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Abstract. Let M be a 2-torsion free semiprime Γ-ring satisfying a certain assumption
and let T : M → M be an additive mapping such that

T (xαyβx) = xαT (y)βx

holds for all x, y ∈ M , and α, β ∈ Γ. Then we prove that T is a centralizer. We also

show that T is a centralizer if M contains a multiplicative identity 1.
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1. Introduction

LetM and Γ be additive abelian groups. If there exists a mapping (x, α, y) → xαy
of M × Γ×M → M , which satisfies the conditions

(i) xαy ∈ M

(ii) (x+ y)αz=xαz+yαz, x(α+ β)z=xαz+xβz, xα(y + z)=xαy+xαz

(iii) (xαy)βz=xα(yβz) for all x, y, z ∈ M and α, β ∈ Γ,

then M is called a Γ-ring.
Every ring M is a Γ-ring with M=Γ. However a Γ-ring need not be a ring.

Gamma rings, more general than rings, were introduced by Nobusawa [11]. Bernes
[1] weakened slightly the conditions in the definition of Γ-ring in the sense of
Nobusawa.
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Let M be a Γ-ring. Then an additive subgroup U of M is called a left (right)
ideal of M if MΓU ⊂ U(UΓM ⊂ U). If U is both a left and a right ideal , then
we say U is an ideal of M . Suppose again that M is a Γ-ring. Then M is said to
be a 2-torsion free if 2x = 0 implies x = 0 for all x ∈ M . An ideal P1 of a Γ-ring
M is said to be prime if for any ideals A and B of M , AΓB ⊆ P1 implies A ⊆ P1

or B ⊆ P1. An ideal P2 of a Γ-ring M is said to be semiprime if for any ideal U of
M , UΓU ⊆ P2 implies U ⊆ P2. A Γ-ring M is said to be prime if aΓMΓb = (0)
with a, b ∈ M , implies a = 0 or b = 0 and semiprime if aΓMΓa = (0) with a ∈ M
implies a = 0. Furthermore, M is said to be commutative Γ-ring if xαy = yαx
for all x, y ∈ M and α ∈ Γ. Moreover, the set Z(M) = {x ∈ M : xαy = yαx for
all α ∈ Γ, y ∈ M} is called the centre of the Γ-ring M .

If M is a Γ-ring, then [x, y]α=xαy−yαx is known as the commutator of x and
y with respect to α, where x, y ∈ M and α ∈ Γ. We make the basic commutator
identities:

[xαy, z]β = [x, z]βαy + x[α, β]zy + xα[y, z]β and

[x, yαz]β = [x, y]βαz + y[α, β]xz + yα[x, z]β ,

for all x, y, z ∈ M and α, β ∈ Γ.

We consider the following assumption:

(A) xαyβz = xβyαz, for all x, y, z ∈ M , and α, β ∈ Γ.

According to the assumption (A), the above two identities reduce to

[xαy, z]β = [x, z]βαy + xα[y, z]β and

[x, yαz]β = [x, y]βαz + yα[x, z]β,

which we extensively used.

An additive mapping T : M → M is a left (right) centralizer if

T (xαy) = T (x)αy (T (xαy) = xαT (y))

holds for all x, y ∈ M and α ∈ Γ. A centralizer is an additive mapping which is
both a left and a right centralizer. For any fixed a ∈ M and α ∈ Γ, the mapping
T (x) = aαx is a left centralizer and T (x) = xαa is a right centralizer. We shall
restrict our attention on left centralizer, since all results of right centralizers are
the same as left centralizers.

An additive mapping D : M → M is called a derivation if

D(xαy) = D(x)αy + xαD(y)

holds for all x, y ∈ M , and α ∈ Γ and is called a Jordan derivation if

D(xαx) = D(x)αx+ xαD(x)

for all x ∈ M and α ∈ Γ.
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An additive mapping T : M → M is Jordan left(right) centralizer if

T (xαx) = T (x)αx(T (xαx) = xαT (x))

for all x ∈ M , and α ∈ Γ.

Every left centralizer is a Jordan left centralizer but the converse is not in
general true.

An additive mappings T : M → M is called a Jordan centralizer if

T (xαy + yαx) = T (x)αy + yαT (x),

for all x, y ∈ M and α ∈ Γ. Every centralizer is a Jordan centralizer but Jordan
centralizer is not in general a centralizer.

Bernes [1], Luh [9] and Kyuno [8] studied the structure of Γ-rings and obtained
various generalizations of corresponding parts in ring theory.

Borut Zalar [15] worked on centralizers of semiprime rings and prove that Jor-
dan centralizers and centralizers of this rings coincide. Joso Vukman [12], [13], 14]
developed some remarkable results using centralizers on prime and semiprime rings.

Y. Ceven [5] worked on Jordan left derivations on completely prime Γ-rings.
He investigated the existence of a nonzero Jordan left derivation on a completely
prime Γ-ring that makes the Γ-ring commutative with an assumption. With the
same assumption, he showed that every Jordan left derivation on a completely
prime Γ-ring is a left derivation on it.

In [6], Fazlul Hoque and A.C. Paul proved that every Jordan centralizer of a
2-torsion free semiprime Γ-ring is a centralizer. Here they also gave an example
of a Jordan centralizer which is not a centralizer.

In this paper, we develop some results of J. Vukman [14] in Γ-rings. If M is a
2-torsion free semiprime Γ-ring satisfying the assumption (A) and if T : M → M
is an additive mapping such that

(1) T (xαyβx) = xαT (y)βx

for all x, y ∈ M and α, β ∈ Γ, then T is a centralizer. Also, we prove that T is a
centralizer if M contains a multiplicative identity 1.

2. Centralizers of Semiprime Gamma Rings

For proving our main results, we need the following Lemmas:

Lemma 2.1 Suppose M is a semiprime Γ-ring satisfying the assumption (A).
Suppose that the relation aαxβb+bαxβc = 0 holds for all x ∈ M , some a, b, c ∈ M
and α, β ∈ Γ. Then (a+ c)αxβb = 0 is satisfied for all x ∈ M and α, β ∈ Γ.
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Proof. Putting x = xβbαy in the relation

aαxβb+ bαxβc = 0(2)

We have

aαxβbαyβb+ bαxβbαyβc = 0(3)

On the other hand, a right multiplication by αyβb of (2) gives

aαxβbαyβb+ bαxβcαyβb = 0.(4)

Subtracting (4) from (3), we have

bαxβ(bαyβc− cαyβb) = 0.(5)

Putting x = yβcαx in (5) gives

bαyβcαxβ(bαyβc− cαyβb) = 0(6)

Left multiplication by cαyβ of (5) gives

cαyβbαxβ(bαyβc− cαyβb) = 0(7)

Subtracting (7) from (6), we obtain

(bαyβc− cαyβb)αxβ(bαyβc− cαyβb) = 0

which gives

bαyβc = cαyβb,(8)

y ∈ M and α, β ∈ Γ. Therefore, bαxβc can be replaced by cαxβb in (2), which
gives

aαxβb+ cαxβb = 0

i.e.

(a+ c)αxβb = 0

Hence, the proof is complete.

Lemma 2.2 Let M be a 2-torsion free semiprime Γ-ring satisfying the assump-
tion (A) and let T : M → M be an additive mapping. Suppose that

T (xαyβx) = xαT (y)βx

holds for all x, y ∈ M and α, β ∈ Γ. Then

(i) [[T (x), x]α, x]β = 0
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(ii) xβ[T (x), x]αγx = 0

(iii) xβ[T (x), x]α = 0

(iv) [T (x), x]αβx = 0

(v) [T (x), x]α = 0.

Proof. We prove that (i)

[[T (x), x]α, x]β = 0.(9)

For linearization, we put x+ z for x in relation (1), we obtain

T (xαyβz + zαyβx) = xαT (y)βz + zαT (y)βx.(10)

Replacing y for x and z for y in (10), we have

T (xαxβy + yαxβx) = xαT (x)βy + yαT (x)βx.(11)

For z = (xα)2x relation (10) reduces to

T (xαyβ(xα)2x+ (xα)2xαyβx)

= xαT (y)β(xα)2x+ (xα)2xαT (y)βx.(12)

Putting y = xαyβx in (11), we obtain

T ((xα)2xβyβx+ xβyβ(xα)2x)

= xαT (x)βxαyβx+ xαyβxαT (x)βx.(13)

The substitution xαxβy + yαxβx for y in the relation (1) gives

T ((xα)2xβyβx+ (xα)2xβyβx) = xαT (xαxβy + yβxαx)βx

which gives because of (11),

T ((xα)2xβyβx+ xβyβ(xα)2x)

= (xα)2T (x)βyβx+ xαyβT (x)αxβx.(14)

Combining (13) with (14), we arrive at

xα[T (x), x]αβyβx− xαyβ[T (x), x]αβx = 0.(15)

Using (8) in the above relation, we have

(16)

xαyβT (x)αxβx− xαyβxαT (x)βx− xα[T (x), x]αβyβx = 0

T (x)αxαyβxβx− xαT (x)βxαyβx− xα[T (x), x]αβyβx = 0

T (x)αxβxαyβx− xαT (x)βxαyβx− xα[T (x), x]αβyβx = 0

(T (x)αx− xαT (x))βxαyβx− xα[T (x), x]αβyβx = 0

[T (x), x]αβxαyβx− xβ[T (x), x]ααyβx = 0

([T (x), x]αβx− xβ[T (x), x]α)αyβx = 0

[[T (x), x]α, x]βαyβx = 0.
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Let y = yα[T (x), x]α in (16), we have

[[T (x), x]α, x]βαyα[T (x), x]αβx = 0.(17)

Right multiplication of (16) by α[T (x), x]α gives

[[T (x), x]α, x]βαyβxα[T (x), x]α = 0.(18)

Subtracting (18) from (17) one obtains

[[T (x), x]α, x]βαyα[[T (x), x]α, x]β = 0.

Since M is semiprime, so (9) follows i.e.

[[T (x), x]α, x]β = 0.

Now, we prove the relation (ii):

xβ[T (x), x]αγx = 0.(19)

The linearization of (9) gives

[[T (x), x]α, y]β + [[T (y), x]α, x]β + [[T (y), x]α, y]β + [[T (x), y]α, x]β

+ [[T (x), y]α, y]β + [[T (y), y]α, x]β = 0.

Putting x = −x in the above relation, we have

[[T (x), x]α, y]β + [[T (y), x]α, x]β − [[T (y), x]α, y]β + [[T (x), y]α, x]β

− [[T (x), y]α, y]β − [[T (y), y]α, x]β = 0.

Adding the above two relations, we have

2[[T (x), x]α, y]β + 2[[T (x), y]α, x]β + 2[[T (y), x]α, x]β = 0.

Since M is 2-torsion free semiprime Γ-ring, so, we have

[[T (x), x]α, y]β + [[T (x), y]α, x]β + [[T (y), x]α, x]β = 0.(20)

Putting xβyγx for y in (20) and using (1), (9),(20) and assumption (A), we have

0 = [[T (x), x]α, xβyγx]β + [[T (x), xβyγx]α, x]β + [[xβT (y)γx, x]α, x]β

= xβ[[T (x), x]α, y]βγx

+ [[T (x), x]αβyγx+ xβ[T (x), y]αγx+ xβyγ[T (x), x]α, x]β

+ [xβ[T (y), x]αγx, x]β

= xβ[[T (x), x]α, y]βγx+ [T (x), x]αβ[y, x]βγx+ xβ[[T (x), y]α, x]βγx

+ xγ[y, x]ββ[T (x), x]α + xβ[[T (y), x]α, x]βγx

= [T (x), x]αβ[y, x]βγx+ xγ[y, x]ββ[T (x), x]α

= [T (x), x]αβyβxγx− xγxβyβ[T (x), x]α

+ xγyβxβ[T (x), x]α − [T (x), x]αβxβyγx.
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Therefore, we have

[T (x), x]αβyβxγx− xγxβyβ[T (x), x]α + xγyβxβ[T (x), x]α

−[T (x), x]αβxβyγx = 0,

for all x, y ∈ M , α, β ∈ Γ, which reduces because of (10) and (15) to

[T (x), x]αβyβxγx− xγxβyβ[T (x), x]α = 0.

Left multiplication of the above relation by xβ gives

xβ[T (x), x]αβyβxγx− xβxγxβyβ[T (x), x]α = 0.

One can replace in the above relation according to (15), xβ[T (x), x]αβyβx
by xβyβ[T (x), x]αβx which gives

xβyβ[T (x), x]αβxγx− xβxβxγyβ[T (x), x]α = 0.(21)

Left multiplication of the above relation by T (x)α gives

T (x)αxβyβ[T (x), x]αβxγx− T (x)αxβxβxγyβ[T (x), x]α = 0.(22)

The substitution T (x)αy for y in (21), we have

xβT (x)αyβ[T (x), x]αβxγx− xβxβxγT (x)αyβ[T (x), x]α = 0.(23)

Subtracting (23) from (22), we obtain

[T (x), x]αβyβ[T (x), x]αβxγx− [T (x), xβxγx]αβyβ[T (x), x]α = 0.

From the above relation and Lemma 2.1, it follows that

([T (x), xβxγx]α − [T (x), x]αβxγx)βyβ[T (x), x]α = 0,

which reduces to

(xβ[T (x), x]αγx+ xβxγ[T (x), x]α)βyβ[T (x), x]α = 0.

Relation (9) makes it possible to write [T (x), x]αγx instead of xγ[T (x), x]α, which
means that xβxγ[T (x), x]α can be replaced by xβ[T (x), x]αγx in the above rela-
tion. Thus we have

xβ[T (x), x]αγxβyβ[T (x), x]α = 0.

Right multiplication of the above relation by γx and substitution yβx for y gives
finally,

xβ[T (x), x]αγxβyβxβ[T (x), x]αγx = 0.
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Hence, by semiprimeness of M , we have

xβ[T (x), x]αγx = 0.

Next, we prove the relation (iii):

xβ[T (x), x]α = 0, x ∈ M, α ∈ Γ.(24)

First, putting yαx for y in (15), gives because of (19)

xα[T (x), x]αβyαxβx = 0.(25)

The substitution yαT (x) for y in (25), we have

xα[T (x), x]αβyαT (x)αxβx = 0.(26)

Right multiplication of (25) by αT (x),

xα[T (x), x]αβyαxβxαT (x) = 0.(27)

Subtracting (27) from (26) we have

xα[T (x), x]αβyα(T (x)αxβx− xβxαT (x)) = 0

⇒ xα[T (x), x]αβyα[T (x), xβx]α = 0

⇒ xα[T (x), x]αβyα([T (x), x]αβx+ xβ[T (x), x]α) = 0

⇒ xβ[T (x), x]ααyα([T (x), x]αβx+ xβ[T (x), x]α) = 0.

According to (9), one can replace [T (x), x]αβx by xβ[T (x), x]α, which gives

xβ[T (x), x]ααyαxβ[T (x), x]α) = 0, x, y ∈ M,α, β ∈ Γ.

Hence, by semiprimeness of M ,

xβ[T (x), x]α = 0, x, y ∈ M,α, β ∈ Γ.

Finally, we prove the relation (v):

[T (x), x]α = 0.(28)

From (9) and (24), it follows that

[T (x), x]αβx = 0, x ∈ M, α, β ∈ Γ.

The linearization of the above relation gives(see how relation (20) was obtained
from (9)),

[T (x), x]αβy + [T (x), y]αβx+ [T (y), x]αβx = 0.

Right multiplication of the above relation by β[T (x), x]α gives because of (24),

[T (x), x]αβyβ[T (x), x]α = 0,

which implies
[T (x), x]α = 0.
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Lemma 2.3 Let M be Γ-ring satisfying the assumption (A) and let T : M → M
be an additive mapping such that T (xαyβx) = xαT (y)βx holds for all x, y ∈ M
and α, β ∈ Γ. Then

xα(T (xαy + yαx)− T (y)αx− xαT (y))βx = 0.(29)

Proof. The substitution xαy + yαx for y in (1) gives

T (xαxαyβx+ xαyαxβx) = xαT (xαy + yαx)βx.(30)

On the other hand, we obtain by putting z = xαx in (10), we have

T (xαxαyβx+ xαyβxαx) = xαT (y)αxβx+ xαxαT (y)βx,

i.e.,

T (xαxαyβx+ xαyαxβx) = xαT (y)αxβx+ xαxαT (y)βx.(31)

By comparing (30) and (31), we have

xα(T (xαy + yαx)− T (y)αx− xαT (y))βx = 0.

Let Gα(x, y) = T (xαy + yαx)− T (y)αx− xαT (y). Then, it is clear that

xαGα(x, y)βx = 0 and Gα(x, y) = Gα(y, x).

Replacing x for y and using (29), we have

yαGα(x, y)βy = 0.

We can also prove easily the following results:

(i) Gα(x+ z, y) = Gα(x, y) +Gα(z, y)

(ii) Gα(x, y + z) = Gα(x, y) +Gα(x, z)

(iii) Gα+β(x, y) = Gα(x, y) +Gβ(x, y)

(iv) Gα(−x, y) = −Gα(x, y)

(v) Gα(x,−y) = −Gα(x, y).

Lemma 2.4 Let M be a 2-torsion free semiprime Γ-ring satisfying the assump-
tion (A) and let T : M → M be an additive mapping. Suppose that

T (xαyβx) = xαT (y)βx

holds for all x, y ∈ M and α, β ∈ Γ. Then
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(a) [Gα(x, y), x]α = 0

(b) Gα(x, y) = 0.

Proof. First we prove the relation (a):

[Gα(x, y), x]α = 0.(32)

The linearization of (28) gives

[T (x), y]α + [T (y), x]α = 0, x, y ∈ M, α ∈ Γ.(33)

Putting xαy + yαx for y in the above relation and using (28), we obtain

[T (x), xαy + yαx]α + [T (xαy + yαx), x]α = 0

⇒ xα[T (x), y]α + [T (x), y]ααx+ [T (xαy + yαx), x]α = 0

⇒ [T (xαy + yαx), x]α + xα[T (x), y]α + [T (x, y]ααx = 0.

According to (33), one can replace [T (x), y]α by −[T (y), x]α in the above relation.
We have, therefore,

[T (xαy + yαx), x]α − xα[T (y), x]α − [T (y), x]ααx = 0,

which can be written in the form

[T (xαy + yαx)− T (y)αx− xαT (y), x]α = 0,

i.e.,

[Gα(x, y), x]α = 0.

The proof is, therefore, complete.

Finally, we prove the relation (b):

Gα(x, y) = 0.(34)

From (29) one obtains (see how (20) was obtained from (9))

xαGα(x, y)βz + xαGα(z, y)βx+ zαGα(x, y) = 0.

Right multiplication of the above relation by Gα(x, y)αx gives because of (29),

xαGα(x, y)βzβGα(x, y)αx = 0.(35)

Relation (32) makes it possible to replace in (35), xαGα(x, y) by Gα(x, y)αx.
Thus, we have

Gα(x, y)αxβzβGα(x, y)αx = 0.(36)
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Therefore, by semiprimeness of M ,

Gα(x, y)αx = 0.(37)

Of course, we also have

xαGα(x, y) = 0.(38)

The linearization of (37) with respect to x gives

Gα(x, y)αz +Gα(z, y)αx = 0.

Right multiplication of the above relation by αGα(x, y) gives because of (38),

Gα(x, y)αzαGα(x, y) = 0,

which gives

Gα(x, y) = 0,

i.e.,

T (xαy + yαx) = T (y)αx+ xαT (y).(39)

Hence, the proof is complete.

Theorem 2.1 Let M be a 2-torsion free semiprime Γ-ring satisfying the assump-
tion (A) and let T : M → M be an additive mapping. Suppose that

T (xαxβx) = xαT (x)βx

holds for all x ∈ M and α, β ∈ Γ. Then T is a centralizer.

Proof. In particular, for y = x, the relation (39) reduces to

2T (xαx) = T (x)αx+ xαT (x).

Combining the above relation with (28), we arrive at

2T (xαx) = 2T (x)αx, x ∈ M,α ∈ Γ

and

2T (xαx) = 2xαT (x), x ∈ M, α ∈ Γ.

Since M is 2-torsion free, so we have

T (xαx) = T (x)αx, x ∈ M, α ∈ Γ

and

T (xαx) = xαT (x), x ∈ M, α ∈ Γ.
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By Theorem 2.1 in [6], it follows that T is a left and also right centralizer which
completes the proof of the theorem.

Putting y = x in relation (1), we obtain

T (xαxβx) = xαT (x)βx, x ∈ M, α, β ∈ Γ.(40)

The question arises whether in a 2-torsion free semiprime Γ-ring the above rela-
tion implies that T is a centralizer. Unfortunately, we were unable to answer it
affirmative if M has an identity element.

Theorem 2.2 Let M be a 2-torsion free semiprime Γ-ring with identity element
1 satisfying the assumption (A) and let T : M → M be an additive mapping.
Suppose that

T (xαxβx) = xαT (x)βx

holds for all x ∈ M and α, β ∈ Γ. Then T is a centralizer.

Proof. Putting x+ 1 for x in relation (40), one obtains after some calculations

3T (xαx) + 2T (x) = T (x)βx+ xαT (x) + xαaβx+ aαx+ xβa,

where a stands for T (1).
Putting −x for x in the relation above and comparing the relation so obtained

with the above relation we have

6T (xαx) = 2T (x)βx+ 2xαT (x) + 2xαaβx(41)

and

2T (x) = aαx+ xβa.(42)

We shall prove that a ∈ Z(M). According to (42) one can replace 2T (x) on the
right side of (41) by aαx+xβa and 6T (xαx) on the left side by 3aαxβx+3xβxαa,
which gives, after some calculation,

aαxβx+ xβxαa− 2xαaβx = 0.

The above relation can be written in the form

[[a, x]α, x]β = 0; x ∈ M, α, β ∈ Γ.(43)

The linearization of the above relation gives

[[a, x]α, y]β + [[a, y]α, x]β = 0.(44)

Putting y = xαy in (44), we obtain because of (43) and (44),

0 = [[a, x]α, xαy]β + [[a, xαy]α, x]β

= [[a, x]α, x]ββy + xα[[a, x]α, y]β + [[a, x]ααy + xα[a, y]α, x]β

= xα[[a, x]α, y]β + [[a, x]ααy, x]β + [xα[a, y]α, x]β

= xα[[a, x]α, y]β + [[a, x]α, x]ββy + [a, x]αβ[y, x]α + xα[[a, y]α, x]β

= [a, x]αβ[y, x]α.
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The substitution yβa for y in the above relation gives

[a, x]αβyβ[a, x]α = 0,

whence it follows a ∈ Z(M), which reduces (42) to the form T (x) = aαx, x ∈ M ,
α ∈ Γ. The proof of the theorem is complete.

We conclude with the following conjecture:

Let M be a semiprime Γ-ring with suitable torsion restrictions. Suppose there
exists an additive mapping T : M → M such that

T ((xα)m(xβ)nx) = (xα)mT (x)(βx)n

holds for all x ∈ M , α, β ∈ Γ, where m ≥ 1, n ≥ 1 are some integers. Then T is
a centralizer.
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