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1. Introduction

In 1986, the notion of compatible mappings which generalizes commuting map-
pings, was introduced by Jungck [6]. Further, in 1998, the more general class
of mappings called weakly compatible mappings was introduced by Jungck and
Rhoades [7]. Recall that self mappings S and T of a metric space (X, d) are called
weakly compatible if Sz = Tx for some x € X implies that STx = T'Sx.

Bellman and Lee [1] initiated the basic form of the functional equation arising
in dynamic programming as follows:

f(z) = sup{A(z,y, f(a(z,y))}, z€S

yeD

LCorresponding author.
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In 1984, Bhakta and Mitra [2] obtained some existence theorem for the fol-
lowing functional equation which arises in multistage decision process related to
dynamic programming

f(z) = sup{r(z,y) + flc(z,y))}, v €S

yeD

In 2003, Liu and Ume [8] provided sufficient conditions which insure the
existing and uniqueness for solution for the functional equation

f(x) = optyep{ulp(z,y) + fla(z,y))] +v optlq(z,y), f(b(z,y))]}, = €S.

Several existence and uniqueness results of solution and common solution
for some functional equations and systems of functional equations in dynamic
programming are discussed by Liu et al. [9].

In 2010, Singh and Mishra[13] established coincidence and fixed point theo-
rems for a new class of contractive, nonexpansive and hybrid contractions map-
pings. Applications regarding the existence of solutions of certain functional equa-
tions are also discussed.

Recently, Jiang et al. [5] studied the properties of solutions of the following
functional equation arising in dynamic programming of multistage decision pro-
cess:

f(@)=optyep{p(z,y), q(z,y) f(a(z,y)),(z,y), f(b(z,y)), s(z,y) f(c(z,y))}, VTES.

Bondar et al. [3] proved some common fixed point theorems for two pairs of
mappings and some applications are given in dynamic programming.

Most recently, Pathak et al. [10] introduced the following two functional
equations arising in dynamic programming of multistage decision process:

f(x)=optyepopt{p(z,y) + Az, y, f(a(z,y))),q(z,y))}, Vo € S,

and

f(x)=optycpopt{p:(x,y) + q(x,y) f(a(x,y)),p2(x,y) +r(z,y) f(b(z,y))}, Vo € S.

In this paper, we prove some common fixed point theorem for a quadruple
of self mappings of a complete metric space satisfying weak compatibility con-
dition and a generalized ®-contraction. Subsequently, we use our main theorem
to obtain common solutions of certain functional equations arising in dynamic
programming.

2. Preliminaries

In what follows, we denote by & the collection of all the functions
¢ :[0,00) — [0, 00) which are upper semicontinuous from the right, non-decreasing
and satisfy lirlBr sup p(s) < t, p(t) <t, forall t > 0.

s—



COMMON FIXED POINTS FOR WEAKLY COMPATIBLE MAPPINGS ... 255

Let X denote a metric space endowed with metric d and let N denote the set
of natural numbers.
Now, let A, B, S and T be self-mappings of X such that

(2.1) AX) € T(X) and B(X) C S(X)

[dP(Az, By) + a d?(Sz, Ty)]d?(Az, By)

< a max{d?(Ax, Sz)d?(By, Ty),d*(Ax, Ty)d? (By, Sz)}
(2.2) +max {901(d2”(5$, Ty)), 2(d"(Az, Sx)d" (By, Ty)),

@s(d*(Az, Ty)d* (By, St)),

1 ’ ’

904<§[d’(z4x, Ty)d' (Av, Sz) + d'(By, Sz) ) d" (By, Ty) },
forallz,y € X, € ® (i =1,2,3,4),a,p,q,¢,7,7",8,5,1,' >0and 2p = qg+¢' =
r+r =s+s =141 < 1. Condition (2.2) is commonly called a generalized
®-contraction.

Now, we pick zy € X. Since A(X) C T(X), we can choose a point z; € X

such that Azxy = Txy. Again, since B(X) C S(X) for x; € X, we can choose a

point x5 € X such that Bx; = Sx,. Continuing in this way, we can construct a
sequence {y,} in X such that

(2.3)  yon = T4 = Azop, and yony1 = STonio = Brony1 (n € NU{0}).
First, we prove the following lemmas:

Lemma 2.1. Let us suppose d,, = d(Yn,Yn—1),n € N. Then, lim d, = 0.

n—oo
Proof. In (2.2), putting x = x4, and y = 9,4, and using (2.3), we get
[dP(Azopn, Bxoni1) + a dP(Sxey, Txopi1)|dP (Ao, Bronit)
<a max{dp(Axgn, Sxoy)dP(Bxony1, TTon11), dI( Ao, TTon11)

d? (Bxap i1, Stan)} + max{p1 (d*(Szan, Tant1)), po(d" (Ao, Saay,)
A" (Baani1, Tx2n41)), 03(d* (A, Toan11)d* (Ban i1, St2,)),

04 (%[dl(AfL’gn7 Txopi1)d" (Agn, Stan) 4+ d'(Boni1, Stan)d' (BEony1, T$2n+1)]) }>
or
0+ adf )5,y < 0 max{dh, 8,0} + max {1 (d), ea(dh, i),
23(0)s 04 (3 s + o)}
< adf, oy, + max {1 (d3), 0o ),

1 ! !
@3(0)7 904 <§[dl2n+1d12n+l + dl?nden—f—l]) }7
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which implies

r T’/ 1 / !
(24) iy < max {1(d2), pa(dsdy ), 0300, o (15 + db,ds, ) }-

If doiq > da, then, we have

r r/ 1 / /
dgfwfl < max {901<d§fz+1)7 902<d2:f+1)7 ©3(0), ¢4 <§[dl2::l+1 + déﬁd]) } < 4Pz‘(d§fz+1)
(1=1,2,4).

This, together with a well known result of Chang [4], which states that, if ¢; € @,
where i € I (some indexing set), then there exists a ¢ € ® such that max{¢;,
i €I} < o(t), for all t > 0, imply d>?_, < d3-.,, a contradiction. Consequently,
we have da, 1 < da,, for all n € N, and

(2.5) dont1 < @(dy,) for all n € N and some ¢ € ®.

Similarly, for © = x9,,2 and y = x9,,1, we have

1 i !
26) e < max{ i (@), 200 a0 n (510580 + ] ) |

A similar argument applied to (2.6) will give
(2.7) dont2 < @(dopyq) for all n € N,

where ¢ € ® is assumed to be same as in the previous case. Therefore, for all
n € N, we have d,.;1 < ¢(d,), and by Lemma 2 of [4], we have lim d,, = 0.
n—oo

Lemma 2.2. The sequence {y,} defined in (2.3) is a Cauchy sequence.

Proof. We prove that the subsequence {y,,} of the sequence {y,} is a Cauchy
sequence. On the contrary, let us suppose that {y2,} is not Cauchy. Then, there
exists an € > 0 such that for each even integer 2k there exist even integers 2m(k),
2n(k) (n € N) with 2m(k) > 2n(k) > 2k, such that

(2.8) d(Yan(k), Yom(r)) > € and  d(Yan(r)s Yamk)—2) < €
that is, 2m(k) is the least positive even integer such that 2m(k) > 2n(k) and
A(Yon(k)s Yom(k)—2) < €.
Hence, for each even integer 2k, we have
€ < d(Yan(k)> Yam(k))

< d(Yonk)s Yomk)—2) + A(Yomk)—2: Yomk)—1) + A(Yamk)—1, Y2m(k))
< €+ dom(k)—1 + dam(k)-
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Hence, by Lemma 2.1 and (2.8) it follows that

(2.9) lingo A(Yan(k), Yam(k)) = €

n—

By making use of the triangle inequalities, for p € [0, 1], we have

dp(y2m(k)+2a y2n(k)+1) < dp<y2m(k)+27 y2m(k)+1) + dp(y2m(k)+17 yZm(k))
+ d” (Yom (k) Yonk)) + A° (Yon(k)> Yon(e)+1)

or

d”(Yom(k)+2> Yon(k)+1) — A (Yom@k)s Yonk)) < dome)+2 + dome)+1 + dange)+1

And
d? (Yam(k) Yon(k)) < AP (Yom(r)> Yom(i)+1) + A (Yome)+1> Yom(k)+2)

dp(y2m(k:)+27 y2n(k)+1) + dp(y2n(k)+17 yzn(k)),

or

dp(me(k)a y2n(k’)) - dp(y2m(k)+27 y2n(k)+1) < dgm(k)+1 + dgm(k)+2 + dgn(k)+1

Thus, we obtain

257

(2.10) |d”(Y2m(r)s Y2nk)) — A (Y2mr) +25 Yon(k)+1)] < dgm(k)Jrl + dgm(k)JrQ + dgn(k)Jrl

Similarly we have

(2.11) |7 (Yam ) +1 Yon() — @ (Yoniry: Yomi))| < dgm(k)w

(2.12) |d° (Y2m(i)+1> Yon(ry+1) = @ (Yo Y2mm) | < o0 + Doy
and

(2.13) |d° (Yamr)+2 Yan(k)) — A (Yan(k)> Y2mr) | < Doy i1 + Doy

By Lemma 2.2 and inequalities (2.10)—(2.13), we have

imy oo AP (Yomk)+25 Yon(k)+1) = khm d? (Yam(k)+15 Yon(k))
= lim dp(y2m(k)+1 Yon(k )+1)
(2.14) =
= ,}LH; d? (Yam(k)+25 Yon(k))

= €.

Now, using (2.2) with z = Zom@)12 and y = Zopmy41 along with (2.3) and a

rearrangement, we obtain
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[dP(AZom(k)+2, BTany+1) + @ dP(STom)+2, TTonk)+1)]d (AZomr)+2, BTon(k)+1)
< amax{d”(Azomk)+2: STom)+2) A" (BT on(k)+1, T Ton(k)+1)
AU AZamiys2, TTonky+1)dY (BTon(ry+1, STamky+2) }
+ max {@1(d2p(5$2m(k)+2, TxQn(k)—H))a

o (d" (AT (k)42 Sx2m(k)+2>dr/ (Bxan)+1: TTonk)+1)),
903(ds(14$2m(k)+2, TxQn(k)+1)dS/ (Bx2n(k)+17 S$2m(k)+2>)7

1 /
©4 (5 [d (Aot +2, Ton()+1)d" (ATomk) 42, STom(k)+2)

+ dl(Blﬂzn(k)H, Sx2m(k)+2)dll(Bx2n(k)+17 T$2n(k)+1)]> }7

or

(AP (Yom(k)+2> Yon(k)+1) T @ AP (Yom@k) 115 Yone)) | A (Yomk)+25 Yon(k)+1)
< amax{d” (Yom(k)+2> Yom()+1) A (Yon(k)+1, Yon(k))

A (Yam(k) 125 Yo () +1) A7 (Yan() 41, Yo +1) }
+ max {801(d2p(yzm(k)+1a Yon(k)))s

7J

902(dT(y2m(k)+2, y2m(k)+1)d (an(k)—I—la y2n(k)))7
<P3(ds(3/2m(k)+27 y2n(k))d8/ (an(k)—i-b y2m(k)+1))7

1 /
©4 (5 [ (Yam(k)+2 Yon ) A (Yom()+25 Y2m(iy+1)

+ dl(an(k)H, y2m(k)+1)dl,(y2n(k)+1a an(k))]> }

Letting k¥ — oo and using Lemma 2.1, (2.9) and (2.14) and the fact that ¢; € ®
(Z = 17 27 37 4)7 we have €2p + a€2p <a €q+q' + HlaX{(pl (62p)7 902(0)7 903(€S+S/>7 ()04(0)}7
or €2 < max{; (%), v2(0), w3(e7"), 04 (0)}, or € < () < €, a contradic-
tion. Hence, {y2,} is a Cauchy sequence in X. This proves that {y,} is Cauchy
in X.

3. Main results
The following theorems are our main results of this section.

Theorem 3.1. Let A, B,S and T be self mappings of a complete metric space
X satisfying (2.1) and (2.2). If the pairs (A, S) and (B,T) are weakly compatible
and T(X) or S(X) is closed, then A, B, S and T have a unique common fized
point i X.

Proof. Since X is complete, it follows from Lemma 2.2 that the sequence {y,}
converges to a point z in X. Consequently, the subsequences {Axs,}, {Bxa,-1},
{Szan}, {Txon4+1} of {y,} also converge to the same limit z.
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Now, suppose that T'(X) is closed. Then, since {Tx9,+1} C T(X), there
exists a point u € X such that z = Tu. Then, by using (2.2) with = = x4, and
y = u, we have

[dP(Azyy,, Bu) + adP (Sxey,, Tu)|dP(Azs,, Bu)
< gmax {dp(A:cgn, Sw9,)dP(Bu, Tu), d?( Axgy, Tu)d? (Bu, S:cgn)}
+ max {cpl(dQP(SxQn, Tw)), po(d" (Azgy, Stop,)d" (Bu, Tu)),
©3(d®*(Azgy,, Tu)d® (Bu, Sta,)),
o5 L0 (Ao, Tu)d! (Azan, Szan) + d'(Bu, Szan))d (B, ru))) ).
letting k — oo, we obtain
[dP(z, Bu) 4+ a dP(z, 2)]dP(z, Bu) < amax{d?(z,z)d"(Bu, z),d%(z, z)d" (Bu, z)}
+ max {gol(dQP(z, 2)), a(d' (2, 2)d" (Bu, 2)),
oald (2, ) (Bu, 2)), a5l (2, ) (2, 2)
+d'(Bu,2)d" (Bu, 2))) },
or
d*(z, Bu) < max {801(()), ©2(0), p3(0), ¢4(%dl+l/(3% z)) }7

or

d**(z,Bu) <n {(pl (d?(z, Bu)), o (d™*" (2, Bu)),

oald (2, Bu)), oa (5" (Bu 2)) }
< ¢(d*(z, Bu))
< d*(z, Bu),
a contradiction. This implies that z = Bu. Therefore, Tu = z = Bu. Hence, it
follows by the weak compatibility of the pair (B,T) that BTu = T Bu, that is
Bz=T-x.
Now, we shall show that z is a common fixed point of B and T'. For this put
T = Z9, and y = z in (2.2), we have
[dP(Axy,, Bz) + a dP(Sxoy,, T2)|dP(Azy,, Bz)
< amax {dp(Axgn, S29,)dP(Bz,Tz),d(Atry,, T2)d? (Bz, St,)}
+ max{w, (d* (Sxon, T2)), 0o (d" (Azay, S2o,)d" (Bz, Tz)),
©3(d°(Agn, T2)d* (Bz, Sta,)),

1 / /
21(51d (Azn, T2)d" (Awsn, Sw20) + d!(Bz, Swan))d' (B2, T2)) |.
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Letting n — oo, we get
(@P(2, B2) + ad (2, T2)dP (2, Bz) < amax{d’(z, 2)d*(Bz, T2), (2, T2)d? (Bz, 2)}
+max Big{p1(d®(z,T%)), pa(d" (2, 2)d" (Bz,Tz)), p3(d*(z, T2)d* (Bz, 2)),
o5l (= T2 (2, 2) + d(Bz, 2)d! (B=, =) ),
or

d*(z,Bz) + a d*(z, Bz)
<a qurql(Bzv z) + max{gol(dZP(z, BZ)), 502(0)7 903(d8+8/(27 BZ)), 904(0)}7

> (1+a)d*(z,Bz) < a di*7 (Bz, z)}
+max{p1 (d (2, Bz)), 2(0), p3(d*** (2, B2)), 04(0)},
or ,
d*(z, Bz) < T ad"+q (Bz,2)
e max (=, B2)), 92(0), 05(@ (2, B)), 24(0)
< d*(z, Bz),

a contradiction. So z = Bz = T'z. Thus z is a common fixed point of B and T

Similarly, we can prove that z is a common fixed point of A and S. Thus, 2
is the common fixed point of A, B, S and T. The uniqueness of z as a common
fixed point of A, B, S and T can easily be verified.

Remark 3.2 If we assume S(X) to be closed then the above theorem also remains
valid. We find the same result if A(X) or B(X) is assumed to be closed by (2.1).

Remark 3.3 Our Theorem 3.1 extends Theorem 2.1 of Pathak et al.[7].

In Theorem 3.1, if we put a = 0 and ¢;(t) = ht (i=1,2,3,4), where 0 < h < 1,
we get the following corollary:

Corollary 3.4. Let A, B, S and T be self mappings of a complete metric space
X satisfying (2.1) and (2.2).

@¥(Az, By) < h max {(@*(Sz, Ty), & (Az, S2)d"' (By, Ty), d*(Az, Ty)
(2.2)) 1
d*(By, Sz)), 5 [d'(Az, Ty)d" (Az, Sx) + d'(By, Sx))d" (By, Ty)}

forallz,y € X, p, € ® (i =1,2,3,4),a,p,q,¢,r,7",s,5,[,I'! >0 and2p =q+q =
r+r=s+s =1+1<1. If the pairs (A,S) and (B,T) are weakly compatible
and T(X) or S(X) is closed, then A, B, S and T have a unique common fized
point in X.
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Especially, when max{d?(Sxz, Ty), d" (Ax, Sz)d" (By, Ty), d*(Az, Ty)d* (By, Sz)),
Hd'(Az, Ty)d" (Az, Sz)+d'(By, Sz))d" (By, Ty)} = d*»(Sz,Ty), we get Corollary
3.9 of Pathak et al.[9].

In Theorem 3.1, if we take S =T = Iy (the identity mapping on X ), then we
have the following corollary:

Corollary 3.5. Let A and B be self mappings of a complete metric space X
satisfying the following condition:

[dP(Az, By) + a dP(x,y)]dP(Ax, By)
< a max{d’(Az,x)d?(By,y), dq(Aa:,y)dq/(By,x)}
+max {901(d2p(9:, Y)), pa(d"(Az, x)d" (By,y)), ps(d*(Az, y)d* (By, x)),
(1 (A, ) (Az, 1) + By, o) (By,) |

for all x,y € X,p; € ® (i = 1,2,3,4), a,p,q,¢,r,7",s,8,1,I' > 0 and 2p =
g+q =r+1r=s+s=1+1 <1, then A and B have a unique common fized
point i X.

As an immediate consequences of Theorem 3.1 with S = T, we have the
following;:

Corollary 3.6. Let A, B, and S be self-mappings of X such that

(2.1) A(X)UB(X) € S(X)

[d*(Az, By) + a d?(Sz, Sy)|dP(Az, By)
< amax{d?(Ax, Sz)dP(By, Sy), d*( Az, Sy)d? (By, Sx)}
+ max {gpl(dzp(Sx, Sy)), wa(d"(Az, Sx)d™ (By, Sy)),
eald Az, Sy)d* (By, 52), (5]
+d!(By, Sx))d" (By, Sy)) }

forallx,y € X, € ® (i =1,2,3,4),a,p,q,¢,r,r", 8,8, 1,I' >0 and 0 < 2p =
qg+q =r+1r =s+s =1+1 < 1. If the pairs (A,S) and (B, S) are weakly
compatible and S(X) is closed, then A, B and S have a unique common fized
point i X.

(2.2")
d'(Az, Sy)d" (Azx, Sz)

The following theorem is an immediate consequence of Theorem 3.1.

Theorem 3.7. Let S, T and A, (n € N) be self mappings of a complete me-
tric space X. Suppose further that the pairs (As,_1,S) and (As,,T) are weakly
compatible for any n € N and

Ao 1(X) C T(X) and Asn(X) C S(X).
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If S(X) or T(X) is closed and that for any i € N, the following condition is
satisfied for all x,y € X

[dp(AZ‘.T, Ai+1y)—|—a dp(SZL’, Ty)]dp<AIZE, Ai+1y)
< amax{d?’(A;x,Sx)d’(Ai1y, Ty),

dq(Ai'xa Ty)dq/ (AiJrly? S$)} + maflf{‘ﬁl (dZP(Sma Ty))7

po(d (A, S2)d” (Aii1y, Ty)), pald* (A, Ty)d” (Aisay, Sz),
1 / /

pu(5ld (Aix, Ty)d' (Asz, S2) + d'(Aisay, S2))d" (A, Ty)) }

where @; € ® (i = 1,2,3,4), a,p,q,¢,r,r',s,8,[,I' >0 and 0 < 2p =q+¢ =
r+r'=s+s=10+10'<1, then S, T and A,(n € N) have a common fized point
m X.

4. Applications to existence theorems for functional equations arising
in dynamic programming

Throughout this section, we assume that X and Y are Banach spaces, S C X is
the state space and D C Y is the decision space. Let R = (—o0,00) and B(S5)
denote the set of all bounded real valued functions on S.

The basic form of the functional equation of dynamic programming is given
by Bellman and Lee [1] as follows:

f(x) = opt,H(z,y, [(T(z,y))),

where x and y represent the state and decision vectors respectively, T' represents
the transformation of the process and f(x) represents the optimal return with
initial state = (where opt denotes max or min).

In this section, we study the existence and uniqueness of a common solution
of the following functional equations arising in dynamic programming.

(4.1)  fi(z) = sup Hy(w,y, fi(T(x,y))),v € S,

yeD
(42)  gi(z) = sugﬂ(x,y,gi(T(x,y))),x € s,
ye

where T': Sx D — Sand H,F;: SxD xR —=R,i=1, 2.
Suppose the mappings A; and T; (i =1, 2) are defined by
Azh(x> = supHi(x,y,h(T(x,y)),
yeD
(4.3)
T’zk(x) = SupFl(x,y,k(T(x,y))),
yeD
for all x € S;h, k € B(S),i=1,2.

Now, we present our main theorems of this section.

Theorem 4.1. Suppose that the following conditions are satisfied:
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(i) H; and F; are bounded fori =1,2.

(i) [Hi(z,y, h(t))—Hs(z, y, k(L ))|<M‘ (amax{|Tyh(t)—A ( )| Tok(t) = Ask(1)],
I Tuh(t) = Aok (t)|| Tok () — Auh(t)]} + max{ion (|TaA(t) — Tok(t )’)7‘;02<|T1 (t) -

Arh(t)]), ps3(|T2k(t) — Azk(t )|) a(5[|TuR(t) = Ak(t) )+ (|T2 (t)—=Aih(@)[]))}),
forall (x,y) € Sx D, k € B(S), te S, a>0, where

M =1+ asup |Tik(t) — Toh(t)|], pi€ ® (i=1,2,3,4)

tes
and the mappings A; and T;(i = 1,2) are defined as in (4.3).
(iii) For sequences {hy},{k,} C B(S) and h,k € B(S) with

lim sup |h,(x) — h(z)| = 0, lim sup|k,(z) — k(z)| =0,

n—oo zeS n—oo €S
there exist h;, k; € B(S) such that k = Tyh; and h = Tik; fori =1 or 2.

(iv) For any h € B(S), there exist ki, ke € B(S) such that Aih(z) = Toks(z),
Agh(l’) = le’l(l’), r €S

(v) For any h,k € B(S), with Aih = T1h, we have Ty A1h = ATih and with
AQ]C = Tgk?, we have TQAQ]C = AQTQk’.

Then, the system of functional equations (4.1) and (4.2) have a unique common
solution in B(S).

Proof. Obviously, B(S) endowed with the metric

d(h,k) = sup |h(x) — k(x)| for any h,k € B(S)

zeD

is a complete metric space. Moreover, by condition (i), A; and T; are self mappings
of B(S) and by condition (iv) it is clear that

A1(B(S)) C To(B(S)) and Ay(B(S)) C T1(B(S5)).
Also, by condition (v), the pairs (A;,T;) are weakly compatible for i = 1, 2.
Moreover, by (4.3) and (i) we have for any n > 0 there exist y; € D (i = 1,2) such
that

(4.4) Aihi(x) < Hi(2i, 95, hi(x)) + n,

where x; = T'(z,y;), i = 1,2. Also,

(4.5) Arhi(z) = Hi(z, y2, ha(22)),
(4.6) Asha(x) > Ho(x, Y2, hao(21)),
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Then, from (4.4), (4.5), (4.6) and (ii), we have

Aihi(2) — Asho(z) < Hi(z,y1, ha(21)) — Ha(z,y1, ha(21)) + 1
< [Hi(z,y1, h(21)) — Ha(, 51, ho(21))] + 1
<M1 (a max{|T1h1(x1) — Arhi(x1)|.|Toha(x1) — Ashs(x1)],
[ Tihy (1) — Asha(a1)].|Toha(z1) — Arha(21)[}
+ max {@1(|T1h1(931) — Trha(21)]), 2(|Tihi(z1) — Arha(z1)]),
@3(|T2ha(w1) — Asha(z1)]), 904(%[|T1h1(931) — Azhs(z1)]
+|Tzho (1) — Alhl(fl)”)}),
< M (@ max{d(Tihy, Aiha)d(Tsha, Ashs),
d(Tihy, Ashse)d(Tohs, A1hy)}
o+ masx { g1 (d(Tihr, Toha), a(d(Tih, Arhy)),

(4.7)

1
@3(d(Tahy, Ashs)), §04(§[d(T1h1, Ashy) + d(Trho, A1hy)]) }) +1.
From (4.4), (4.5) and (ii), we have
A1h1<.’L’> — Aghg(iﬂ)
E—M_l <a max{d(Tlhl, Alhl)d(Tth, Aghg), d(Tlhl, Ath)d(Tth, Alhl)}

(4.8) +max{%(d(TIhhTm)),@2(d(TIh1,A1h1>>,

1
@3(d(Tzhg, Azhs)), 904(§[d(T1h1, Ashg) + d(Trhe, Athy))) }) -
Using (4.7) and (4.8), we obtain

|Arhi(z) — Agha(z)|

SM_I <CL n1ax{d(T1h1, Alhl)d(Tth, Aghg), d(Tlhl, Aghg)d(TQhQ, Alhl)}
4.9
U { (AT, Toho)), @ald(Tihr, Aihy)). @a(d(Toho, Ashs).
1
e1(51d(Tih1, Ahz) + (d(Tsha, Aih)))) }) + 1.

Since (4.9) is true for any x € S and n > 0 is arbitrary, by taking sup over all
x € S we have,

[1 +a d(Tlhl, Tghg)]d(Alhl, Aghg) S (CL max{d(Tlhl, Alhl)d(TQhQ, AQhQ),
d(Tyhr, Ash)d(Tsho, Ath1)} + max {%(d(ﬂhl, Tyhs)),

QDQ(d(Tlhl, Alhl)), QOg(d(Tghg, Aghg)), @4(%[d(T1h1, Aghg) + (d(TQhQ, Alhl))]) }) .
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Therefore, condition (2.2) is satisfied by mappings A;, A, T} and T and hence by
Theorem 3.1, they have a common fixed point h* € B(S), i.e. h*(z) is a unique
common solution of the functional equations (4.1) and (4.2).

As an immediate consequence of Theorem 4.1 and Corollary 3.5, we have the
following;:

Theorem 4.2. Suppose the following conditions are satisfied:
(i) H; is bounded fori=1,2.

(ii) [Hi(z,y, h(t)) — Ha(z, ya k(t)] < N™Hamax{|h(t) — A;h(t)|-|k(t) — A2k(t)],
(1) = Ak (t)|.|k(t) — Arh(t)[} + max{p: ([h(t) — k(0)]), 2(]h(t) — (t)l),
p3([k(t) — A2k(1)]), ¢ ( [|h() Ak (t)| + k() — Arh()[1})), for all( Y) €
Sx D, hke B(S),te€S,a>0, where N = [1 4+ a supes|h(t) — k(t)|],
w; € P (i =1,2,3,4) and the mappings A; are defined as in (4.3).

Then, the functional equations (4.1) and (4.2) have a unique common solution in
B(S).

Now, we furnish an example to validate Theorem 4.1.

Example 4.3. Let X =Y = R be two Banach spaces endowed with the standard
norm || - || defined by ||z|| = |z| for all z € R. Let S = [0,1] C X be the state
space, D = [1,00) C Y the decision space and T represents the transformation of
the process. Define T': S x D — S by

? 1 forallx € S,y € D.

T(x,y) =
(z,9) o

For any h,k € B(S), define f;,g;: S — R (i =1, 2) by

x
filz) = gi(z) = Z( +1>'
Define H;, F; : Sx D xR — R (i = 1,2) by

1 T ) Y
H; t)=- t—2— ) +1

1 T Y
F; t) = - t- ———— 1].

Clearly, ||H;|| < % and ||Fj|| < 3 . By varying y over D and taking supremum,
we see that H; yield f; and H; yield g;, respectively (i = 1,2), as defined above.
Define mappings A; and T; (i =1, 2) by
Alh(x) = SU.B Hl($7 Y, h(T(.’ﬂ, y))> AQk($) = sup HQ(ma Y, /{(T(.’L’, y)))>
ye

yeD
Tlh(x) = sup Fl('ra Y, h(T(I,y))), TZk('x) = sup F2('r7 Y, k(T(;U,y)),
yeD yeD

and

for all z € S; h, k € B(S5).
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Then, we see that

AQk(x) = sup HQ(x7y7 k(T({E,y)) = sup H2 <xay7

yeD yeD

k
—sin (k( ) =) +1 _ !
z+1 y2+17y+1 4

X
x,y,h(T(w,y)) :SupFl ($7y7h(y2 )

yeD ( yeD +1
—su1 ‘ cos(h( ’ )L>+1 _1 1) =gi(x)
[ Pr1y+1 T a\zt1 = IE
x
Tak(a) = sup Fa(o, KT, 0) = sup o (k1))
yeD yeD y*+1
1 x x Y 1 x
iggél{:vﬂCOS( (y2+1)y+1 i } 4<w+1+ ) (%)

for all z € S;h, k € B(S). Also, we see that

M= [1 +a sup [Tik(t) - Tgh(t)]} - [1 +asuplg(r) - gg(ac)\} ~ 1.
Further, for any k € B(S), define
ho(z) = (1 - 1) h(z) and kn(z) = (1 - )k:(x)

n

so that

lim sup |h,(z) — h(z)| =0 and lim sup|k,(z) — k(z)| = 0.

n—00 1§ n—=00 g8

t
Now, we observe that, for ¢;(t) = 3

(i) H; and F; are bounded for i = 1, 2.

(ii) [Hi(z,y,h(t)) — Ha(z,y, k(t))|

1| = . Yy Iy = Yy

— h(t)—— 1| — - k(t)—— 1

4[:¢+1sm(()y+1)+} 4L+1sm(()y+1>+”
y ) y

1

—- in ( h(t)—L— ) — sin ( k(t)—L—
4|z +1 Sm<(>y+1 Sm(”yﬂ)’

e || (Mg -k || (g ko
41z+1 2 2
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1| =« Y
< 1|5 | e - ke
< 1|5 10 - 0] < Jirthto) - o),

Finally, for any h € B(S), there exist ki, ke € B(S) such that

Also,

Alh(l’) = TQkJQ([E), Agh(l') = lel(l‘), r €S.

for any h,k € B(S), with Ayh = T1h, we have Ty A1h = A;T1h and, with

Aok = Tyk, we have To Aok = AsTyk. Thus, all the assumption of Theorem 4.1
are satisfied. So, the system of equations (4.1) and (4.2) have a unique common
solution in B(S).
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