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Abstract. Let M be a 2-torsion free semiprime I'-ring satisfying a certain assumption
and let T': M — M be an additive mapping such that

T(zayfe) = waT(y)be

holds for all z,y € M, and «,8 € I'. Then we prove that T is a centralizer. We also
show that T is a centralizer if M contains a multiplicative identity 1.
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1. Introduction

Let M and I' be additive abelian groups. If there exists a mapping (z, a, y) — zay
of M xT'x M — M, which satisfies the conditions

(i) zaye M
(i) (z +y)az=raz+yaz, z(a+ B)z=raz+rfz, xaly + z)=ray+raz
(iii) (ray)Bz=xa(yBz) for all z,y,z € M and o, B € T,

then M is called a I'-ring.

Every ring M is a I'-ring with M =I". However a I'-ring need not be a ring.
Gamma rings, more general than rings, were introduced by Nobusawa [11]. Bernes
[1] weakened slightly the conditions in the definition of I'-ring in the sense of
Nobusawa.
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Let M be a I'-ring. Then an additive subgroup U of M is called a left (right)
ideal of M if MT'U c U(UT'M C U). If U is both a left and a right ideal , then
we say U is an ideal of M. Suppose again that M is a ['-ring. Then M is said to
be a 2-torsion free if 2z = 0 implies z = 0 for all x € M. An ideal P; of a ['-ring
M is said to be prime if for any ideals A and B of M, AT'B C P, implies A C P,
or B C P;. Anideal P, of a I'-ring M is said to be semiprime if for any ideal U of
M, UTU C P, implies U C P,. A I'-ring M is said to be prime if aI'MTb = (0)
with a,b € M, implies a = 0 or b = 0 and semiprime if al'MT'a = (0) with a € M
implies a = 0. Furthermore, M is said to be commutative I'-ring if ray = yax
for all z,y € M and a € I'. Moreover, the set Z(M) = {x € M : xay = yax for
all « € ',y € M} is called the centre of the I'-ring M.

If M is a ['-ring, then [z, y],=ray —yax is known as the commutator of z and
y with respect to o, where z,y € M and a € I'. We make the basic commutator
identities:

[zay, 2] = [z, Z|gay + z|a, By + xaly, 2] and
[z, yazls = [z, y]gaz + yla, Bl.z + yalz, 2]s ,
forall z,y,z € M and o, 3 € T.

We consider the following assumption:
(A) zayBz = zfyaz, for all x,y,z € M, and o, 5 € T
According to the assumption (A), the above two identities reduce to
[zay, z]g = [z, z]pay + zaly, 2|3 and
[z,yaz|p = [z, y]saz + yaz, 2],
which we extensively used.

An additive mapping T : M — M is a left (right) centralizer if
T(ray) =T(x)ay (T(ray) = zaT(y))

holds for all x,y € M and o € I'. A centralizer is an additive mapping which is
both a left and a right centralizer. For any fixed a € M and « € I', the mapping
T(x) = aax is a left centralizer and T'(z) = zaa is a right centralizer. We shall
restrict our attention on left centralizer, since all results of right centralizers are
the same as left centralizers.

An additive mapping D : M — M is called a derivation if
D(zay) = D(z)ay + xaD(y)
holds for all x,y € M, and a € I" and is called a Jordan derivation if
D(zaz) = D(z)azx + zaD(z)

forallz € M and o €.
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An additive mapping 7' : M — M is Jordan left(right) centralizer if
T(xax) =T(z)ax(T(zax) = zaT (z))

forall z € M, and a € T'.

Every left centralizer is a Jordan left centralizer but the converse is not in
general true.

An additive mappings T : M — M is called a Jordan centralizer if
T(xay + yax) = T(x)ay + yoT (),

for all z,y € M and o € I'. Every centralizer is a Jordan centralizer but Jordan
centralizer is not in general a centralizer.

Bernes [1], Luh [9] and Kyuno [8] studied the structure of I'-rings and obtained
various generalizations of corresponding parts in ring theory.

Borut Zalar [15] worked on centralizers of semiprime rings and prove that Jor-
dan centralizers and centralizers of this rings coincide. Joso Vukman [12], [13], 14]
developed some remarkable results using centralizers on prime and semiprime rings.

Y. Ceven [5] worked on Jordan left derivations on completely prime I'-rings.
He investigated the existence of a nonzero Jordan left derivation on a completely
prime ['-ring that makes the I'-ring commutative with an assumption. With the
same assumption, he showed that every Jordan left derivation on a completely
prime I'-ring is a left derivation on it.

In [6], Fazlul Hoque and A.C. Paul proved that every Jordan centralizer of a
2-torsion free semiprime I'-ring is a centralizer. Here they also gave an example
of a Jordan centralizer which is not a centralizer.

In this paper, we develop some results of J. Vukman [14] in T-rings. If M is a
2-torsion free semiprime I'-ring satisfying the assumption (A) and if 7: M — M
is an additive mapping such that

(1) T(zaypr) = xal (y)fx

for all z,y € M and «, 8 € I', then T is a centralizer. Also, we prove that T is a
centralizer if M contains a multiplicative identity 1.

2. Centralizers of Semiprime Gamma Rings

For proving our main results, we need the following Lemmas:

Lemma 2.1 Suppose M is a semiprime T-ring satisfying the assumption (A).
Suppose that the relation aaxSb+baxSc = 0 holds for allx € M, some a,b,c € M
and o, 8 € T'. Then (a + ¢)axBb = 0 is satisfied for all x € M and o, B € T".
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Proof. Putting x = xfbay in the relation

(2) acx b+ baxfc =0
We have
(3) aaxSbayBb + baxfbayfc =0

On the other hand, a right multiplication by aysb of (2) gives
(4) aaxfbaypb + baxfeayfb = 0.

Subtracting (4) from (3), we have

(5) bazB(bayfc — caypb) = 0.
Putting x = ySeax in (5) gives

(6) bayfeaz(bayfe — cayfh) =0
Left multiplication by cayp of (5) gives

(7) cayPbaxf(bayfc — cayfb) =0

Subtracting (7) from (6), we obtain

(bayBe — caypb)azB(bayfe — cayBb) =0
which gives
(8) bayfBe = caypb,

y € M and «, 8 € T'. Therefore, baxfc can be replaced by caxfb in (2), which
gives

aaxfb+ caxfb =0
ie.
(a+c)axpb =0
Hence, the proof is complete. .

Lemma 2.2 Let M be a 2-torsion free semiprime U'-ring satisfying the assump-
tion (A) and let T : M — M be an additive mapping. Suppose that

T(zayBz) = zaT(y)Bs
holds for all x,y € M and o, 8 € I'. Then

(1) [[T(z), 2], 2] =0
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(i) 2B[T(x), z]ayz =0

(iii) zB[T(z),z]o =0

(iv) [T(x),z]ofx =0

(v) [T(x),2]a =
Proof. We prove that (i)
(9) [T(x), z]a, 2]5 = 0.
For linearization, we put « + z for = in relation (1), we obtain
(10) T(xaypBz + zayfz) = zaT(y)Bz+ zaT(y)sw.
Replacing y for x and z for y in (10), we have
(11) T(zazBy + yaxfr) = zod(x)py + yal(x)p.

For z = (za)%z relation (10) reduces to
T(zayB(ra)’s + (ra)’rayBr)
(12) = zaT (y)B(za)’z + (va)*zaT (y) B,
Putting y = zayfz in (11), we obtain
T((za)*zByBz + xByB(za)’z)
(13) = zaT (z)frayfz + xayfzad (z)Px.
The substitution xaxSy + yaxfx for y in the relation (1) gives
T((xa)?xByBx + (va)’xPfypr) = raT(vazBy + yBraz)Bx

which gives because of (11),

T((ve)*zByBz + 2ByB(va)’z)

(14) = (za)*T(z)ByBx + zayBT (z)axf.
Combining (13) with (14), we arrive at
(15) xoz[T(x), x]aﬂyﬂx - :L‘Oéyﬂ[T(l'), x]aﬁx = 0.

Using (8) in the above relation, we have

zayPT (x)axfr — xayPfral (z)fx — xa[l(x), x],fybr = 0

T(x)azxaypxfr — xaT (x)fraybr — xa[T(x), x| fybr =0

T(x)axfrayfx — xad (x)Srayfr — xa[T(x), ]aﬁyﬁx =0
(16) (T(x)ax — zaT(z))Prayfr — xalT (), ], fyfr =0

[T'(x), z]aBroyBr — xB[T(x), m]aayﬁﬂc =0
([T(2), zlafx — xB[T (), 2]o)oy Sz = 0
[T (x), #la, x]gayfz = 0.
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Let y = ya|T'(z), z], in (16), we have

(17) [T'(x), z]a, 2]goyalT (z), zlafz = 0.
Right multiplication of (16) by «[T'(x), x], gives
(18) ([T'(2), 2]a, 2] sy Bra[T (z), 2]la = 0.

Subtracting (18) from (17) one obtains
[T(2), #la, €]geya[T(x), 2]a, #]s - = 0.
Since M is semiprime, so (9) follows i.e.
[T'(2), #]as 2] = 0.
Now, we prove the relation (ii):

(19) xf[T(x),x]oyz =0.

The linearization of (9) gives

([T(z), o, yls + [T (W), ]as 2] + [[T(y), 2]a, Y]
+ [[T(®), Ylas yls + [T (), Ylas 7]

Putting x = —x in the above relation, we have

[T(z), ©]a, ylg + [T (W), 2las 2l — [T (W), ¥]as yls + [T(2), Yla,
— [[T(2), Y]as ¥lg — [T (¥), Yla

Adding the above two relations, we have

2[[T(l‘), x]aa y]ﬁ + 2[[T(l‘), y]av CL’]@ + 2[[T(y)’ x]av 11]3 = 0.

Since M is 2-torsion free semiprime ['-ring, so, we have

(20) (T (), 2las yls + [[T(2), Yla x]p + [[T(Y), 2la; 2] = 0.
Putting zfy~vyx for y in (20) and using (1), (9),(20) and assumption (A), we have
0 = [[T(x),x

]
= xf[[T(x),
+ [[T(2),

ERESS
I
o

SR
B, 5
>
|
(@]

o> TByvzl + [[T(2), 2Byy2]as ¥l + [2BT (y)V2, T]a, 7]s
o, Ylpyw
zloByvz + 2B[T (), ylavz + 2Byy[T(2), 2]a, 2]p
[T(y), z]avz, x]s
(), o, ylgve + [T(2), 2]aBly, 2]p7x + 2B[[T(2), Ylas Tlp72
+ [y, 2]sBT (2), 2] + 2B[[T(y), z]a, x]s7®
= [T(),2]aBly, ¥lgyz + 27[y, 2]sB[T (2), 7]a
= [T(2), z]oafypryr — vyafyBT(z), v]a
+ ayyPaBI(z), zla — [T(x), 2]a Bz Byyz.
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Therefore, we have

[T'(x), v)aByBryr — vyxfyB[T (), x]o + vyyBrB[T(x), 7]a
_[T(x)?x]aﬁxB97$ =0,

for all z,y € M, «a, 8 € ', which reduces because of (10) and (15) to
[T(z), 2] fyBryr — 2yxByB(T(2), 2]a = 0.
Left multiplication of the above relation by z3 gives
2B[T (x), x)ofyBrye — xfxyeByB[T (), x]a = 0.

One can replace in the above relation according to (15), xf[T(z),z|.BySlx
by xpyB|T(z), x],fx which gives

(21) 2ByBT (x), x]afryr — xBrBryyB[T(x), x]o = 0.
Left multiplication of the above relation by T'(z)a gives
(22)  T(z)ozpyp(T(z), zlafryr — T(x)ozfrBryybT(z), z]a = 0.
The substitution T'(x)ay for y in (21), we have
(23)  zpT(2)ayB(T(x), 2]a By — 2Bz v T (x)ayBlT (z), z]a = 0.
Subtracting (23) from (22), we obtain
[T'(x), 2]aByBIT (x), 2lafzye — [T(x), vBzy2]afyb[T (), 2]a = 0.

From the above relation and Lemma 2.1, it follows that

([T(2), 2Bayala — [T(x), z]afry) ByBSIT (x), 2la = 0,
which reduces to

(@[T (x), z]avz + xfzy[T(2), 7]a) ByB[T (2), 2]o = 0.

Relation (9) makes it possible to write [T'(x), ],z instead of zv[T'(x), z|,, which
means that xzfzy[T(x), x], can be replaced by z5[T(z), z],yx in the above rela-
tion. Thus we have

2BIT (), )12 ByBIT (x), 2]a = 0.

Right multiplication of the above relation by vz and substitution yfSx for y gives
finally,

zB[T (), z]oayrByBrB[T (x), z]ayx = 0.
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Hence, by semiprimeness of M, we have
xf[T(x),x]ayz =0.
Next, we prove the relation (iii):
(24) zp[T(z),z]a =0, x € M, a €.
First, putting yax for y in (15), gives because of (19)
(25) za[T(x), z|oPyaxfx = 0.
The substitution yaT'(x) for y in (25), we have
(26) zalT (), z]ofyaT (z)axfz = 0.
Right multiplication of (25) by o7'(z),
(27) zalT (), z]ofyczfzaT (z) = 0.
Subtracting (27) from (26) we have
zalT (), z]ofyc(T (z)azfr — xfxaT(x)) =0
) tlafyalT (x), xfa]o = 0
): 2laBya([T(x), 2]afz + xB[T(x), 2]a) = 0
= of[T(z), t]aayo([T (z), 2]ofz + 2T (2), 2]a) = 0.
According to (9), one can replace [T'(z), z]ofx by z5[T(z), x|, which gives
BT (x), x]payaxf[T(x),x]s) =0, z,y € M o, S €T,

= zalT(x
= za[T(x

Hence, by semiprimeness of M,
2f[T(x),x]a =0, v,y € M, B E€T.
Finally, we prove the relation (v):
(28) [T(x),z]o =0.
From (9) and (24), it follows that
[T(x),z]afr =0, z€ M, a,B €T.

The linearization of the above relation gives(see how relation (20) was obtained
from (9)),

[T(z), 2]afy + [T(x), ylabz + [T(y), v]afz = 0.
Right multiplication of the above relation by [T'(x), x|, gives because of (24),
[T(ZL‘), x]aﬁyﬁ[T(l‘)a '17]& = 07

which implies
[T (), z]o = 0. n
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Lemma 2.3 Let M be I'-ring satisfying the assumption (A) and let T : M — M
be an additive mapping such that T'(xoayfx) = xaT (y)Bx holds for all z,y € M
and o, 8 € I'. Then

(29) za(T(ray + yax) — T(y)ax — zaT(y)) Bz = 0.
Proof. The substitution zay + yax for y in (1) gives
(30) T(raraypfx + rayaxfr) = xaT (zay + yax)z.
On the other hand, we obtain by putting z = zax in (10), we have

T(raraypx + zayfrax) = zaT (y)axfr + raxaT (y) Pz,
le.,
(31) T(raraypfx + rayaxfz) = zaT (y)axfzr + raxa (y) L.
By comparing (30) and (31), we have

za(T (zxay + yax) — T(y)axr — xaT (y)) Bz = 0.
Let Go(z,y) = T'(ray + yax) — T(y)ax — xzaT(y). Then, it is clear that
raGy(z,y)fr =0 and G,(z,y) = Gu(y, ).
Replacing z for y and using (29), we have
yaGa(z,y)By = 0.

We can also prove easily the following results:

i)
(i) Galz,y+2) = Ga(z,y) + Go(z, 2)
(i) Garpl(z,y) = Galz,y) + Ga(z,y)
(iv) Ga(—=,y) = —Galz,y)
(v) Galz, —y) = =Galz,y). .

Lemma 2.4 Let M be a 2-torsion free semiprime I'-ring satisfying the assump-
tion (A) and let T : M — M be an additive mapping. Suppose that

T(zayfe) = 2aT (y)Bz

holds for all x,y € M and o, 3 € I'. Then
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(a) [Galz,y),2]la =0
(b) Gu(z,y) =0.
Proof. First we prove the relation (a):
(32) (Go(z,y),z] = 0.
The linearization of (28) gives
(33) (T(x),yla +[T(y),2]a =0, z,y € M, a €T.
Putting zay + yax for y in the above relation and using (28), we obtain

[T(z), zay + yax], + [T (xay + yax),x], =0
= za|T(2),yla + [T(2), y]acz + [T(xay + yax),z], =0
= [T(zay + yax), z]s + za[T(z), Yyl + [T(z, y]acx = 0.

According to (33), one can replace [T'(z), y]o by —[T(y), x], in the above relation.
We have, therefore,

[T(zay + yax), 2lo — za[T(y), 2lo — [T(y), 2]acz = 0,

which can be written in the form

[T'(zay + yax) = T(y)ax — vaT(y), z]a =0,
ie.,

[Galz,y), x]o = 0.
The proof is, therefore, complete. u
Finally, we prove the relation (b):

(34) Go(z,y) =0.
From (29) one obtains (see how (20) was obtained from (9))

raGo(,y)Bz + xaGy(2,y)Br + zaGy(z,y) = 0.
Right multiplication of the above relation by G, (z, y)ax gives because of (29),
(35) xaGo(x,y) 208G (z,y)ax = 0.

Relation (32) makes it possible to replace in (35), zaG.(x,y) by Gu(z,y)ax.
Thus, we have

(36) Go(z,y)axfzBG(x,y)ax = 0.
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Therefore, by semiprimeness of M,
(37) Golz,y)ax =0.
Of course, we also have
(38) raGy(z,y) =0.
The linearization of (37) with respect to x gives
Golz,y)az+ Go(z,y)ax = 0.
Right multiplication of the above relation by aG,(z,y) gives because of (38),
Go(z,y)azaG,(z,y) =0,

which gives

Ga(z,y) =0,
ie.,
(39) T(xay +yax) =T (y)ax + zaT(y).
Hence, the proof is complete. n

Theorem 2.1 Let M be a 2-torsion free semiprime I'-ring satisfying the assump-
tion (A) and let T : M — M be an additive mapping. Suppose that

T(zazxpfx) = zaT (z)bx
holds for all x € M and o, 8 € I'. Then T is a centralizer.
Proof. In particular, for y = z, the relation (39) reduces to
2T (zax) =T(v)ax + zaT(x).
Combining the above relation with (28), we arrive at
2T (zax) =2T(v)azx,z € M,a €T
and
2T (zax) =2xaT(z), x € M, a €.
Since M is 2-torsion free, so we have
T(zax) =T(v)ax, e M, a el
and

T(xazr) =zaT(z), x € M, a €.
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By Theorem 2.1 in [6], it follows that 7" is a left and also right centralizer which
completes the proof of the theorem. n

Putting y = x in relation (1), we obtain
(40) T(zazxpfr) =zaT(zx)px, v € M, o, €.

The question arises whether in a 2-torsion free semiprime I'-ring the above rela-
tion implies that T is a centralizer. Unfortunately, we were unable to answer it
affirmative if M has an identity element.

Theorem 2.2 Let M be a 2-torsion free semiprime I'-ring with identity element
1 satisfying the assumption (A) and let T : M — M be an additive mapping.
Suppose that

T(xazfz) = zaT(x)px

holds for all x € M and o, 8 € I'. Then T is a centralizer.
Proof. Putting x 4 1 for = in relation (40), one obtains after some calculations
3T (xax) + 2T (x) =T (x)pr + xad'(x) + zaafz + acx + zfa,

where a stands for T'(1).
Putting —z for x in the relation above and comparing the relation so obtained
with the above relation we have

(41) 67 (xax) =2T(z)Bzx + 2zaT(x) 4 2zaafx
and
(42) 2T (z) = aox + zfa.

We shall prove that a € Z(M). According to (42) one can replace 27'(x) on the
right side of (41) by aax +zfa and 67 (zax) on the left side by 3aaxfzr+3zfraa,
which gives, after some calculation,

aczxfr + xfraa — 2raafr = 0.
The above relation can be written in the form
(43) [a,x]ax]g =0; x€ M, a,p €.
The linearization of the above relation gives
(44) [[a,x]a,y]g + [[a7y]a7x]5 = 0.
Putting y = zay in (44), we obtain because of (43) and (44),
0 =[la,z]a, zayls + [[a, zay|a, x]s

= [[a, z]a, ] By + xa[[a, ]a, Y5 + [[a, 2]acy + zala, Y]a, x]p

zalla, 2]a, yls + [[a, 2]aoy, 2] + [20la, yla, 7]5

Y+

]JCM[[CL, I]OH y]ﬁ + HCL, I]aa x]ﬁﬁ [CL, x}aﬁ[ya x]a + xa[[av y]m ‘7:]5
= [a, 7]aBY, ]a-



CENTRALIZERS ON SEMIPRIME GAMMA RINGS 301

The substitution ySa for y in the above relation gives

[CL, x}aﬁyﬁ[av x]a =0,

whence it follows a € Z (M), which reduces (42) to the form T'(x) = aax, x € M,
a € I'. The proof of the theorem is complete. n

We conclude with the following conjecture:

Let M be a semiprime I'-ring with suitable torsion restrictions. Suppose there
exists an additive mapping T : M — M such that

T((ze)™(xf)"x) = (xa)"T(x)(Bx)"

holds for all x € M, o, 8 € I', where m > 1, n > 1 are some integers. Then T is
a centralizer.
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