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Abstract. Injectivity is one of the central notions in many branches of mathematics.
Different kinds of injectivity with respect to the class of all monomorphisms and with
respect to some special subclasses of monomorphisms in the category Act-S of acts over
a semigroup S have been studied before. In this paper, we take the category Act-S of
acts over a semigroup S, and M as an arbitrary subclass of monomorphisms, and study
some kinds of injectivity with respect to M. Also, the behaviour of these notions of
injectivity with respect to products, coproducts, and direct sums is studied. As a result
we give some characterizations of semigroups.
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1. Introduction and preliminaries

One of the very useful notions in many branches of mathematics as well as in
computer science is the notion of acts of a semigroup or a monoid on a set. In
the following we first recall some facts about the category Act-S needed in this
paper.

Let S be a semigroup, A be a set, and

µ : A× S −→ A
(a, s) 7−→ as := µ(a, s),

be a map. The set A is called a (right) S-act or a (right) act over S, if the map
µ satisfies a(st) = (as)t for a ∈ A and s, t ∈ S. In this case, µ is called the action
of S on A.

If S is a monoid with 1 as its identity, we usually also require that a1 = a for
a ∈ A.

A subset A′ of an S-act A is said to be a subact of A if a′s ∈ A′ for all s ∈ S
and a′ ∈ A′; and in this case we write A′ ≤ A.
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A homomorphism (also called an equivariant map or an S-map) from an S-
act A to an S-act B is a function from A to B such that for each a ∈ A, s ∈ S,
f(as) = f(a)s.

Since idA and the composition of two S-maps are S-maps, we have the cate-
gory Act-S of all right S-acts and S-maps between them.

Note that, the class of S-acts is an equational class, and so the category Act-S
is complete and cocomplete (has all products, equalizers, pullbacks, coproducts,
coequalizers, and pushouts). In fact, limits and colimits in this category are com-
puted as in the category Set of sets and equipped with a natural action. Also,
monomorphisms (epimorphisms) in Act-S are exactly one-one (onto) S-maps.
Therefore, we do not distinguish between monomorphisms of acts and inclusions,
and call an S-act B containing (an isomorphic copy of) an S-act A an extension
of A.

An element z of S is called a right zero element if for each s ∈ S, sz = z.
Also, an element z of S is called a left zero element if for each s ∈ S, zs = z. An
element 0 or θ of S is a zero element if it is right and left zero.

An S-act A is said to be finitely generated if A =
n⋃

i=1

aiS
1, for some a1, ...,

an ∈ A and n ∈ N , where S1 is the semigroup S with an adjoined identity 1. We
say that a semigroup S is finitely generated if it is finitely generated as an S-act
with its operation as the action.

A semigroup S is said to be Noetherian if it satisfies the ascending chain
condition on its right ideals.

A semigroup S is said to be left reversible if every two right ideals of S have a
nonempty intersection. For more information about semigroups and acts see [6],
[8] and [9].

An S-act A is said to be decomposable if there exist subacts B, C ⊆ A such
that A = B ∪ C and B ∩ C = ∅. Otherwise, A is called indecomposable.

An act A is called torsion free if for any x, y ∈ A and for any element s ∈ S
the equality xs = ys implies x = y.

Recall that for a category A and a subclass M of monomorphisms in A, we
say that A satisfies the M-transferability property if any diagram

A
f //

g

²²

B

C

with f ∈M can be completed to a commutative diagram

A
f //

g

²²

B

u

²²
C

v // D

with v ∈M.
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Note that, since pushouts exist in the category Act-S, the above condition
is equivalent to “pushout transfer monomorphism”; that is, the pushout map
corresponding to a morphism in M again belongs to M.

Recall that for a family {Ai : i ∈ I} of S-acts with a unique fixed element 0,

the direct sum
⊕
i∈I

Ai is defined to be the subact of the product
∏
i∈I

Ai consisting

of all (ai)i∈I such that ai = 0 for all i ∈ I except a finite number.

2. M-injectivity and some kinds of weak M-injectivity

In this section, we study M-injectivity and some kinds of weak M-injectivity of
acts for a subclass M of monomorphisms. Any map with prefix M means being
in M.

Definition 2.1 We call an S-act E:

(1) M-injective if it is injective with respect to M-morphisms. An injective act
with respect to all act monomorphisms is simply called injective.

(2) M-absolute retract if it is a retract of each of its M-extensions; that is for
every M-morphism h : A → B there exists an S-map g : B → A such that
gh = idA.

Clearly, if A is an injective S-act, then it is M-injective for any subclass M
of monomorphisms, but the converse is not necessarily true. For example, take
M as the class of sequentially dense or sequentially pure monomorphisms and see
[10] and [2].

The following theorem is one of the important theorems about injectivity of
S-acts with respect to any subclass of monomorphisms. This theorem was first
proved by P. Berthiaume in [4] for injective acts. H. Barzegar [3] and B. Ba-
naschewski [1] proved it for M-injective acts for any subclass M of monomor-
phisms.

Theorem 2.2 Let S be a semigroup. Then, if pushouts transfer M-morphisms,
the following are equivalent for an S-act A:

(i) A is M-injective.

(ii) A is an M-absolute retract.

Here we give a criterion like the Skornjakov-Baer criterion [13], for M-injectivity
of acts over a semigroup.

Theorem 2.3 Let for each M-extension A of B, D be an M-extension of B with
D ⊆ A. Then, for an S-act E, the following are equivalent:

(i) E is M-injective.
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(ii) For every M-morphism h : B ½ B ∪ aS1 to a singly generated extension
of B and every S-map f : B → E there exists an S-map g : B ∪ aS1 → E
such that gh = f .

Proof. It is clear that (i)⇒(ii).

(ii)⇒(i) Let h : B ½ A be an M-morphism and f : B → E be an S-
map. Applying Zorn’s Lemma on the poset of all subacts (Dα, gα) of A which
are M-extensions of B, with h(B) ⊆ Dα and such that there exists an S-map
gα : Dα → E with gαh = f with the order

(Dα, gα) ≤ (Dβ, gβ) ⇔ Dα ⊆ Dβ, gβ |Dα= gα

we get a maximal such subact, say (D, g). If D = A then the proof is complete.
Otherwise, there exists a ∈ A − D. Now, since by the hypothesis D ∪ aS1 is an
M-extension of B we get that g : B → D ∪ aS1 is an M-morphism, and by (ii)
there is an S-map g which extends g. This contradicts the maximality of D, so
A = D.

Now, we define some kinds of weak M-injectivity and then compare them
with M-injectivity.

Definition 2.4 A right ideal I of S is called a right M-ideal if the inclusion map
from I into S belongs to M.

Definition 2.5 An S-act A is said to be

(1) ideal M-injective, if every S-map f : I → A from a right M-ideal I of S
can be represented as λa, for some a ∈ A.

(2) weakly M-injective if for each right M-ideal I of S, any S-map f : I → A
can be extended to an S-map g : S → A.

(3) finitely M-injective (cM-injective) if for eachM-morphism h : F → B from
a finitely generated (cyclic) act F and for any S-map f : F → A there exits
an S-map g : B → A such that gh = f .

(4) FM-injective (PM-injective) if every S-map f : I → A from a finitely
generated (principal) right M-ideal I of S can be extended to an S-map
f : S → A.

(5) A semigroup S is called completely M-injective if all right S-acts are M-
injective. Similarly for the other types of M-injectivity.

Remark 2.6

(1) Ideal (weakly) M-injective acts need not be M-injective in the usual sense
(let M = Mono and see [9]).
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(2) Ideal M-injectivity implies weak M-injectivity but weakly M-injective acts
need not be ideal M-injective. For the case where S is a monoid, ideal M-
injectivity coincides with weak M-injectivity.

Lemma 2.7 A retract of any kind of M-injective act is M-injective of that type.

The following results show when all acts are finitely M-injective.

Lemma 2.8 If pushouts transferM-morphisms then every finitely generated finitely
M-injective S-act is M-injective.

Proof. Let A be a finitely generated finitely M-injective S-act. Consider the
following diagram

A
i //

idA

²²

B

A

in which B is an M-extension of A. Using that A is finitely generated, there
exists π : B → A such that π ◦ i = idA. This implies that A is an M-absolute
retract. Now, by Theorem 2.2, A is M-injective.

Theorem 2.9 If pushouts transfer M-morphisms then a semigroup S is com-
pletely finitely M-injective if and only if all finitely generated S-acts are M-
injective.

Proof. (⇒) The proof is similar to the proof of the above lemma.

(⇐) Let A be any S-act and h : F → B be an M-morphism from a finitely
generated act F , and f : F → A be any S-map. Then, by hypothesis, F is
M-injective and so an M-absolute retract, by Theorem 2.2. Thus there exists an
S-map g : B → F such that gh = idF . Then the composite fg : B → A is an
S-map with (fg)h = f . So, A is finitely M-injective.

Proposition 2.10 An S-act A with a zero element is cM-injective if and only
if for any M-morphism h : P ½ D from a cyclic act P into any indecomposable
act D, any S-map f : P → A can be extended to an S-map g : D → A.

Proof. (⇒) is clear.

(⇐) Let A be an S-act with a zero element and h : P → B be an M-
morphism from a cyclic act P, and f : P → A be any S-map. Consider the

decomposition of B =
⊔
i∈I

Bi into its indecomposable subacts Bi which exists by

Theorem I.5.10 of [9]. Since P is cyclic, there exists i ∈ I such that h(P ) ⊆ Bi.
Thus by the hypothesis there exists an S-map g : Bi → A which extends f . Define

f : B =
⊔
i∈I

Bi → A by

f(b) =

{
g(b) if b ∈ Bi

θ if b 6∈ Bi

where θ is the zero element of A. Then f is an S-map which extends f .
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The following results show when all acts are cM-injective.

Lemma 2.11 If pushouts transfer M-morphisms then every cyclic cM-injective
S-act is M-injective.

Proof. It is similar to the proof of Theorem 2.9 by replacing finitely generated
acts with cyclic acts.

Theorem 2.12 If pushouts transfer M-morphisms then a semigroup S is com-
pletely cM-injective if and only if all cyclic S-acts are M-injective.

Proof. The proof is similar to the proof of the above lemma.

The following theorem characterizes semigroups over which all acts are ideal
M-injective.

Theorem 2.13 Every S-act is ideal M-injective if and only if every right M-
ideal of the semigroup S is generated by an idempotent.

Proof. Consider the identity map idI from a right M-ideal I of S which is of
the form λa for some element a in I, by hypothesis. Thus, a = idI(a) = λa(a) =
aa = a2 and so a is an idempotent element. For the converse, let I = eS be
a right M-ideal of S, where e is an idempotent element. Consider an S-map
f : I = eS → A. Thus f = λa for a = f(e). Thus A is ideal M-injective.

In the following we characterize semigroups over which all acts are weakly
M-injective.

Theorem 2.14 The following conditions are equivalent:

(1) Each right M-ideal of S is a retract of S.

(2) S is completely weakly M-injective.

(3) Each right M-ideal of S is weakly M-injective.

Proof. (1) ⇒ (2) Let A be an S-act, and f : I → A be an S-map from a
right M-ideal I of S. By the hypothesis, there is a retraction g : S → I. Then
fg : S → A is an S-map which extends f . So, A is weakly M-injective.

(2) ⇒ (3) is clear.

(3) ⇒ (1) Let I be a right M-ideal of S. Then there exists an S-map π from
I to S with π |I= idI , since I is weakly M-injective by (2). So I is a retract of S.

In the following we characterize semigroups over which all acts are FM-
injective (PM-injective).

Theorem 2.15 The following conditions are equivalent:
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(1) Each finitely generated (principal) right M-ideal of S is a retract of S.

(2) S is completely FM-injective (PM-injective).

(3) Each finitely generated (principal) rightM-ideal of S is FM-injective (PM-
injective).

Proof. (1) ⇒ (2) Let A be an S-act, and f : I → A be an S-map from a
finitely generated (principal) right M-ideal I of S. By the hypothesis, there is a
retraction g : S → I. Then fg : S → A is an S-map which extends f . So, A is
FM-injective (PM-injective).

(2) ⇒ (3) is clear.

(3) ⇒ (1) Let I be a finitely generated (principal) right M-ideal of S. Then
there exists an S-map π from I to S with π |I= idI , since I is FM-injective
(PM-injective) by (2). So I is a retract of S.

Definition 2.16 A right M-ideal I of S is called M-intersection large in S if the
intersection of I with any nonempty right M-ideal of S is always nonempty.

Theorem 2.17 Suppose that S is a semigroup with a zero element and for each
right M-ideal I of S, J is a right M-ideal of S with I ⊆ J . Then a right S-act A
is weakly M-injective if and only if for any M-intersection large right M-ideal I
of S, every S-map from I into A can be extended to an S-map from S into A.

Proof. The only if part is obvious. To prove the converse, let I be any right
M-ideal of S and f be an S-map from I into A. Let P be the set of pairs (J, g)
where J is a right M-ideal of S which contains I and g is an S-map from J into
A which extends f . Consider P as the ordered set with the order

(J1, g1) ≤ (J2, g2) ⇔ J1 ⊆ J2, g2 |J1= g1.

Applying Zorn’s lemma, P has a maximal element (K, gK). If K is not an M-in-
tersection large ideal, there exists a rightM-ideal L 6= ∅ of S such that L ∩K = ∅.
Define a mapping g∗ : K ∪ L → A by

g∗(s) =

{
gK(s) if s ∈ K

θ (the zero element of A) if s ∈ L

It is easy to see that g∗ is an S-map from K ∪ L into A, which extends gK and
hence f . Thus (K∪L, g∗) ∈ P , which contradicts the fact that (K, gK) is maximal
in P . Hence K must be an M-intersection large ideal. Hence by the hypothesis,
gK can be extended to an S-map from S into A, which is therefore an extension
of f .

Definition 2.18 A semigroup S is called M-Noetherian if it satisfies the ascen-
ding chain condition on its right M-ideals.
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Remark 2.19 If a semigroup S is M-Noetherian then every right M-ideal I of
S is finitely generated. For if, let I be a right M-ideal of S, and assume that
I 6= ∅ is not finitely generated. Thus there exists x1 ∈ I. Let {x1, x2, x3, . . .} ⊆ I
be a countable subset of generating elements of I which are different. Thus

〈x1〉 = I1 ⊆ 〈x1, x2〉 = I2 ⊆ 〈x1, x2, x3〉 = I3 ⊆ ... ⊆ 〈x1, x2, ..., xn〉 = In ⊆ ...

is an ascending chain of right M-ideals of S which does not stop and this is a
contradiction. Thus I is finitely generated.

Theorem 2.20 Let S be a left reversible and right M-Noetherian semigroup.
Suppose A is a torsion free S-act such that every cyclic subact of A is ideal M-
injective. Then A is itself ideal M-injective.

Proof. Let I =
n⋃

i=1

siS
1 be a right M-ideal of S, and f : I → A be an S-map. If

f(si) = xi, then f |siS1 : siS
1 → xiS

1 is an S-map. Since xiS
1 is ideal M-injective

by the assumption, there exists ai ∈ xiS
1 such that f(si) = aisi, i = 1, 2, . . . , n.

Since by left reversiblity of S the intersection of all right ideals of S are nonempty,
there exists ci ∈ S such that s1c1 = s2c2 = . . . = sncn. Then f(s1)c1 = f(s2)c2 =
. . . = f(sn)cn and so a1s1c1 = a2s2c2 = . . . = ansncn. Since A is torsion free
we have a1 = a2 = . . . = an = a. Thus f(s) = as, s ∈ I and hence A is ideal
M-injective.

Remark 2.21 The condition that S is left reversible is necessary in the above
theorem. For, takeM as the class of all monomorphisms and see [11], Example 1.3.

Theorem 2.22 Let S be an M-Noetherian semigroup, A be an S-act which is
not finitely generated and each proper subact of A is ideal M-injective. Then A
is ideal M-injective.

Proof. Let I =
n⋃

i=1

siS
1 be a right M-ideal of S, and f : I → A be an S-map. If

f(I) = A, then A =
n⋃

i=1

aiS
1 where f(si) = ai ∈ A, which implies that A is finitely

generated. Hence f(I) 6= A. Then f(I) is ideal M-injective by the hypothesis
and so f : I → f(I) is given by f(s) = as for every s ∈ I. Hence A is ideal
M-injective.

Remark 2.23 The condition that A is not finitely generated is necessary in the
above theorem. For, take M as the class of all monomorphisms and see [11],
Example 1.5.
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3. Products, coproducts, and direct sums of different kinds
of M-injective acts

In this section we consider the behaviour of different kinds of M-injective acts
with respect to products, coproducts, and direct sums.

In the following theorems, it is shown that as usual, the above types of M-
injectivity well-behaves with respect to products similar to the case of injectivity
using the universal property of products, but not as well with coproducts and
direct sums.

Theorem 3.24 Let {Ai : i ∈ I} be a family of S-acts. Then the product
∏
i∈I

Ai is

M-injective (finitely M-injective, cM-injective, FM-injective, PM-injective) if
each Ai is M-injective (finitely M-injective, cM-injective, FM-injective, PM-
injective). The converse is true if each Ai has a zero element.

In the case of weakly M-injective (ideal M-injective) acts we have the fol-
lowing.

Theorem 3.25 Let {Ai : i ∈ I} be a family of S-acts. Then the product
∏
i∈I

Ai is

weaklyM-injective (idealM-injective) if and only if each Ai is weaklyM-injective
(ideal M-injective).

Proof. The fact that the product of weakly M-injective acts is weakly M-
injective is proved similar to the case of injectivity using the universal property

of products. To prove the converse, let A =
∏
i∈I

Ai be weakly M-injective, k ∈ I,

and define an S-map fi : J → Ai by fk = f , and for i 6= k, f = λai
, where ai

is any element of Ai and J is an M-right ideal of S. Then we get an S-map f

using the universal property of products which extends to an S-map f : S → A

by weak M-injectivity of A. Now, pkf : S → Ak extends f , where pk : A → Ak is
the kth projection map. So A is weakly M-injective.

In regard with coproducts, first note that the following is trivially true.

Proposition 3.26 Let {Ai : i ∈ I} be a family of S-acts with a zero element.

If the coproduct
∐
i∈I

Ai is M-injective (ideal M-injective, weakly M-injective,

finitely M-injective, cM-injective, FM-injective, PM-injective) then each Ai

is M-injective (ideal M-injective, weakly M-injective, finitely M-injective, cM-
injective, FM-injective, PM-injective).

The converse of the above theorem is not necessarily true in general (see [10],
Theorem 3.4). But in the case of cM-injective (PM-injective) acts the converse
is also true.
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Proposition 3.27 Let {Ai : i ∈ I} be a family of cM-injective (PM-injective)

S-acts. Then the coproduct
∐
i∈I

Ai is cM-injective (PM-injective).

Proof. Let {Ai : i ∈ I} be a family of cM-injective acts. Notice that for any

M-morphism g : F → B from a cyclic act F and any S-map f : F →
∐

Ai we

have Imf ⊆ Ai for some i ∈ I. Hence f can be extended to an S-map f , since
Ai is cM-injective.

In the case of ideal M-injective (weakly M-injective) acts we have the fol-
lowing.

Theorem 3.28 Let a semigroup S be left reversible. Then the coproduct
∐
i∈I

Ai

of each family of ideal M-injective (weakly M-injective) acts is ideal M-injective
(weakly M-injective).

Proof. Let {Ai : i ∈ I} be a family of ideal M-injective acts. Let f : J →
∐
i∈I

Ai,

which J is an M-right ideal of S, be an S-map. Suppose there exist i, j ∈ I, i 6= j,
with Imf ∩Ai 6= ∅ and Imf ∩Aj 6= ∅. Then J is a disjoint union of two ideals in
contradiction with left reversibility of S. This implies the existence of i ∈ I such
that Imf ⊆ Ai. Since Ai is ideal M-injective, f can be written in the form of λa

for some a in Ai. Thus
∐
i∈I

Ai is ideal M-injective.

Theorem 3.29 If the coproduct
∐
i∈I

Ai of each family of ideal M-injective acts is

ideal M-injective then any two right M-ideals of S have a nonempty intersection.

Proof. Let I, J be two M-right ideals of S such that I ∩ J = ∅. By assumption
ΘtΘ = {b1, b2}, where Θ is the one element act, is ideal M-injective. The S-map
f : I t J → Θ tΘ given by

f(s) =

{
b1 if s ∈ I

b2 if s ∈ J

can not be written in the form of λa for some a ∈ ΘtΘ which is a contradiction.
Thus each pair of M-right ideals of S have a nonempty intersection.

For the direct sum of different kinds of M-injectivity we first trivially have:

Theorem 3.30 Let {Ai : i ∈ I} be a family of S-acts with zero such that the

direct sum
⊕
i∈I

Ai is M-injective (ideal M-injective, weakly M-injective, finitely

M-injective, cM-injective, FM-injective, PM-injective). Then each Ai is M-
injective (idealM-injective, weaklyM-injective, finitelyM-injective, cM-injective,
FM-injective, PM-injective).
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Remark 3.31 The converse of the above theorem is true in the case of finitelyM-
injective, cM-injective, FM-injective, and PM-injective acts. But it is not true
in general, for example take M as the class of sequentially dense monomorphisms
and see [10].

Proposition 3.32 Each direct sum of finitely M-injective (cM-injective, FM-
injective, PM-injective) acts is finitely M-injective (cM-injective, FM-injective,
PM-injective).

Proof. Let {Ai}i∈I be a family of finitely M-injective acts. Consider the diagram

X
λ //

f ²²

Y

⊕
i∈I

Ai

in which λ is anM-morphism, f is a homomorphism, and X is a finitely generated
act. Let {x1, x2, ..., xn} be the generating set of X. Then for each j, the element

f(xj) in
⊕
i∈I

Ai has only finitely many nonzero coordinates. Since there are only

finitely many xj, the set {f(x1), f(x2), ..., f(xn)} collectively involves only finitely
many Ai, say Ai1 , ..., Ain . Hence Imf ⊆ Ai1

⊕
...

⊕
Ain which, being a finite

direct sum of finitely M-injective acts (which is in fact a product of finitely
M-injective acts), is finitely M-injective, by Theorem 3.25. Hence there is a
homomorphism f̄ : Y → Ai1

⊕
...

⊕
Ain which extends f . We may regard f̄ as a

homomorphism whose image is in the larger S-act
⊕
i∈I

Ai.

Theorem 3.33 Let a semigroup S be (M-)Noetherian. Then the direct sum⊕
i∈I

Ai of each family of weakly M-injective acts is weakly M-injective.

Proof. The proof is similar to the proof of the above theorem by replacing X
with every right M-ideal I of S.

About direct sum of ideal M-injective acts we have

Theorem 3.34 Let S be a semigroup with the zero 0 and for each family

{Ii : i ∈ I} of right M-ideals of S, I =
⋃
i∈I

Ii be a right M-ideal of S. Then

each direct sum of (ideal M-) injective acts is ideal M-injective if and only if S
is M-Noetherian.

Proof. (⇒) Let {0} = I0 ⊆ I1 ⊆ . . . ⊆ Ii ⊆ . . . be an ascending chain of right
M-ideals of S, and I =

⋃
i∈I Ii. By the hypothesis, I is a right M-ideal of S.

Consider the Rees factor acts I/Ii for each i, and let Ei be the injective hull of
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I/Ii. Then E =
⊕

i

Ei is ideal M-injective by the hypothesis. Consider natural

epimorphisms fi : I → I/Ii and define an S-map f : I → E by f(s) = (fi(s))i.
Notice that for each s ∈ I only finitely many components of f(s) are nonzero,
because s ∈ Ik for some k, and so fi(s) = 0 for all i ≥ k. Now, since E is
ideal M-injective by assumption, there exists an element a ∈ E, f = λa. Since

a ∈ E =
⊕

i

Ei, a = (a1, a2, . . . , ak, . . .), so there is t such that ak = 0 for all

k ≥ t. Then since for any x ∈ I, f(x) = ax, and since (ax)t = atx = 0, it follows
that I ⊆ It. Hence It+1 = It+2 = . . . = I. Thus S satisfies the ascending chain
condition on its M-right ideals and so is M-Noetherian.

(⇐) Let {Ai : i ∈ I} be a family of ideal M-injective acts with zero elements.

Let f : I →
⊕
i∈I

Ai be an S-map from a right M-ideal I of S and assume that I is

generated by {s1, s2, . . . , sn}, since S is M-Noetherian. Then, since only finitely
many components of each f(si) are nonzero, we get that Imf is contained in a
direct sum of finitely many Ai, say i1, i2, . . . , im. Then, Ai1⊕Ai2⊕· · ·⊕Aim which is
in fact a product, is idealM-injective, f = λa, for some a ∈ Ai1⊕Ai2⊕· · ·⊕Aim ⊆⊕
i∈I

Ai.

Proposition 3.35 Let for each family {Ii : i ∈ I} of right M-ideals of a semi-

group S, I =
⋃
i∈I

Ii be a right M-ideal of S. If every finitely M-injective act is

ideal M-injective then S is M-Noetherian. The converse is true if S is a monoid.

Proof. Let {Ai : i ∈ I} be a family of idealM-injective acts. Since each idealM-
injective act is finitely M-injective thus each Ai is finitely M-injective. We know
that each direct sum of finitely M-injective acts is finitely M-injective and so by
the hypothesis it is ideal M-injective. So, by Theorem 3.34, S is M-Noetherian.

For the converse, let S be a monoid, A be a finitely M-injective act, and
f : I → A be an S-map from a right M-ideal I of S. Since S is M-Noetherian, I
is finitely generated. Now, since A is finitely M-injective there exists an S-map
g : S → A which extends f . Then g is of the form λa for a = g(1) where 1 is the
identity element of the monoid S. Thus f is also of the form λa and hence A is
ideal M-injective.

We recall the following Theorem from [12].

Theorem 3.36 Each direct sum of injective S-acts is injective if and only if S
is Noetherian.

Corollary 3.37 If S is an M-Noetherian semigroup and ideal M-injectivity
(weak M-injectivity) for S-acts implies injectivity, then S must be Noetherian.

Proof. By Theorem 3.36, S is Noetherian if and only if every direct sum of
injective S-acts is injective. Now, if {Ai : i ∈ I} is any family of injective acts
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then they are also ideal M-injective, and so, by Theorem 3.34, their direct sum
is ideal M-injective and hence injective by the hypothesis, and so the result.

Definition 3.38 An S-act A is called countably
∑

-idealM-injective if any count-
able direct sum of A with itself is ideal M-injective.

Theorem 3.39 Let for each family {Ii : i ∈ I} of right M-ideals of S, I =
⋃
i∈I

Ii

be a right M-ideal of S. Then the following are equivalent:

(1) Each direct sum of injective acts is ideal M-injective.

(2) Each injective act is countably
∑

-ideal M-injective.

(3) S is M-Noetherian.

Proof. (1)⇒(2) is clear.

(2)⇒(3) Applying the notations of Theorem 3.34, put A =
∏
n∈IN

En. Then

A is injective, and so by (2),
⊕
n∈IN

A is ideal M-injective. But, A =
∏
n∈IN

En

= Em ⊕
∏

n6=m

En, for each m ∈ IN. Thus
⊕
m∈IN

A =
⊕
m∈IN

Em ⊕
⊕
m∈IN

∏

n 6=m

En =

E⊕
⊕
m∈IN

∏

n 6=m

En, which means that E is a direct summand of an ideal M-injective

act and hence is ideal M-injective, by Theorem 3.30. The rest of the proof is
similar to Theorem 3.34.

(3)⇒(1) is proved similar to Theorem 3.34.

4. Some Baer conditions

The condition that weak injectivity implies injectivity is known as the Baer Cri-
terion for injectivity. In this section we give some Baer conditions.

Definition 4.40 An S-act A is called

(i) quasi injective if any S-map f : B → A from a subact B of A can be
extended to A.

(ii)
∑

-injective (
∑

-quasi injective) if every direct sum of A with itself is injective
(quasi injective).

Theorem 4.41 The following conditions are equivalent:

(1) Each weakly M-injective act is injective and S is M-Noetherian.

(2) Each FM-injective act is injective.
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(3) Each FM-injective act is quasi injective with a zero element.

Proof. (1)⇒(2) Since S is M-Noetherian, each right M-ideal is finitely genera-
ted, so an act A is weakly M-injective if and only if it is FM-injective.

(2)⇒(3) is clear.

(3)⇒(2) Let A be FM-injective and E(A) be the injective hull of A. Then,
by Theorem 3.32, A ⊕ E(A) is FM-injective and hence by (3) quasi injective.
The rest of the proof is quite similar to the proof of (4)⇒(1) of Theorem 4.42.

(2)⇒(1) Since every weakly M-injective act is FM-injective, we get the first
part. To see that S is M-Noetherian, using Theorem 3.36 we show that any
direct sum of injective acts is injective. This is true because of (2) and since ,by
Proposition 3.32, any direct sum of FM-injective acts is FM-injective.

Theorem 4.42 If S is an M-Noetherian semigroup, then the following are equi-
valent:

(1) Each weakly (ideal) M-injective act is injective.

(2) Each weakly (ideal) M-injective act is
∑

-injective and has a fixed element.

(3) Each weakly (ideal) M-injective act is
∑

-quasi injective and has a fixed
element.

(4) Each weakly (ideal) M-injective act is quasi injective and has a fixed ele-
ment.

Proof. (1)⇒(2) is true using Theorem 3.33. Also recall that each injective act
has a fixed element.

(2)⇒(3) and (3)⇒(4) are clear.

(4)⇒(1) Let A be weakly M-injective and E(A) be the injective hull of A.
Then A ⊕ E(A) is weakly M-injective and hence quasi injective by (4). So,

considering the monomorphism A ↪→ E(A)
τE(A)−→ A ⊕ E(A), where τE(A) is the

injection x 7→ (0, x), and the S-map τA : A → A ⊕ E(A), there exists an S-
map g : A ⊕ E(A) → A ⊕ E(A) such that gτE(A) |A= τA. This implies that
pAgτE(A) |A= idA and so A is a retract of the injective act E(A) and hence is
injective.

Theorem 4.43 Let for each family {Ii : i ∈ I} of right M-ideals of S, I =
⋃
i∈I

Ii

be a right M-ideal of S. Then the following are equivalent:

(1) The direct sum of each family of weaklyM-injective acts is idealM-injective.

(2) S is M-Noetherian and weak M-injectivity implies ideal M-injectivity.

(3) Each FM-injective act is ideal M-injective.
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Proof. (1)⇒(2) Similar to the proof of Theorem 3.34 it is shown that S is M-
Noetherian, the rest is clear.

(2)⇒(1) It is concluded from Theorem 3.34.

(2) ⇒ (3) Since S is M-Noetherian, each right M-ideal of S is finitely gene-
rated and so weak M-injectivity coincides with FM-injectivity. So (3) holds.

(3) ⇒ (2) Since every weakly M-injective act is FM-injective we get the first
part. For the second part, let {Ai : i ∈ I} be a family of injective acts. Since
each injective act is FM-injective and since each direct sum of FM-injective
acts is FM-injective, thus the direct sum

⊕
i∈I Ai is FM-injective and so ideal

M-injective by the hypothesis. Thus S is M-Noetherian, by Theorem 3.34.
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