ITALIAN JOURNAL OF PURE AND APPLIED MATHEMATICS — N. 28—2011 (177—204) 177

THE DIRICHLET BVP FOR THE SECOND ORDER NONLINEAR
ORDINARY DIFFERENTIAL EQUATION AT RESONANCE

Sulkhan Mukhigulashvili

Permanent addresses:

1. Institute of Mathematics

Academy of Sciences of the Czech Republic
Zizkova 22, 616 62 Brno

Czech Republic

2. I. Chavchavadze State University
Faculty of physics and mathematics

1. Chavchavadze Str. No. 32, 0179 Thbilisi
Georgia

e-mail: mukhig@ipm.cz

Abstract. Efficient sufficient conditions are established for the solvability of the Dirich-
let problem

u’(t) = p(t)u(t) + f(t,u(t)) + h(t) for a<t< b,
u(a) =0, wu(b) =0,
where h,p € L([a,b]; R) and f € K([a,b] X R; R), in the case where the linear problem

has nontrivial solutions.

Key words and phrases: nonlinear ordinary differential equation, Dirichlet problem
at resonance.

2000 Mathematics Subject Classification: 34B15, 34C15, 34C25.

1. Introduction

Consider on the set I = [a,b] the second order nonlinear ordinary differential
equation

(1.1) u"(t) = p(t)u(t) + f(t,u(t)) + h(t) for tel



178 S. MUKHIGULASHVILI

with the boundary conditions
(1.2) u(a) =0, wu(b) =0,

where h,p € L(I; R) and f € K(I X R;R).

By a solution of the problem (1.1), (1.2) we understand a function u €
C'(I, R), which satisfies the equation (1.1) almost everywhere on I and satisfies
the conditions (1.2).

Along with (1.1), (1.2) we consider the homogeneous problem

(1.3) w'(t) = p(t)w(t) for tel,
(1.4) w(a) =0, w(b)=0.

At present, the foundations of the general theory of two-point boundary value
problems are already laid and problems of this type are studied by many authors
and investigated in detail (see, for instance, [1], [4], [5], [8], [12],[13], [14]-[16],
[17] and references therein). On the other hand, in all of these works, only the
case when the homogeneous problem (1.3), (1.4) has only a trivial solution is
studied. The case when the problem (1.3), (1.4) has also the nontrivial solution is
still little investigated and in the majority of articles, the authors study the case
with p constant in the equation (1.1), i.e., when the problem (1.1), (1.2) and the
equation (1.3) are of type

(1.5) u”"(t) = =Nu(t) + f(t,u(t)) + h(t) for te]|0,7]
(1.6) w(0) =0, u(r)=0,

and

(1.7) w’(t) = —Nw(t) for te€0,7]

respectively, with A = 1. (see, for instance, [2], [3], [4], [6]-[11], [14]-[16], and
references therein).

In the present paper, we study solvability of the problem (1.1), (1.2) in the
case when the function p € L(I; R) is not necessarily constant, under the assump-
tion that the homogeneous problem (1.3), (1.4) has the nontrivial solution with
an arbitrary number of zeroes. For the equation (1.7), this is the case when A is
not necessarily the first eigenvalue of the problem (1.7), (1.4), with a =0, b = 7.

The obtained results are new and generalize some well-known results (see,[2],

3], [4], (6], [10]).
The following notation is used throughout the paper: N is the set of all
natural numbers. R is the set of all real numbers, R, = [0,+o00[. C(I;R) is

the Banach space of continuous functions u : I — R with the norm |jull¢ =
max{|u(t)| : t € I}. C'(I; R) is the set of functions u : I — R which are absolutely
continuous together with their first derivatives. L(I; R) is the Banach space of

Lebesgue integrable functions p : I — R with the norm ||p||, = ff Ip(s)l|ds.
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K(I x R;R) is the set of functions f : I x R — R satisfying the Carathéodory
conditions, i.e., f(-,xz) : I — R is a measurable function for all z € R, f(¢,-) :
R — R is a continuous function for almost all ¢ € I, and for every r > 0 there
exists ¢- € L(I; Ry) such that |f(t,z)| < ¢-(t) for almost all ¢t € I, |z| <r.

Having w : I — R, we put: Nwdéf{t €la,b[: w(t) = 0},

e Towt) > 0,
e T w(t) <o,
and [w(t)]+ = (Jw(t)] +w(t)/2, [w(?t)]- = (lw(t)| —w(t))/2 for t € I.

Definition 1.1. Let A be a finite (eventually empty) subset of I. We say that
feE(A),if f € K(I x R;R) and, for any measurable set G C I and an arbitrary
constant r > 0, we can choose € > 0 such that if

/G|f(s,x)|ds;£0 for o >7r (v < —7)

then
/ |f(3,x)|ds—/ |f(s,z)lds >0 for z>r (z<—r),
G\U- Ue

n

where U, = I N (U]tk —€/2n, t +6/2n[> if A={ty,ts,...,t,}, and U. = 0 if
k=1

A=0.
Remark 1.1. If f € K(I x R; R) then f € E(0).

Remark 1.2. Tt is clear that if f; € L(I; R) and f(t,a:)déffl(t) then f € E(A)
for every finite set A C I.

Remark 1.3. It is clear that if f(t,x)dgfo(t)go(x), where fy € L(I; R) and g €
C(I; R), then f € E(A) for every finite set A C I.

The example below shows that there exists a function f € K(I x R; R) such
that f & E({t1,...,tx}) for some points ¢y, ..., t; € I.

Example 1.1. Let f(t,z) = [t|"/?g(t,x) for t € [~1,0[U]0,1], z € R, and
f(0,.) =0, where g(—t,z) = g(t,z) for t€]—1,1], x € R, and

x for z<1/t, t>0

gt x) = :
1/t for x>1/t, t>0

Then f € K([0,1] x R; R) and it is clear that f & E({0}) because, for every ¢ > 0,
if x > 1/e then f; fls,x)ds — [ f(s,x)ds = 4(e71/? — 21/?) =2 < 0.
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2. Main results
Theorem 2.1. Let w be a nonzero solution of the problem (1.3), (1.4),
(2.1) Ny, =0,

there exist a constantr > 0, functions f~, f € L(I; Ry) and g, hg € L(I; ]0,+0o0])
such that

(2.2) [t x)sgne < g(t)|x] + ho(t)  for || =
and
flt,x) < =f7(t) for x<-—r
@) < ft,x) for xz>r

on 1. Let, moreover, there exist € > 0 such that

(2.3)

b b
—/ [~ (8)lw(s)|ds + e[l < —/ h(s)[w(s)|ds <

2:4) < [ FEl)ids - il
where
25) (t) = sup{f ()| s ] < r).

Then the problem (1.1), (1.2) has at least one solution.
Example 2.2. It follows from Theorem 2.1 that the equation
(2.6) u’(t) = =N2u(t) + o|u(t)|*sgnu(t) + h(t) for 0<t<m

where ¢ = 1, A = 1, and « €]0, 1], with the conditions (1.6) has at least one
solution for every h € L([0, 7], R).

Theorem 2.2. Let w be a nonzero solution of the problem (1.3), (1.4), condition
(2.1) hold, there exist a constant r > 0, functions f~, f € L(I;Ry) and q €
K(I x R; Ry) such that q is non-decreasing in the second argument,

(27) |f(t,:L’)’ < Q(t7x) for ‘l’| >,
@) < f(t,x) for x<—r,
(2.8)
ft,x) < —fH(t) for z>r
on I, and

1 b
(2.9) lim —/ q(s,z)ds = 0.

|z|——+oc0 T
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Let, moreover, there exist € > 0 such that

— [ s+l < [ Hs)us)ds <

2.4) < [ r©ulds - |l

where 7, is defined by (2.5). Then the problem (1.1), (1.2) has at least one solu-
tion.

Example 2.3. From Theorem 2.2 it follows that the problem (2.6), (1.6) with
oc=—1,A=1, and a €]0,1] has at least one solution for every h € L([0, 7]; R).

Remark 2.4. If f # 0 the condition (2.4;) of Theorem 2.i (i = 1,2) can be
replaced by

- [ £ Eueds < (1) [ hs)u(s)ids <
(2.10,) e ‘

b
g/ﬁ@@@m,

because, from (2.10;) there follows the existence of a constant € > 0 such that the
condition (2.4;) is satisfied.

Theorem 2.3. Let i € {0,1}, w be a nonzero solution of the problem (1.3),
(1.4), f € E(Ny), there exist a constant r > 0 such that the function (—1)'f is
non-decreasing in the second argument for |z| > r,

(2.11) (=1 f(t,x)sgnx >0 for tel, |x|>r,
. d —r)|d
(2.12) L enids s [ 1g(s s 0
and
N
(2.13) |wli>rEoom/a |f(s,z)|ds = 0.

Then there exists 0 > 0 such that the problem (1.1), (1.2) has at least one solution
for every h satisfying the condition

(2.14) < 0.

/a ’ h(s)w(s)ds




182 S. MUKHIGULASHVILI

Corollary 2.1. Let the assumptions of Theorem 2.3 be satisfied and

b
(2.15) / h(s)w(s)ds = 0.

Then the problem (1.1), (1.2) has at least one solution.
Example 2.4. From Theorem 2.3 it follows that the problem (2.6), (1.6) with
o€ {-1,1}, A € N, and a €]0,1] has at least one solution if h € L([0, 7], R) is

such that / h(s)sin Asds = 0.
0

Theorem 2.4. Let i € {0,1}, w be a nonzero solution of the problem (1.3),(1.4),

f(t, x)dgfo(t)go(a:) with fo € L(I; Ry), go € C(R; R), there exist a constant r > 0
such that (—1)'gg is non-decreasing for |z| > r and

(2.16) (—=D'go(z)sgnz >0 for || >

Let, moreover,

(2.17) 190(r)] / fo()ds + lao(—r)| [ fol(s)ds #0
Qb Qu

and

(2.18) Jim_[go(z)] = +oo, i go;x) _o

Then, for every h € L(I; R), the problem (1.1), (1.2) has at least one solution.
Example 2.5. From Theorem 2.4 it follows that the equation
(2.19) U (t) = po(t)u(t) + p1(t)|u(t)|*sgnu(t) + h(t) for tel,

where a €10, 1] and pg, p1, h € L(I; R), with the conditions (1.2) has at least one
solution provided that p(t) >0 for ¢ e [I.

Theorem 2.5. Let i € {0,1} and w be a nonzero solution of the problem (1.3),
(1.4). Let, moreover, there exist constants r > 0, e > 0, and functions a, f+, f~ €
L(I; Ry) such that the conditions

(=1)f(t,x) < —f(t) for < —r,

(2.20;) |
) < (=)' ft,z) for x>,

(2.21) sup{|f(t,z)| : x € R} < «(t)



THE DIRICHLET BVP FOR THE SECOND ORDER ... 183

hold on I, and let
b
= [ OG- + £ Olus))ds + <lalls <
(2.92,) < (—1)i#! / h(s)w(s)ds <

< / (S () w(s)]- + f7(s)w(s)]4)ds — ellal]L.

Then the problem (1.1), (1.2) has at least one solution.
Remark 2.5. If f # 0 then the condition (2.22;) (¢ = 1,2) of Theorem 2.5 can
be replaced by
b
- [+ 1 G l))ds <
b
(2.23,) < (1) / h(s)w(s)ds <

b
</(f‘(S)[w(S)]—+f+(8)[w(8)]+)d8'

because from (2.23;) there follows the existence of a constant € > 0 such that the
condition (2.22;) is satisfied.

Remark 2.6. If f(t) = min{f*(¢), f~(¢)} then the condition (2.22;) of Theorem
2.5 can be replaced by

b b
‘ [ hsutsids| < [ Folu(olds - =falle
Example 2.6. From Theorem 2.5 it follows that the equation
(2.24) u’(t) = —\ul(t) + Msgnu(t) +h(t) for 0<t<m,
1+ Ju(t)|~ - -

where A € N and «a €10, +oo[ , with the conditions (1.6) has at least one solution
if h € L([0, 7], R) is such that |h(t)] < 1for 0 <t <.

3. Problem (1.5), (1.6).

Throughout this section we will assume that a = 0, b = 7, and I = [0, 7]. Since
the functions Fsin At (§ € R) are nontrivial solutions of the problem (1.7), (1.4),
from Theorems 2.1-2.5 it immediately follows:

Corollary 3.2. Let A = 1 and all the assumptions of Theorem 2.1 (resp. Theo-
rem 2.2) except (2.1) be fulfilled with w(t) = sint. Then the problem (1.5), (1.6)
has at least one solution.
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Now, note that
0 for A=1

Nsinae = .
{mn/A:n=1,..,A—1} for A>2

Corollary 3.3. Let i € {0,1}, A € N, f € E(Ngnxt), there exist a constant
r > 0 such that the function (—1)'f is non-decreasing in the second arqument for
|z| > 7, and let the conditions (2.11)—(2.13) be fulfilled with w(t) = sin A\t. Then
there exists 6 > 0 such that the problem (1.5), (1.6) has at least one solution for
every h € L(I; R) satisfying the condition |f07r h(s)sin Asds| < 0.

Corollary 3.4. Leti € {0,1}, A € N, and let all the assumptions of Theorem
2.4 be fulfilled with w(t) = sin A\t. Then, for any h € L(I; R), the problem (1.5),
(1.6) has at least one solution.

Corollary 3.5. Let i € {0,1}, A € N and let there exist a constant r > 0 such
that (2.20;)—(2.22;) be fulfilled with w(t) = sin A\t. Then the problem (1.5), (1.6)

has at least one solution.

Remark 3.7. If f # 0 then in Corollary 3.2 (resp. Corollary 3.5), the condition
(2.4;) (resp. (2.22;)) can be replaced by the condition (2.10;) (resp. (2.23;)) with
w(t) = sint (resp. w(t) = sin At).

4. Auxiliary propositions

Let u, € C'(I; R), |lunllc # 0 (n € N), w be an arbitrary solution of the problem
(1.3), (1.4), and r > 0. Then, for every n € N, we define:

de de
At el u, ) <ry,  AnE{tel: [u () >r),

B2t € Aps tsgnun(t) = (1) sgnw(t)} (i = 1,2),

de de
Con =t € Auzt lw(®) 2 1/n},  CopZ{t € Aua: lw(t)] < 1/n},
def _
={teI:wt)] > rllualc’ +1/2n},
Afzdif{t 2 1 Fun(t) >}, BiidéfAiz N B,
CEEAx,nCy (i = 1,2), Dt e I 2w(t) > rl|un||g" + 1/2n},
From these definitions it is clear that, for any n € N, we have

Anl mAnQ @ AnQHA»;Q (D; Bn,l ﬁBn,2 = @, C(n,l an,Q = 07

(4.1) DynD, =0, Bf,NB,,=0,C,nC,,=0(i=1,2),

and

An,l U An,Z = I; A:LF,Q U A;L,z = An,27 Bn,l U Bn,Z = An,Q \ NuM
le U Cn72 — Amg, B;:Q U Bn_,Z - Bmg, C Ci — 14i

4.2 n,27
) Cri UG, = Cui (i =1,2), D;fUD;:Dn.
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Lemma 4.1. Let u, € C'(I;R) (n € N), r > 0, w be an arbitrary nonzero
solution of the problem (1.3), (1.4), and

(4.3) \|\un|lc = 2rn for n € N,

(4.4) ||on, —wlle <1/2n  for n € N,

where v, (t) = u,(t)||un| 5. Then, for any ng € N, we have

(4.5) Dy C A, D, CA.,, for n>ny,
(4.6) Cho,CDS C.,CD, for n>n.
Moreover
(4.7) lirf mesA, 1 =0, hrf mesA, » = mes/,
(48) Cn,l C Bn,la Bn,2 C Cn,27
(4.9) Bf, c Cr,, B, CC,,,
(4.10) Ciy C By, Co1 C By,
lim mesC,; = lim mesB,; = mes/,
(4.11) e e
lim mesC), 2 = lim mesB, s =0,
n—-+00 n—-+o00
(4.12) r < |un(t)| < ||unllc/2n for te€ B,
(4.13) lun(t)| > ||un||c/2n > r for teC,a,
(4.14,) Cry={t€ A,2:0< uw(t) <1/n},
(4.15) CE cQE,  lim mesCyH, = mesQ;.
b n_>+m K

Proof. From the unique solvability of the Cauchy problem for the equation
(1.3) it follows that the set N, is finite. Consequently, we can assume that

k41

Ny = {t1, ... tx}. Letalsoto = a, tyo1 = band T, 1N <U[ti —1/n, t+ 1/n]> .
=0

We first show that, for every ng € N, there exists n; > ng such that

(4.16) A1 CT,, for n>n,.
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Suppose on the contrary that, for some ng € N, there exists the sequence t;bj €
An;1 (7 € N) with n; < njyq, such that t%j ¢ T,, for j € N. Without loss of

generality we can assume that lim t;j = t;. Then from the conditions (4.3),
Jj—+o00

(4.4), the definition of the set A,; and the equality w(ty) = (w(ty) — w(ty,,)) +
(w(ty,,) —vn, (t7,,)) +n, (8,)), we get [w(ty)| = 0, ie., tg € {to, t1, ..., tp1}. But this
contradicts the condition ¢, ¢ T, and thus (4.16) is true. Since hl}_’l mesT,, =0,
it follows from (4.2) and (4.16) that (4.7) is valid.
Let to € D;}. Then from (4.4) it follows that
un(tO) T 1 1 T

> w(ty) — |vnlte) —w(ty)| > —— + 7— — — >
||U’n0||C 2nO 2n ||un0||C

for n > ng, and thus ty € A, for n > ng, ie., D} C A}, for n > ng. The
second relation of (4.5) can be proved analogously. Now suppose that ¢y € C),1
and ty & By,1. Then, in view of (4.1) and (4.2), it is clear that ¢ty € B,, 2, and thus

(4.17) [on(to) = w(to)] = [on(to)] + [w(to)| > 1/n

which contradicts (4.4). Consequently, C,,1 C B, for n € N. This, together
with the relations C, 0 = A,2\ Cpa, Bua € Ano \ Bp, implies B, o C C,, 9, ie.,
(4.8) holds. The conditions (4.9) and (4.10) follow immediately from (4.8). In
view of the fact that lim mesC,,; = (2 —i)mes!, from (4.8) we get (4.11). Now,

n—-+oo

let ty € B, and suppose that |v,(to)| > 1/2n. Then from (4.4) we obtain the
uallo)]
[|unle

1
lun(to)| < o and using the definitions of the sets B, » and A, > we obtain (4.12).

A 012 8] foa(8) = wlo)] by (1), (40
and the definition of the sets C,,; and A, » we obtain (4.13).

Let there exist t, € C,f, such that to & {t € App : 0 < w(t) < 1/n}.
Then from the definition of the sets )2 and the inclusion C’I o C Chao we get
—1/n < w(t) < 0 and ty € A ,. In this case the inequality (4.17) is fulfilled,
which contradicts (4.4). Therefore C, C {t € Ap3 : 0 < w(t) < 1/n}. Let now
to € {t € Aps: 0 <w(t) < 1/n} and tg € C;f,. Then from the definition of the set
Cn and (4.2) it is clear that ty € C,, ,,1.e., tg € A, ,, and that the inequality (4.17)
holds, which contradicts (4.4). Therefore {t € An5 : 0 < w(t) < 1/n} C Cp,.
From the last two inclusions it follows that (4.14;) holds for C;/,. From (4.2) and
(4.14;) for Cp | it is clear that (4.14) is true for C | too. Analogously one can
prove that

contradiction 1/2n > |v,(to) — w(to)| = |va(to)] + |w(to)| > 1/2n. Thus

Also, from the inequality

(4.145) Coy={teA,s:tw(t)>1/n} for neN.

From (4.14,), the definition of the sets D and (4.3) we obtain (4.6). From the
definition of the set Q% and (4.142) we have Cy; C Q. Hence

mesCE, < mesQ.
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On the other hand C,; = {t € I : w(t) > 1/n} \ (I \ A,2) and thus
mesCi1 > mesE — mes(1\ A,5).
In view of (4.7) from last two inequalities we conclude that (4.15) holds. n

Lemma 4.2. Leti € {1,2},r > 0, k € N, wg be a nonzero solution of the problem
(1.3), (1.4), Ny, = {t1, ..., tx}, the function fi € E(Ny,) be non-decreasing in the
second argument for |x| > r, and

(4.18) fi(t, z)sgnx >0 for tel, |z|>r.
Then:
a) If G C I and

(4.19) / (s, (=1)r)wo(s)]ds £ 0,

then there exist 0o > 0 and 1 > 0 such that

az) UGV [ fsausids — [ Il ool = 6
G\U. 0.
for (=1)'z >r and 0 < & < &1, where U. = I N <U§?:1 (t; —e/2k, t; + 8/2/€]>.

b) If u, € C'(I;R) (n € N), r>0, wis an arbitrary nonzero solution of the
problem (1.3), (1.4), and the condition (4.3) holds, then there exist eo €0, 1] and
ng € N such that

J
(4.21;) (DS, US z) > _EO for x>,

4
(4.215) (D, U ,x)> —50 for x < —r

forn>ng and 0 <e < ey, where UX={t € U.:+w(t) >0}

Proof. First note that, for any nonzero solution w of the problem (1.3), (1.4),
there exists 5 # 0 such that w(t) = fwy(t) and thus N, = Ny,.

a) For any o € Ry, we put Gy = ([a,a+ o] U[b — a,b]) N G. In view of
the condition (4.19), we can choose v €]0, (b — a)/2[ such that if Gy = G \ Gj,
t, = inf{G,} and t;, = sup{G-}, then

(4.22) a <ty t,<b,

and [, |fi(s, (=1)'r)wo(s)|ds # 0, [o, |fi(s,(=1)"r)|ds # 0. From these inequal-
ities, by virtue of conditions (4.18) and f; € E(N,,), where f; is non-decreasing
in the second argument, there follows the existence of §y > 0 and €* > 0 such that

(4.23) /G\U ]fl(s,x)|ds—/ fi(s,2)[ds > 0 for (—1)iz > r,

U.s
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(4.24) /G\U |f1(s, 2)wo(s)|ds > 6 for (=1)'a >r.

a + min(t,, ty) max (g, tp) + b

Now we put I* = [t¥, t;], where t} = 5 and t; = 5 . In
view of (4.22), we obtain
(425) Gy C ]*, Nwo C I*, wo(tj;) 7é 0, ’LU()(tZ) 7£ 0.

Then it is clear that there exists 7; > 0 such that, for any v €]0, v1[, the equation
[wo(t)| = v has only ¢, ¢, € I* (i = 1,..., k) solutions such that

(426) t%i <t < tj;ﬂ (Z =1,.., k’),
(4.27) lwo(t)] <~ for teH,, lwo(t)| >~ for tel"\ H

where H, U vir 53], and

=1

(4.28) lim t,;= lim ¢, =t (i=1,...,k).

The relations (4.26) and (4.28) imply that there exist v €]0,7] and £, €]0,¢"]
such that

(4.29) U, C H, CU..
Moreover, in view of the inclusion G; C G, it is clear that

G\U., = [(G\G)\U,]U (G:\Us,), [(G\G)\ U] N (G \U.,) =0,

and thus
I(G,U.,,z) = / |f1(s, z)wo(s)|ds + I(Ge, Ue,,z) for (—l)ix >
G1\Us,

By virtue of (4.23), (4.25), (4.27), and (4.29), we get

H(G27U517I) Z 7</G \
2 H'y

29[ s = [ 1) 20

for (—1)'z > r. In view of the last two relations, (4.24), (4.29), and the fact that
U. C U, for e < g, we conclude that the inequality (4.20) holds.
b) First consider the case when

s, )l ds — /H fs2)ds) =

(4.30) / fu(s, 2)wo(s)|ds = 0 for = > 7, ne N,
Dy
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From (4.3) and the definitions of the sets DX and U* we get
(4.31) lilf mes(UF \ DF) = 0.

Then, in view of (4.30) and the fact that for any ¢ > 0 and n € N

(432)  UF=(UFND)UUI\Dy), (UXnDy)n(UZ\Dy)=0,

we have [,+ [fi(s, )wo(s)|ds = ij\Di | f1(s, 2)wo(s)|ds for x > r, n € N, and
e > 0. Thus by virtue of (4.31), we get fU: | f1(s, x)wo(s)|ds = 0. From the last
equality and (4.30) we conclude that

(4.33) I(D}F, U 2)=0 for x>r,neN,e>0.

Therefore, in this case the condition (4.21;) is true.
Now consider the case when for some r; > r there exists ng € N such that

(4.34) / | fi(s,z)wo(s)|ds # 0 for x> 1y, n > ny.
D

n

It is clear that there exist > 0 and £3 €]0,¢;] such that
| el < 3 for r <o <nn c<a
and thus 5
(4.35) I(D,’:,Uj,x)z—% for r<az<r +mn n>ng e<ey.

On the other hand, from (4.34) it is clear that fD% | f1(s,m1 + n)wo(s)|ds # 0.
Therefore, from the item a) of our lemma with G = D;', and the inclusions
D} c Df, U C U, for n > ng, e >0, we get I(D,},UF,x) > 0y for x > ry + 1,
n > ng, 0 < ¢ < 9. From this inequality and (4.35) we obtain (4.21;) in second
case too.

Analogously one can prove (4.21,). .

Lemma 4.3. Let all the conditions of Lemma 4.1 be fulfilled and there exist r > 0
such that the condition (4.18) holds, where f; € K(I x R; R). Then

t

(4.36) limJirnf f1(& un(§))senu, (§)dE >0 for a<s<t<hb.
Proof. Let
(4.37) O sup{|fi(t,2)| < 2] <} for tel

Then, according to (4.1), (4.2), and (4.18), we obtain the estimate

/ £1(6, 1 (€) )sgnun, (€)dE >

> /[ PGS / (€, un€)))de

[s,t]ﬁAn’z
fora < s <t <b,ne N. This estimate and (4.7) imply (4.36). n
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Lemma 4.4. Let r > 0, the functions f; € K(I x R;R), hy € L(I; R), fT,f” €
L(I; R;) be such that

fltx) < =f~(@t) for x<-—r

(4.38) FH0) < Ata) for v

on I, and there exist a nonzero solution wqy of the problem (1.3), (1.4) and e > 0
such that

(4.39) Ny, = 0

and

- [ £ Outs)ids el < - [l <

b
(4.40) < / £ (5)|wo(s)lds — el 7L

where v} is defined by (4.37). Tfien, for every nonzero solution w of the problem
(1.3), (1.4), and functions u,, € C'(I; R) (n € N) such that the conditions (4.3),

(4.41) WD) —wD () <1/2n for tel, neN, (i=0,1)
where v, (t) = u, (t)||un||o" fort € I and

(4.42) up(a) =0, u,(b)=0

are fulfilled, there exists ny € N such that

def

(4.43) M, (w) = / (hi(s) + fi(s,un(s)))w(s)ds >0 for n > n;.

Proof. First note that, for any nonzero solution w of the problem (1.3), (1.4),
there exists 3 # 0 such that w(t) = Pwy(t). Also, it is not difficult to verify that
all the assumptions of Lemma 4.1 are satisfied for the function w(t) = Bwy(t).
From the unique solvability of the Cauchy problem for the equation (1.3) and the
conditions (1.4) we conclude that w'(a) # 0 and w’(b) # 0. Therefore, in view of
(4.41) and (4.42), there exists ny € N such that

(4.44) un (t)sgnfwo(t) > 0 for n>mngy, a<t<b.
Moreover, by (4.1) and (4.2) we get the estimate

M, (w)
3]

> [ lmlaso | " h(sun(s)ds+

(4.45)
+o /A f1(s,un(s))wo(s)ds,
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where 7 is given by (4.37) and o = sgnf. Now note that f~ = 0, f* =0 if
fi(t,z) = 0. Then by virtue of (4.7), we see that there exist ¢ > 0 and n; €

b
N (n1 > 1) such that / 7 () ha(s)lds — Sllglle < / £ (8)wo(s)|ds and
a An,?

§||7:HL > / Y (8)|wo(s)|ds for n > ny. By these inequalities, (4.3), (4.38) and
An,l
(4.44), from (4.45) we obtain

Mn(w)
3]

if n > ny, owy(t) > 0, and

b b
> —ellglle+ [ mlwo(olds + [ F(lwols)lds

Mn w i b b B
> el = [ mllds + [ (Gl
if n > ny, owe(t) < 0. From the last two estimates in view of (4.40) it follows
that (4.43) is valid. .

Lemma 4.5. Let wy be a nonzero solution of the problem (1.3), (1.4), r > 0,
the function fi € E(Ny,) be non-decreasing in the second argument for |z| > r,
condition (4.18) hold, and

(4.46) /Q |f1(s,r)|ds+/ a5, —1)[ds £ 0.

w( Qwo

Then there exist § > 0 and ny € N such that if

<9

(4.47) ‘ / hy(s)wo(s)ds

then, for every nonzero solution w of the problem (1.3), (1.4) and the functions
un, € C'(I; R) (n € N) fulfilling the conditions (4.3), (4.41), (4.42), the inequality
(4.43) holds.

Proof. It is not difficult to verify that all the assumption of Lemma 4.1 are
satisfied. Then, by the definition of the sets B, 1, B2, the conditions (4.1), (4.2),
and (4.18), we obtain the estimate

(4.48) Q/ﬁ@w@m®%2—é 72 ()| (s)ds + B, (w),
where

Mwm@—é mu%@m@m+/ (5 tn(3))0(s) ds.

Bn,l
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On the other hand, from the unique solvability of the Cauchy problem for the
equation (1.3) it is clear that

(4.49) w'(a) #0, w'(b)#0, w(t;)#0  for i=1,.. .k

if Ny, = {t1,...,tx}. Now note that, for any nonzero solution w of the problem
(1.3), (1.4), there exists [ # 0 such that w(t) = Pwy(t). Consequently,

(4.50) Qp=Qp if >0 and Qf =05 if B<0.

Then in view of (4.15) and (4.46), there exists ny > ng such that

(4.51) /C 1l P)uo(s)lds # 0 and/or / 1 (5, —rYwo(s)|ds 2 0.

ng,l Cn2,1

From (4.51), in view of (4.6), it follows that

(4.521) / |fi(s,m)wo(s)|ds #0 for n > ny
Dy
and /or
(4.525) / |f1(s, —r)woe(s)|ds #0 for n > ns.
Dy

Consequently, all the assumptions of Lemma 4.2 are satisfied with G = D, and/or
G = D,,. Therefore, there exist gy €]0, 5[, n3 > ng, and Jy > 0 such that

(DS, Ut x) > & for #>7r, n>ns,

€0’

(4.53)
(D, Uz, x) > —8/2 for o< —r, n>ny

if (4.52;) holds, and

I(D,,U._,x) >0y for x<—r, n>ng,

€0’

(4.54)
(D, Us,x) > —b/2 for x>r, n>ng

if (4.525) holds.
On the other hand, the definition of the set U. and (4.14;), imply that there
exists ng > ng, such that

(4.55) CryCcUS

€0’

Cho CU, for n=>ny
By these inclusions, (4.2), and (4.5) we obtain

(4.56) Cy = AF,\ €y D DI\ UL

n,2 €0’

Crn = A2\ Cry D Dy \ Uy
for n > ny. First suppose that N, # () and there exists n > ny such that

(4.57) B # 0.
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Then, by taking into account that f; is non-decreasing in the second argument
for x| > 7, (4.3), (4.12), (4.18) and the definitions of the sets B, ,, B, ,, we get

n,2)

|Hﬁmamzﬁﬁw»s
< f t,M A6 for t e B,
(459 ( ﬁuio>(ﬁm lm<

< -—filt,— ||Un||c ‘f ( —HUQHHC)’ for t € B, ,.
n )

Analogously, from (4.3), (4.13), (4.18), and the definitions of the sets C,;, C\~

n,1» ~'n,1»
we obtain the estimates
U
fi <t, %) ‘ for teCyy,

fi (t,—”“"”c)‘ for teC,,.

2n

[1(t, un(t))] =

(4.59)
|1t un ()] =

Then from (4.1), (4.2), (4.9), (4.58) and respectively from (4.1), (4.2), (4.8), and
(4.59) we have

/B | f1(s,un(s))w(s)|ds <

(4.60) < /B+ fi (S, %) w(s)’ ds + / fi (s,—%) w(s)’ ds <

</ Ny ( —”“;l‘c) wlo)|as+ [ |1 <s,__|‘?;1;l‘0) w(S)‘ds

and respectively |
/ M@%@m@mz/ 115, tn(s))w(s)|ds >
B

Ch,1
(4.61) > /C+ fi (3, HU;TUC) w(s) fi (3, - ”7«;‘!0) w(s)’ ds.

ds + /
o
If the condition (4.57) holds, from (4.60) and (4.61) we obtain
ds)

B ([ o e [ o 15 o

+</m i <57_||“2nn||c) wo(s) ds—/c fi (S’_||u2n7l|()) wo(s) d5>7

n,2
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Whence, by (4.55) and (4.56) we get

(4.62) M (w) >1 (D+ Ut ”“””C) +]I<D;4,U— —””"”C)

|ﬁ| na?TE0T 9y €0 m
for n > ny. From (4.62) by (4.53) and (4.54) we obtain
~ d
(4.63) M, (w) > O|2ﬁ| for n > ny.

On the other hand, in view of (4.10), (4.18), the definition of the sets A, 2, By1,
and the fact that f; is non-decreasing in the second argument, we obtain the
estimate

/B | f1(s, un(s))w(s)|ds >

",

(1.64) > [ nsnulds+ [ s (s >

> /Ci,l |f1(8,7”)w(s)|d$+/_ | fi(s, —r)w(s)|ds.

n,1

Now suppose that there exists n > ny4 such that
(4.65) B2 = 0.

Then from (4.51) and (4.64), (4.65) there follows the existence of §* > 0 such
that M,,(w) > |3]6*. From this inequality and (4.63) it follows that, in both cases
when (4.57) or (4.65) are fulfilled, the inequality

(4.66) M, (w) > |B]d for n>mny

holds with § = min{dy/2,0*}. From (4.48) by (4.7) and (4.66), we see that for any
e €]0, [ there exists ny > n4 such that

b
/ fi(s,up(s)w(s)ds > |B|(6 —e) for n > ny,

and thus

ML, (w)
S5 —e—
g 207

If Ny, = 0 then |w(t)] > 0 for a < t < b and in view of (4.3), (4.41), (4.42) and

(4.49), the condition (4.65) holds, i.e., the inequality (4.67) also holds.
Consequently, since € > 0 is arbitrary, the inequality (4.43) from (4.67) and

(4.47) follows. .

(4.67)

for n > n,.

/a ’ ha(8)wo(s)ds
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Lemma 4.6. Let wy be a nonzero solution of the problem (1.3), (1.4), r > 0, and

the conditions (4.18), (4.47) hold with fi(t, :E)diffo( t)g1(x), where fo € L(I; Ry),
f |fo(s)|ds # 0 and a non-decreasing function g1 € C(R; R) be such that

(4.68) | |liI£_l lg1(x)| = +o0.

Then, for every nonzero solution w of the problem (1.3), (1.4) and functions

u, € C'(I;R) (n € N) fulfilling the conditions (4.3), (4.41), (4.42), the inequality
(4.43) holds.

Proof. From the assumptions of our lemma it is clear that the relations (4.48)—
(4.56), (4.58)-(4.61) and (4.64) with fi(t,z) = fo(t)gi(z) and w(t) = Lwy(t)
(B # 0) are fulfilled.

Assuming [+ 1 |f1(s,m)wo(s)|ds # 0, the condition (4.52;) is satisfied i.e.,
(4.53) holds. |

Now notice that from (4.15) and the equality C;; = Qf\ (Q5\ C;r)) it follows
that there exist ¢ > 0 and ng € N such that

(1.6 [ 1auslds = [ 1fushuolds — < >0
n,l Qw
for n > nyg.
First consider the case when there exists n > n4 such that the condition
(4.65) holds. Without loss of generality we can assume that ns > ng. Then by
(4.50), (4.64), (4.65) and (4.69), we obtain

(4.70) M, (w) > |5]|g1(r)] (/ | fo(s)wo(s)|ds — 5) >0,
Op
where ©g = Qf if 3> 0and ©5 = Q if 5 <0.

Consider now the case when there exists n > n4 such that (4.57) holds. From
(4.3) and the definition of the set D; it follows that D;f C D}, and since g, is
non-decreasing, from (4.53) we obtain I(D,}, U}, z) > |g1( Nw=1D,, Ut r) >
do for & > r, with p = [+ Uz | fo(s)wo(s)|ds — [+ | fo(s)wo(s)|ds. By the last

nyg \Veqg €0
inequality, (4.3), (4.53), and (4.62) we get u > 0 and

(4.71) M, (w) > |8](|g1(r) |1 — 60/2)-

Applying (4.70), (4.71) in (4.48) and taking (4.7) into account, we conclude
that there exist £ > 0 and n; > n4 such that

3] <|91( N — — —€1> / fi(s,un(s))w(s)ds for n>mny

with g1 = min(u, [o+ |fo(s)wo(s)|ds — ). From (4.68) and the last inequality
wo

it is clear that, for any function h;, we can choose r > 0 such that the ine-

quality (4.43) will be true. Analogously one can prove (4.43) in the case when

fo;%l | f1(s,m)wo(s)|ds # 0. .
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Lemma 4.7. Let r > 0, there exist functions a, f~, fT € L(I, Ry) such that the
condition (4.38) is satisfied,

(4.72) sup{|fi(t,z)| : x € R} = a(t) for tel,

and there exist a nonzero solution wq of the problem (1.3), (1.4) and € > 0 such
that

—/Xf%@maﬂ_+f1@ma@um&wﬂmns
(4.73) SﬁWM@%@“S

< [ o)) + Gl )ds = elall

Then, for every nonzero solution w of the problem (1.3), (1.4) and functions
u, € C'(I;R) (n € N) fulfilling the conditions (4.3), (4.41), and (4.42), there
exists ny € N such that the inequality (4.43) holds.

Proof. First note that, for any nonzero solution w of the problem (1.3), (1.4),
there exists 3 # 0 such that w(t) = Bwy(t). Moreover, it is not difficult to verify
that all the assumptions of Lemma4.1 are satisfied for the function w(t) = Swy(t).
From (4.1), (4.2), and (4.72) we get

M, (w) > — a(s)|w(s)|ds + f1(s, up)w(s)ds+
(4.74) A"'1UB"’2 /B"’l

b
+/ hi(s)w(s)ds.
On the other hand, by the definition of the set B, ; we obtain
(4.75) sgnu,(t) = sgnw(t) for te By UB, .

Hence, by (4.1), (4.2), (4.10), (4.38), and (4.75), from (4.74) we obtain the estimate

MW@—/M@M@%E—A a(s)]w(s)|ds+

n,lUBn,2

(1.76) o[ e [ e

v

—:meﬁw&wﬂwﬁﬂmv%[%lfWﬁWNQWs+/ng@MwGM%-

Now, note that f~ =0 and f* = 0if fi(¢t,z) = 0. Therefore by (4.7), (4.11),
(4.15), and the inclusions C}f; € QF, C,; C Q, we see that there exist ¢ > 0

w?
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and ny € N such that

1

Sellofls > / a(s)]wo(s)|ds
(4.77) i”JUB"Q
/Q PO lwo(s)lds — zellolls < /  FE(s) o (s)]ds

for n > ny. By virtue of (4.76) and (4.77), we obtain
M, (w)
16l

> —cllallu+ [ Fr()un)lds+

# [ @i o [ h(oues

for n > ny, where o = sgnf. Now, by taking into account that

/%Z(S)WO(S)MS = /i 1(s)|wo(s)|ds = /abl(s)[wo(s)]ids

wo

if >0 and

/ un(s)lds = [ 1(s)wo(lds = | 1(5) ()]s

wo

if 5 < 0 for an arbitrary [ € L(I, R), from the last inequalities we get

T el b+$ws ~(8)[wo(s s
7] > —¢| HL—i—/a(f()[ ()] + £ (5)wo(s)])ds-+
+/bh1(s)w0(s)ds for n>ny
if o =1, and
M, (w) b . )
5] - _€||a||L+/a (f7(s)[wo(s)]- + F7(s)[wo(s)]+)ds

b
—/ hi(s)wo(s)ds for n > ny
if 0 = —1. From the last inequalities and (4.73) we immediately obtain (4.43). =

Now we consider the definitions of the sets Vig((a,b)) introduced and de-
scribed in [12] (see [Definition 1.3, p. 2350])

Definition 4.2. We say that the function p € L([a, b]) belongs to the set Vio((a, b))
if for any function p* satisfying the inequality p*(t) > p(t) for ¢t € I the unique
solution of the initial value problem

(4.78) u"(t) = p*(t)u(t) for tel, wula)=0, u'(a)=1,

has no zeros in the set |a, b].



198 S. MUKHIGULASHVILI

Lemma 4.8. Let i € {1,2}, p € L(I;R), pu(t) = p(t) + (=1)'/n, and w, €
C'(I; R) (n € N) be a solution of the problem
(079 wlt) =paliun(t) for teT, wala)=0, wa(b)=0.

n

Then:

a) There exists ng € N such that the problem (4.79,) has only the zero solution
for n > ny.

b) If i = 2 and N,, = 0, where w is a solution of the problem (1.3), (1.4),
then the inclusion p, € Vig((a,b)) for every n € N holds.

Proof. a) Let N be the number of zeros of the function w, on I. Assume on
the contrary that there exists a sequence {w,} 2 = of nonzero solutions of the
problem (4.79,).

If i = 1 then from the facts that p,(t) < pp41(t) and w, # 0, by Sturm’s
comparison theorem, we obtain Ny, — Ny =~ >1 (n € N). Now notice that, in
view of (4.79,,), the inequality N, > 2holds. Hence there exist kg > 2 and ng > 2
such that Nj, == ko. Therefore, we obtain the contradiction ko = Ny, > Ny, =~ —

Wn

Ny = (No =N (NG~ Ny )4t (NG = Ni ) > h.

If © = 2, from the fact that p,_1(t) > p.(t) > p(t) and w, # 0, by Sturm’s
comparison theorem, we obtain Nj — Nj ~>1and Nj > N; —1(n € N) if
w is a nonzero solution of the equation (1.3). Now notice that, in view of (4.79,),
the inequality N; > 2 holds for every n € N. Therefore, if we denote N; = ko,
we obtain the contradiction kg = N > N;j,wko —1> N:;Hko — Ny > ko.

The contradiction obtained proves the item a) of our lemma.

b) Assume on the contrary that there exists n € N such that p, & Vip([a, b]).
If p*(t) > pn(t) and w is a solution of the problem (4.78), then there exists t, €|a, b
such that u(tg) = 0. Since p(t) < p*(¢), by Sturm’s comparison theorem, we obtain
that w, the solution of the problem (1.3), (1.4), has a zero in the interval |a, to],
which contradicts our assumption N,, = (). The contradiction obtained proves the

item b) of our lemma. .

5. Proof of the main results

Proof of Theorem 2.1. Let p,(t) = p(t) +1/n and, for any n € N, consider the
problem

(5.1) ul (t) = pu(O)un(t) + f(t,un(t)) + h(t) for tel,

(5.2) un(a) =0, u,(b) =0.

In view of the condition (2.1) and Lemma 4.8, the inclusion p,, € Vio((a,d)) holds
for every n € N. On the other hand, from the conditions (2.2) and (2.3) we find

(5.3) 0 < f(t,z)sgnx < g(t)|x| + ho(t) fort eI, |z| >r.
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Then the inclusion p, € Vig((a,b)), as is well-known (see [12, Theorem 2.2,
p.2367]), guarantees that the problem (5.1), (5.2) has at least one solution, sup-
pose u,. In view of the condition (2.2), without loss of generality we can assume
that there exists £* > 0 such that ho(t) > &* on I. Then g(t)|z| + ho(t) > &* for
x € R, t € I. Consequently, it is not difficult to verify that w, is also a solution
of the equation

(5:4) U (t) = (Pn(t) + po(t, un(£))sgun (t))un(t) + pa(t, un(t))

St x)g(t) St x)ho(t)
(@)lz] + ho(t) g(®)]x] + ho(t)’

with po(t, x) = p , pi(t,z) = h(t) +

Now assume that

(5.5) lim ||un||c = +oo

n—-+00

and v,,(t) = U, (t)||un]|g'. Then

(5.6) Un(t) = (Pu(t) + polt, un(t))sgnun () va(t) + mm(t, un(t)),
(5.7) vp(a) =0 v, (b) =0,

and

(5.8) lvallc =1

for any n € N. In view of the condition (5.3), the functions py,p; € K(I X R; R)
are bounded respectively by the functions ¢(t) and h(t) + ho(t). Therefore, from
(5.6), by virtue of (5.5), (5.7) and (5.8), we see that there exists ry > 0 such that
|V, ||c < ro. Consequently in view of (5.8), by Arzela-Ascoli lemma, without loss
of generality we can assume that there exists w € C'(I, R) such that nl_1£100 v (t) =

w?(t) (i = 0,1) uniformly on I. From the last equality and (5.5) there follows
the existence of an increasing sequence {ay};> of a natural numbers, such that

||ta, ||c > 2rk and ||v(()2 —wW||¢ < 1/2k for k € N. Without loss of generality
we can suppose that w, = u,, and v, = v,,. In this case we see that w, and
v, are the solutions of the problems (5.1), (5.2) and (5.6), (5.7) respectively with
pn(t) = p(t) + 1/, for t € I, n € N, and that the inequalities

(5.9) un|lc > 2rn,  [|o9 —w||c <1/2n for ne N

are fulfilled. Analogously, since the functions pg, p; € K (I x R; R) are bounded, in
view of (5.5), we can assume without loss of generality that there exists a function
p € L(I; R) such that

(5.10;) lim L/ P, (s, un(s))sgnu,(s)ds = (1—j)/ p(s)ds

n=t20 [[uy [
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uniformly on I for j = 0,1. By virtue of (5.8)-(5.10;) (j =0,1), from (5.6) we
obtain

(5.11) w”(t) = (p(t) + p(t)w(t),
(5.12) w(a) =0, w(b) =0,
and

(5.13) llw||lc = 1.

From the conditions (2.3) and (5.9) it is clear that all the assumptions of Lemma
4.3 with fi(t,x) = f(t,x) are satisfied, and thus we obtain from (5.10;) (j = 0)
the relation fst p()de >0 for a<s<t<b,ie,

(5.14) Bt) >0 for tel.

Now assume that p # 0 and wy is a solution of the problem (1.3), (1.4). Then
using Sturm’s comparison theorem for the equations (1.3) and (5.11), from (5.14)
we see that there exists a point ¢y €|a, b| such that wy(tg) = 0, which contradicts
(2.1). This contradiction proves that p = 0. Consequently, w is a solution of the
problem (1.3), (1.4). Multiplying the equations (5.1) and (1.3) respectively by w
and —u,,, and therefore integrating their sum from a to b, in view of the conditions
(5.2) and (1.4), we obtain

(5.15) S w@%@mzfamwﬁgmﬁmmmm

On J,

for n > ng. Therefore by virtue of (5.9) we get

(5.16) / (h(s) + f(s,un(s)))w(s)ds <0 for n > ny.

On the other hand, in view the conditions (2.1)-(2.41), (5.2), and (5.9) it is clear
that all the assumption of Lemma 4.4 with fi(¢t,z) = f(¢t,z), hi(t) = h(t) are
fulfilled. Therefore, the inequality (4.43) is true, which contradicts (5.16). This
contradiction proves that (5.5) does not hold and thus there exists r; > 0 such that
||un||c < ry for n € N. Consequently, from (5.1) and (5.2) it is clear that there
exists 7} > 0 such that ||u]||c < 7 and |u.(t)] < o(t) for t € I, n € N,
where o(t) = (1+|p(t)])r1+]|h(t)|+7 (t). Hence, by Arzela-Ascoli lemma, without
loss of generality we can assume that there exists a function uy € C’ (I; R) such
that nl_lgloo uld(t) = u(()i) (t) (¢ = 0,1) uniformly on I. Therefore, it follows from

(5.1) and (5.2) that ug is a solution of the problem (1.1), (1.2). .
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Proof of Theorem 2.2. Let p,(t) = p(t) — 1/n and, for any n € N, consider
the problems (5.1), (5.2) and (4.79,,). In view of Lemma 4.8, the problem (4.79,,)
has only the zero solution for every n > ng. Therefore, as is well-known (see [9,
Theorem 1.1, p.345]), from the conditions (2.7), (2.9) it follows that the problem
(5.1), (5.2) has at least one solution, suppose u,,.

Now assume that (5.5) holds and put v,,(t) = u,(t)||u.]|5'. Then the condi-
tions (5.7) and (5.8) are fulfilled, and

1

(5.17) v (t) = pu(t)v,(t) + ———
||tnllc

(f(t,un(t))) + h(1))-

In view the conditions (2.7) and (2.9), from (5.17) there follows the existence of
ro > 0 such that ||v]||c < 7ro. Consequently, in view (5.8) by Arzela-Ascoli lemma,
without loss of generality we can assume that there exists a function w € C'(1, R)
such that lim v (t) = w(t) (i = 0,1) uniformly on I. Analogously as in

n—+

the proof of Theorem 2.1, we can find a sequence {ay}> of natural numbers

such that, if we suppose u,, = u,, then the conditions (5.9) will by true when the
functions w,, and v,, are the solutions of the problems (5.1), (5.2) and (5.17), (5.7)
respectively with p,(t) = p(t) — 1/ay, for t € I, n € N. From (5.17), by virtue of
(5.7), (5.9) and (2.9), we obtain that w is a solution of the problem (1.3), (1.4).
In a similar manner as the condition (5.15) in the proof of Theorem 2.1, we show
that

1 s b
(5.18) = [ wlunls)ds = [ (h(s) + Fls.un(s))uls)ds

An Ja a
for n > ny. Now note that, in view of the conditions (2.1), (2.8), (2.42), (5.2), and
(5.9), all the assumptions of Lemma 4.4 with fi(t,z) = —f(t,z), hi(t) = —h(t)
are satisfied. Hence, analogously as in the proof of Theorem 2.1, from (5.18) we
show that the problem (1.1), (1.2) has at least one solution. .

Proof of Theorem 2.3. Let p,(t) = p(t) + (—1)'/n and for any n € N, consider
the problems (5.1), (5.2) and (4.79,,). In view of the condition (2.13) and the fact
that (—1)°f(¢, ) is non-decreasing in the second argument for |x| > 7, we obtain

1
(5.19) lim
n—to0 ||zn|c

[ 116 zlo)ids =0

for an arbitrary sequence z, € C(I;R) with lirf l|znllc = 4o00. Moreover,
n—-roo

in view of Lemma 4.8, the problem (4.79,,) has only the zero solution for every
n > ng. Therefore, as it is well-known (see [9, Theorem 1.1, p. 345]), from the
inequality (5.19) it follows that the problem (5.1), (5.2) has at least one solution,
SUPPOSE Uy,

Now assume that (5.5) is fulfilled and put v, () = wu,(t)||u,||5'. Then (5.7),
(5.8) and (5.17) are also fulfilled. Hence, by the conditions (5.8) and (5.19), from
(5.17) we get the existence of ry > 0 such that ||v]||c < r9. Consequently, in view
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of (5.8) by the Arzela-Ascoli lemma, without loss of generality we can assume that
there exists a function w € C'(I, R) such that nkrfm v () = wO(t) (i =0,1)
uniformly on /. Analogously as in the proof of Theorem 2.1, we can find a sequence
{ax}F2S of natural numbers such that, assuming u, = u,,, the conditions (5.9)
is true and the functions u,, and v,, are the solutions of the problems (5.1), (5.2)
and (5.17), (5.7) respectively with p,(t) = p(t) + (—=1)"/ay, for t € I, n € N. From
(5.17), by virtue of (5.7), (5.9) and (2.13), we obtain that w is a solution of the
problem (1.3), (1.4). In a similar manner as the condition (5.15) in the proof of
Theorem 2.1, we show

1 b b
(5.20) - w(s)u,(s)ds = (—1)1/ (h(s) + f(s,un(s)))w(s)ds
for n € N > ng. Now note that, in view the conditions (2.11), (2.12), (2.14), (5.2),
and (5.9), all the assumptions of Lemma 4.5 with fi(¢,z) = (=1)"f(t,z), hi(t) =
(—1)'h(t) are satisfied. Hence, analogously as in the proof of Theorem 2.1, from
(5.20) by Lemma 4.5 we obtain that the problem (1.1), (1.2) has at least one

solution. "

Proof of Corollary 2.1. From the condition (2.15) we immediately obtain
(2.14). Therefore all the conditions of Theorem 2.3 are fulfilled. n

Proof of Theorem 2.4. The proof is the same as the proof of Theorem 2.3. The
only difference is that we use Lemma 4.6 instead of Lemma 4.5. n

Proof of Theorem 2.5. From (2.21) it is clear that, for an arbitrary sequence
zn € C(I; R) such that lirJlrn ||znllc = 400, the equality (5.19) is holds. From

(5.19) and Lemma 4.7, analogously as in the proof of Theorem 2.3, we show that
the problem (1.1), (1.2) has at least one solution. .
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