of hyper-
geometric function and also their notations (see [1], [3], [4], [5]).

Cesaro polynomials

It is denoted by the symbol g
(s)
n (x) and is defined as

(2.7) g(s)
n (x) =

(
s + n

n

)
2F1

[ −n, 1 ;
−s− n ;

x

]

Miexner polynomials

It is denoted by the symbol Mn(x; β, c) and is defined as

(2.8)
Mn(x; β, c) = 2F1

[−n, − x ;
β ;

1− c−1

]
,

β>0, o < c < 1, x = 0, 1, 2, ..., N
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Krawchouk polynomials

It is denoted by the symbol Kn(x; P,N) and is defined as

(2.9)
Kn(x; P,N) = 2F1

[−n, − x ;
−N ;

P−1

]
,

o < P < 1, x = 0, 1, 2, ..., N

Hahn polynomials

It is denoted by the symbol Qn(x; α, β, N) and is defined as

(2.10)
Qn(x; α, β,N) = 3F2

[ −n, − x , α + β + n + 1;
−N, α + 1;

1

]

α, β > −1, n, x = 0, 1, 2, ..., N

Sylvester polynomials

It is denoted by the symbol ϕn(x) and is defined as

(2.11) ϕn(x) =
xn

n!
2F0

[ −n, x;
−;

x−1

]

Gottlieb polynomials

It is denoted by the symbol ln(x; λ) and is defined as

(2.12) ln(x; λ) = e−nλ
2F1

[ −n, − x ;
1;

1− eλ

]

Charlier polynomials

It is denoted by the symbol Ca
n(x) and is defined as

Ca
n(x) = (−a)n

2F0

[ −n,−x;
−;

1

a

]

Mittag-Leffler polynomials

It is denoted by the symbol gn(z, γ) and is defined as

(2.14) gn(z, γ) =
(−γ)n

n!
2F1

[ −n, z ;
− γ;

2

]
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Shively’s pseudo Laguerre polynomials

It is denoted by the symbol Rn(a, x) and is defined as

(2.15) Rn(a, x) =
(a)2n

n!(a)n
1F1

[ − n ;
a + n ;

x

]

3. Operational representations

If Dx ≡ ∂

∂x
and Dy ≡ ∂

∂ y
, M.A. Khan and A.K. Shukla [2] wrote the binomial

expansion for (Dx + Dy)
n as

(3.1) (Dx + Dy)
n ≡

n∑
r=0

nCrD
n−r
x Dr

y

where nCr =
n!

r!(n− r)!
.

By writing the finite series on the right of (3.1) M.A. Khan and A.K. Shukla
[2] wrote (3.1) also as

(3.2) (Dx + Dy)
n ≡

n∑
r=0

nCrD
r
xD

n−r
y

If F(x,y) is a function of x and y, they obtained the following from (3.1) and (3.2)

(3.3) (Dx + Dy)
nF (x, y) ≡

n∑
r=0

(−n)r(−1)r

r!
Dn−r

x Dr
y F (x, y)

(3.4) (Dx + Dy)
nF (x, y) ≡

n∑
r=0

(−n)r(−1)r

r!
Dr

xD
n−r
y F (x, y)

In particular, if F (x, y) = f(x)g(y) then (3.3) and (3.4) in the form

(3.5) (Dx + Dy)
nf(x)g(y) ≡

n∑
r=0

(−n)r(−1)r

r!
Dn−r

x f(x)Dr
y g(y)

(3.6) (Dx + Dy)
nf(x)g(y) ≡

n∑
r=0

(−n)r(−1)r

r!
Dr

xf(x)Dn−r
y g(y)

Now, by taking special values of f(x) and g(y) in (3.5), we obtain the following
partial differential operator representations of the polynomials given above:
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(3.7) xν+1y(Dx + Dy)
n
{
xν−1y−1

}
= (−1)n n! g(ν)

n

(
x

y

)

(3.8) (Dw + DyDz)
n
{

wβ−1+nyxe(1−c−1)z
}

= (β)n wβ−1yxe(1−c−1)zMn(x; β, c(w/y))

(3.9) (Dw + DyDz)
n
{

w−N−1+nyxep−1z
}

= (−N)n w−N−1yxe−p−1zKn(x; P, N), if w/y = 1

(3.10) (DvDw −DyDz)
n
{
v−N−1+nwα+nyxz−1−α−β−n

}

= (−N)n (1 + α)n v−N−1wαyxz−1−α−β−nQn

(
x; α, β, N

vw

yz

)

(3.11) xyez/x(1 + DyDz)
n
{

y−xe
−1
x

z
}

= n!ϕn(y/x)

(3.12) (Dw + DyDz)
n
{

wnyxe(1−eλ)z
}

= n!yxe(1−λ)zln(x; λ), when w/y = 1

(3.13) (1 + DyDz)
n
{

yxe
1
a
z
}

=
e

1
a
z

(−a)n
C(a)

n (x) for y = 1

(3.14) (1−Dy)
n
{
ya+2n−1

}
= n!ya+2n−1Rn(a, y)

To validate the above mentioned equations, here we illustrate some proofs:

Proof of (3.7).

(Dx + Dy)
n {x−s−1y−1}

=
n∑

r=0

(−n)r(−1)r

r!

(1 + s)n(−1)n

(−s− n)r

x−s−1−n+r (1)r(−1)ry−1−r

= xν+1y(−1)n n! g(ν)
n

(
x

y

)

Proof of (3.8).

(Dw + DyDz)
n
{

wβ−1+nyxe(1−c−1)z
}

=
n∑

r=0

(−n)r(−1)r

r!
Dn−r

w wβ−1+nDr
yy

xDr
ze

(1−c−1)z

= (β)nw
β−1yxe(1−c)−1)z

n∑
r=0

(−n)r(−x)r(1− c−1)rwr

r! (β)ryr

= (β)n wβ−1yxe(1−c−1)z

2F1

[ −n, − x ;
β ;

(1− c)−1(w/y)

]
.

= (β)n wβ−1yxe(1−c)−1)zMn(x; β, c(w/y))
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Proof of (3.13).

(Dw + DyDz)
n {w−γ−1+ny−ze2z} =

n∑
r=0

(−n)r(−1)r

r!
Dn−r

w w−γ−1+nDr
yy
−zDr

ze
2z

= (−γ)nw−γ−1y−ze2z
2F1

[ −n, z ;
− γ ;

2(w/y)

]

Proof of (3.14).

(1−Dy)
n {ya−1+2n} =

n∑
r=0

(−n)r(−1)n−r

r!

(a + n)n

(a + n)r

ya+n−1+r by (3.6)

= n! (a)2n
(a)n

xa−1+n
1F1

[ −n ;
a + n;

y

]
.

= n!ya−1+nRn(a, y)
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