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Abstract. We give a differential for and prove an identity which is analogous to

1
C(q)
Ramanujan’s Entry 3.2.7. We also give a simpler proof for Entry 9(v).
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1. Introduction

The Rogers-Ramanujan continued fraction, defined by

1 2 3

¢ q ¢ q
1.1 Rly=L 199 < 1.
(1.1) @ =111 i

first appeared in a paper by L.J. Rogers [6] in 1894. In his first two letters to
G.H. Hardy [5, pp xxvii, xxviii], Ramanujan communicated several theorems on
R(q). Ramanujan’s major work on continued fraction centres around the continued
fraction R(q). I find the analogous continued fraction C'(q) defined by

1149 ¢+ ¢" (69)(¢% ")

1.2 Clq) = -
(1.2) e T i S N (% )%

equally interesting. In this paper, we have given some results for C'(¢) notably a
differential for the reciprocal for C'(¢) which is analogous to Entry 9(v) [4, p.258]
for R(q). In [2, p. 259], Berndt has proved this Entry. T have given a simpler
proof of this Entry. Further I have considered two sets of relations which are
equivalent and have proved an identity which is analogous to Ramanujan’s Entry
3.2.7 [1, p.89].

2. Notations
We shall be using the customary g-product notation. Thus

For |¢| <1
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(a)o = (a;q)o = 1 and for n > 1,

n—1
(@)n = (a;q)n = [ J(1 = ag).
k=0
Furthermore,
(@)oo = (6:9)00 = [ [(1 = ag®), gl < 1.
k=0

If the base ¢ is understood we use (a), and (a) instead of (a;q), and (a;q)oo,
respectively.
Ramanujan’s general theta function f(a,b),

(1) flab)= Y ™ = (—asab)u (b ab)w(abiab)s, |ab] <1

n=—oo

and

(2.2) f(=0) = f(—¢,—¢*) = () g < 1.

3. A result for the differential of L

C(q)
By definition,
(3.1) Olg) = -1 ta?a+d ¢8  (@0)x(*q)
' I+ 1+ 1+ 1+ 1+.. (% "2,
1
Let F(q :q_éC' q) and A(q) = ——. Then
(@) =47 4Cla) and Alg) =
d ¢’ q")3 (; 9)a
3.2 8q— (Iog = =1-——
(32) dg (45 4%)o0 (0% ¢*)os (—a:9)3
Proof. Now ()2
1 954 )%
Alg) = ¢ — 3. 4
(¢ 4%) (4% ¢*) o
Taking logarithmic differentiation with respect to ¢, we get
8 4 1 4n—+1 2(4 2 4n+-2 4 3 4n—+3
A(Q) 1— q4n+1 1_q4n+2 1_q4n+3

Using the result Srivastava [7],

Y

X 82 (4n + 1)@ 2(4n + 2)g*n+2 N (4n+3)¢" 3 (9%
1 — gttt 1 — gint2 1 — g*nt3 (9L
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equation (3.3) becomes

8 d 1 2. . 4\2 4

q (q8 4(1,615004 )_1+1_ (q,q)mZl

A(q) dq (45 0*)oc (@35 ¢*) o (—gq;9)
or 8 1 d 2 4)2 ( )4

q a*q aq
— 4+ —|lo s Alg) =1+1 oo
A(q) {8(1 dq( e q4>oo<q37q4)oo>:| @ (—q; )%
or

which proves (3.2).

Simpler proof of Entry 9(v) [4, p. 258]

Entry 9(v):
If . s s
_ Lt aaqa 4q
Rlq) = -1+ 1+ ...,

then

f2(—q) d . f(—=¢* —¢)
3.4 1— =5q—1lo
(3:4) f(—=¢°) Taq*® f(=q,—q*)
Proof. By [1, eq. (1.1.1), p. 9],

(4 0°)oo(0" ") _ [(=0,—4")
(%)o@ )0 [(=¢% —¢3)

Let G(q) = ¢ 5R(q) and B(q) = @, then

(3.5) R(q) =

(¢:6°) o0 (4% ¢°) oo
Taking logarithmic differentiation of (3.5) with respect to ¢, we have
Sn+1

5¢ d 5n+1
S =1

B (5n + 2)q5"+2 B (5n + 3)g ™ (5n + 4)¢" T
1 _ q5n+2 1 _ q5n+3 1 _ q5n+4

Using the following formula of Ramanujan [2]

1 5n + 1 Sn+1 (5n + 2)q5n+2
_52 1_q5n+1 - 1 — gon+2

(3.7)

_Bn+3)g " Gt 4" (@9 _ f(=9)
1 — ot 1 — gont (@) f(=?)
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equation (3.6) can be written as

(3.8) %d% [B(g)] =1+1- ;(:g;

: S [1 0 d o (6%07)(0% 47) B  fi(=a)
B(q) [5q " g o (¢:0°)s0(0" ¢°) o Blg)=1+1 =)

) 50-2 log f=a-¢) _, (=)

dg ~ f(=4¢,—¢") f(=¢°)
we have the Entry 9(v)[4, p.258].

4. A transformation formula for C(q)

Ramanujan in the “lost” note book has stated the formula
FEXE, A0 +af (=2 =N¢%) (=% —Ag)
f(=A¢?) f(=a,=A¢?)

This formula is extensively used by Ramanujan in his note book, but the statement
is found only in the “lost” note book.

Take A = ¢q
J(=, =) +af(=q¢,—¢"") _ f(=¢* —¢%)
(4.1 Fl=q*)  fma )
Using (2.1) and then (1.2), we get
(12) f= —a) +af(=¢.—=¢") _  (¢%dD% 1
' f(=q*) (0 ¢Y)e Clg)

5. Two equivalent relations

Let u = C(q) and v = C(q?).

(i) 2ud: B+ 28q¢8((:q4)) (5.1)
B f°(=9)
2u=DB+ TEr) (5.2)

are equivalent.
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o (=4
(ii) 2vd_ Ko+ dgd ot (5.3)
2% = K + M (5.4)
g% f(—q*)

are equivalent.
Proof of (i)

We shall use Ramanujan’s transformation formula [2, p. 270, eq. 12.10]
(5.5) e T2ai f(—e %) = e 12bi f(—e )

twice, first by taking a = %, b= g and then by taking a = 2a, b= g to get

(5.6 e (5) seen = E (5) s
and
57) et (47“) fety =i (§) e
By (5.6) and (5.7), we have
I Y ()

(5.8) e Floe) ~ 2 f(—efg)'
Putting ¢ = e~ and Q = e~ 1 (5.8), we have

fea) o f=@Y
i Fie Q)

=0 _ s P(=QY)
10 TR )

Writing @ for ¢ in (5.1), we have (5.2). Thus (5.1) and (5.2) are equivalent.
Proof of (ii)

Q@
5 4
with a = 2a, b = 3 and then taking ¢ = e™, Q* = e¢™?, we get

Applying transformation formula (5.5) twice, first with a = b = 23 and then

1

o f=ah) _ F=Q)
o1 e Vi
Replacing ¢ by @ in (5.3), we have (5.4). Thus (5.3) and (5.4) are equivalent.
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6. Another identity

We prove the following identity which is analogous to Ramanujan’s Entry 3.2.7
(p 364) [1, p 89].

If
(6.1) TICg) - — o = 20
¢ 'C¥q) ’
then
1 1 5
(6.2) q 5C(q) = [(/Lz + 2) 2 — ,u] )
Proof. Let
J=q"'C%a),
then (6.1) is
2
J—j:—Q,u, or J*+2uJ—2=0.

Solving for J
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