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Abstract. In [1], c(G), q(G) and p(G) are defined for a finite group G. In this paper,
we will calculate c(G), q(G) and p(G) for the following minimal non abelian p-groups:

G = 〈a, b | apm
= bp = cp = 1, [a, b] = c, [a, c] = [b, c] = 1〉,

and will show that

c(G) = q(G) = p(G) = p c(Z(G)) = pm + p2.
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1. Introduction

By a quasi-permutation matrix we mean a square matrix over the complex field
C with non-negative integral trace. Thus every permutation matrix over C is a
quasi-permutation matrix. For a given finite group G, let p(G) denote the minimal
degree of a faithful permutation representation of G (or of a faithful representation
of G by permutation matrices), let q(G) denote the minimal degree of a faithful
representation of G by quasi-permutation matrices over the rational field Q, and
let c(G) denote the minimal degree of a faithful representation of G by complex
quasi-permutation matrices. See [4]. It is easy to see that

c(G) ≤ q(G) ≤ p(G)

where G is a finite group.
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Let G be a non abelian group. G is called a minimal non abelian group, if all
its proper subgroups are abelian groups. In [6], all minimal non abelian p-groups
are determined as the next Lemma.

Lemma 1.1 Let G be a minimal non abelian p-group. Then G = 〈a, b〉 , is one
of the following groups:

(1) G = Q8,

(2) G =
〈
a, b | apm

= bpn
= 1, ab = a1+pm−1

〉
(m > 1),

(3) G =
〈
a, b | apm

= bpn
= cp = 1, [a, b] = c, [a, c] = [b, c] = 1

〉
.

Furthermore, the last group is not metacyclic and in the case p = 2, we have
m ≥ n, m ≥ 2. Also, |G| = pm+n+1, G′ = 〈c〉 and Z(G) = 〈ap〉 × 〈bp〉 × 〈c〉 .
The groups (1) and (2) in the above Lemma are metacyclic and the quasi permu-
tatation representation of such groups has calculated in [2], and [3]. Therefore, to
determine the quasi permutation representation of minimal non abelian p-groups
it is enough to consider only the group

G =
〈
a, b | apm

= bpn

= cp = 1, [a, b] = c, [a, c] = [b, c] = 1
〉
,

and determine p(G), q(G) and c(G). In This paper we consider a special case of
this group, that is n = 1.

G =
〈
a, b | apm

= bp = cp = 1, [a, b] = c, [a, c] = [b, c] = 1
〉
,

2. Comparing the characters of G and Z(G)

In this section we state some relations between the characters of G and Z(G),
and construct the character table of G. In the next section, these connections will
help us to compare the Galois conjugacy classes of irreducible characters of G and
Z(G), and conclude that c(G) ≥ p c(Z(G)). Since Z(G) is abelian, so computing
c(Z(G)) is immediate (see [4]).

Lemma 2.1 Let

G =
〈
a, b | apm

= bp = cp = 1, [a, b] = c, [a, c] = [b, c] = 1
〉
,

where m ≥ 2 in the case p = 2. Then

a) |G| = pm+2,

b) Z(G) = 〈ap〉 〈c〉 ∼= Cpm−1 × Cp and |Z(G)| = pm,

c) G′ = 〈c〉, and |G′| = p,
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d) G/G′ = 〈aG′〉 〈bG′〉 ∼= Cpm × Cp and |G/G′| = pm+1,

e) cd(G) = {1, p},
f) |Lin(G)| = pm+1 and |Irr(G|G′)| = (p−1)pm−1, where by Irr(G|G′) we mean

the set of non-linear irreducible characters of G.

g) The conjugacy classes of G are Ai,j’s (0 ≤ i < pm, 0 ≤ j < p, and p - i or
j 6= 0) and the central classes , where

Ai,j = aibj 〈c〉 .

Proof. a), b), c) and d) are clear by Lemma 1.1.

e) For each χ∈ Irr(G), we have χ(1)2 ≤ |G : Z(G)| by [[5], Corollary (2.30)].
So the result follows from (b).

f) It is clear from (d), (e) and the fact that |G| = Σχ(1)2 where χ runs over
Irr(G).

g) Let x be an arbitrary non central element of G. For each element y in G
we have

xy = x[x, y] ∈ xG′ = {x, xc, xc2, . . . , xcp−1}.
Since the order of each conjugacy classes of G divides the order of G, so the result
follows.

Lemma 2.2 Let ψ be a linear character of G. Denote the restriction of ψ to
Z(G), by ψZ . Then ψZ is an irreducible character χ of Z(G) such that χ(c) = 1.
Furthermore, for a given χ ∈ Irr(Z(G)) with χ(c) = 1, there are exactly p2 linear
character ψ of G such that ψZ = χ.

Proof. Let ω = e(2πi/pm−1), µ = e(2πi/p) and u = e(2πi/pm). Let χ
υ,r be the

characters of Z(G), where 0 ≤ υ < pm−1, 0 ≤ r < p and

χ
υ,r(a

p) = ωυ, χ
υ,r(c) = µr.

Also let ψs,t be the linear characters of G, where 0 ≤ s < pm, 0 ≤ t < p and

ψs,t(a) = us, ψs,t(b) = µt.

Now, since ω = up, so for each 0 ≤ υ < pm−1 we have

ψ′υ+αpm−1, β = χ
υ,o (1)

where 0 ≤ α, β < p and by ψ′ we mean ψZ . Note that the characters χ
υ,o are

exactly the characters of Z(G) such that they have value 1 on c.

The characters χ
υ,r (0 < r < p) of Z(G) have not the value 1 on c. In the

next lemma we connect these characters to the non-linear irreducible characters
of G.
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Lemma 2.3 The non-linear irreducible characters of G are exactly the characters
pχυ,r, (0 ≤ υ < pm−1, 0 < r < p) defined as

χ
υ,r(x) =

{
χ

υ,r(x) if x ∈ Z(G)

0 if x 6∈ Z(G)
.

Proof. By [[5], Lemma (2.27) part (c) and Corollary (2.30)], every non-linear ir-
reducible character ψ of G vanishes on G−Z(G) and ψZ = pχ for some irreducible
character χ of Z(G).

Now, to complete the proof, it is enough to show that, for 0 ≤ υ < pm−1,
pχυ,o, can not be an irreducible non-linear character of G. To prove this, let us
compute the inner product of pχυ,o and ψυ,o:

〈pχυ,o, ψυ,o〉 =
1

|G|
∑
g∈G

pχυ,o(g)ψυ,o(g
−1)

=
1

|G|
∑

g∈Z(G)

pχυ,o(g)ψ′υ,o(g
−1)

=
1

|G|
∑

g∈Z(G)

pχυ,o(g)χυ,o(g
−1)

= p
|Z(G)|
|G|

1

|Z(G)|
∑

g∈Z(G)

χ
υ,o(g)χυ,o(g

−1)

= p
|Z(G)|
|G| 〈χυ,o, χυ,o〉

= p
|Z(G)|
|G| =

1

p
6= 0.

Note that pχυ,o vanishes on G − Z(G) and ψ′ = ψZ , so the second equality
holds. For the third equality, put α = β = 0 in the relation (1). Hence pχυ,o, is
not even a character of G by [[5], Corollary (2.17)].

Theorem 2.4 Let

G =
〈
a, b | apm

= bp = cp = 1, [a, b] = c, [a, c] = [b, c] = 1
〉
.

Then the character table of G has the form

Z(G) aibj

ψυ+αpm−1, β
χ

υ,0 uiυµiα+jβ

pχυ,r pχυ,r 0
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where (0 ≤ i < pm, 0 ≤ j < p, p - i or j 6= 0) and (0 ≤ υ < pm−1, 0 < r < p,
0 ≤ α, β < p).

Proof. This table follows by Lemmas 2.1, 2.2 and 2.3. Note that, for 0 ≤ s < pm,
0 ≤ t < p, we have

ψs,t(a
ibj) = usiµtj.

Also, note that
upm−1

= µ.

3. Computing c(G), q(G) and p(G)

First, we state some notations and algorithms from [1]. Let G be a finite group.
Let Ci for 0 ≤ i ≤ r be the Galois conjugacy classes of irreducible complex
characters of the group G over the rational field Q, for 0 ≤ i ≤ r, suppose that

ψi is a representative of the class Ci with ψ0 = 1G. Write Ψi =
∑

Ci, and

Ki = ker ψi. Clearly, Ki = ker Ψi. For I ⊆ {0, 1, ..., r}, put

KI =
⋂
i∈I

Ki.

Also, if I ⊆ {1, ..., r}, then we will use the notation m(χ), where χ =
∑
i∈I

Ψi and

m(χ) = −min

{∑
i∈I

Ψi(g) : g ∈ G

}
. Moreover let HG =

⋂
g∈G

Hg be the core of

H ≤ G.

Theorem 3.1 Let G be a finite group. Then in the above notation

c(G) = min
{

χ(1) + m(χ) : χ =
∑
i∈I

Ψi, KI = 1, I ⊆ {1, ..., r}, KJ 6= 1, if J ⊂ I
}

p(G) = min
{ n∑

i=1

|G : Hi| : Hi ≤ G for i = 1, 2, ..., n and
n⋂

i=1

(Hi)G = 1
}

.

Proof. See [[1], Theorems (2.2) and the Proof of (3.6)].

Lemma 3.2 Let G be as in Lemma 2.1 and let we have the same notations as in
Lemma 2.2 for irreducible characters of Z(G). Then the Galois conjugacy classes
of Irr(Z(G)) are C0 = {χ0,0} and

Cpj = {χipj ,0 : 1 ≤ i ≤ pm−1−j − 1, (i, pm−1) = 1},

where 0 ≤ j ≤ m− 2, and the Galois conjugacy classes of the characters χ
υ,r,

r 6= 0.
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Proof. First, note that no χ
υ,r can be a Galois conjugate to some χ

υ′,0 when
r 6= 0, because of their different values on c. So, we consider only the characters
χ

υ,0. Since Z(G) = 〈a2〉 〈c〉 and χ
υ,0(〈c〉) = 1, so there is a one to one corresponding

between the set of characters χ
υ,0 of Z(G) and the set of the characters of the

cyclic group 〈a2〉 ∼= Cpm−1 via the map χ
υ,0 7→ χ

υ. Clearly, this map preserves
Galois conjugates. Now let Γ(χ), denote the Galois group of Q(χ) over Q. Then,
for 0 ≤ j ≤ m− 2, we have

Γ(χpj ,0) = Γ(χpj) = Gal(Q(χpj
)/Q) and

Γ(χpj) = {σi : σi is an Q− automorphism of Q(ωpj
) and σi(ω

pj
) = ωipj},

where 1 ≤ i ≤ pm−1−j − 1, (i, pm−1) = 1. This shows that Cpj , is the Galois
conjugacy class of the character χ

pj ,0. The order of the class Cpj is equal to
(p − 1)pm−2−j. These classes are all different and counting their elements shows
that they are all Galois conjugacy classes of Z(G).

Lemma 3.3 Let G be as in Lemma 2.1 and let we have the same notations as
in Lemma 2.2 and 2.3 for irreducible characters of G. Then the Galois conjugacy
classes of Irr(G) are

(1) The Galois conjugacy classes of the characters ψαpm−1, β where 0 ≤ α, β < p,

(2) The Galois conjugacy classes

C(β)

pj = {ψipj+αpm−1,iβ : 1 ≤ i ≤ pm−1−j − 1, (i, p) = 1, 0 ≤ α < p},

where 0 ≤ j ≤ m− 2, 0 ≤ β < p and by iβ we mean iβ module p,

(3) The Galois conjugacy classes of the characters pχυ,r, r 6= 0.

Proof. Each character in (1) is 1 on Z(G), so it can not be a Galois conjugate
to any character in (2) or (3). The characters in (3) have degree p, so these
characters can not be Galois conjugate to (linear) characters in (1) or (2). Thus,

we consider only the characters in (2). We show that, for 0 ≤ j ≤ m− 2, C(β)

pj

is the Galois conjugacy class of the character ψpj ,β. Let ψipj+αpm−1,iβ ∈ C(β)

pj . Let

τ ∈ Γ(ψpj ,β) = Gal(Q(upj
, µβ)/Q) and (upj

)τ = (upj
)i+αpm−1−j

. Then (upj
)τ =

(upj
)iµα and (µβ)τ = µiβ. Therefore, ψτ

pj ,β = ψipj+αpm−1,iβ. On the other hand,

|Γ(ψpj ,β)| = ϕ(pm−j) = (p − 1)pm−j−1 = |C(β)

pj | where ϕ is the Euler function.

Therefore, C(β)

pj is the Galois conjugacy class of the character ψpj ,β. Counting the

elements of these classes shows that they are, in addition to classes of (1) and (3),
all Galois conjugacy classes of G.

Lemma 3.4 Let G be a finite group and χ ∈ Irr(G). Then Σα∈Γ(χ)
χα is a rational

valued character of G.
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Proof. By [[1], Corollary 3.7].

Now, as the notations introduced before Lemma 3.1, let Ψpj =
∑ Cpj , Ψ

(β)

pj =∑ C(β)

pj where 0 ≤ j < m− 2. Let Υi’s be the sum’s of Galois conjugacy classes of

characters (1) in the Lemma 3.3. Also, let Φi’s be the sums of Galois conjugacy
classes of characters χ

υ,r, r 6= 0 and Φ′
i’s be the sums of Galois conjugacy classes of

characters pχυ,r. Note that these sums are rational valued characters by Lemma

3.4 and Ψ
(β)

pj =
∑ C(β)

pj = p
∑ Cpj = pΨpj on Z(G). Also Φ′

i = p Φi on Z(G) and

Φ′
i = 0 on G− Z(G).

Theorem 3.5 Let G be as in Lemma 2.1. Then, in the algorithm given in Theo-
rem 3.1, the classes Υi are not used for computing c(G). Therefore,

c(G) = q(G) = p(G) = p c(Z(G)) = pm + p2.

Proof. Let S be a subset of the set of class sums Υi that has used in computing

c(G) with a set T of other class sums. Since Z(G) ⊆
⋂

S∈S
ker S, so by the algorithm

of c(G), given in Theorem 3.1, T 6= ∅. Now there is an element Ti of T such that Ti

is vanishes on G−Z(G), because otherwise, c ∈
⋂

T∈T
ker T, that is a contradiction.

Therefore the kernels of the elements of T have no intersection in G− Z(G), and
clearly no non-trivial intersection in Z(G). Thus

⋂

T∈T
ker T = 1.

This is a contradiction to the choice of the sets S and T. Therefore, S = ∅.
Now, by the algorithm of c(G) given in Theorem 3.1 and the argument after

Lemma 3.4, we conclude that p c(Z(G)) ≤ c(G). In other hand, let H1 = 〈a〉 and
H2 = 〈b, c〉 then, by Theorem 3.1,

p(G) ≤ |G : H1|+ |G : H2| = p2 + pm.

Since p c(Z(G)) = p2 + pm by [[4], Theorem A], so

c(G) = q(G) = p(G) = p c(Z(G)) = pm + p2,

and the proof is complete.
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