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1. Introduction

We know, the commutator [b,T](f)(z) = b(z)T(f)(z) — T(bf)(z) is bounded
on LP(R") for 1 < p < oo when T is the Calderén-Zygmund operator and
b € BMO(R"™). Janson and Paluszynski study the commutator for the Triebel-
Lizorkin space and the case b € Lipg(R"), where Lipg(R") is the homogeneous
Lipschitz space. Chanillo (see [2]) proves a similar result when 7 is replaced by the
fractional operators. The main purpose of this paper is to discuss the bounded-
ness of Littlewood-Paley multilinear commutator generated by Littlewood-Paley
operator and Lipschiz functions on Triebel-Lizorkin space, Hardy space and Herz-
Hardy space.

2. Preliminaries and Definitions

Throughout this paper, M (f) will denote the Hardy-Littlewood maximal function
of f, and write M,(f) = (M(fP))/? for 0 < p < co. @ will denote a cube of R"
with side parallel to the axes.

Let fo = yQ|—1/ F()dz and f#(z) :sup|Qr1/ 1f(y) — foldy denote the
Q TEQ Q
Hardy spaces by HP(R™). It is well known that HP(R") (0 < p < 1) has the



210 YING SHEN, LANZHE LIU

atomic decomposition characterization (see [11], [16], [17]). For 8 > 0 and p > 1,
let F/>°(R") be the homogeneous Tribel-Lizorkin space.
The Lipschitz space Lipg(R™) is the space of functions f such that

[ fl|zip; = sup [f) = T @)l < oo,
IvyiRn |x _ylﬁ
zEY

Lemma 1. (see [15]) For 0 < <1, 1 < p < oo, we have

1
fllsoe =~ ||sup /fa:—fd:c
111 e QI (x) = fol B
sup inf ! /|f(cc) c|ldx
~ ||su —
€Q ¢ ’Q‘1+% Q .

Lemma 2. (see [15]) For 0 < <1, 1 <p < oo, we have

1
Wl = sup sz [ 16() = folde

1 1 ) 1/p
~ sgp@‘g(M/QU(x)—fcﬂ daz) |

Lemma 3. (see [2]) For 1 <r < oo and >0, let

1/r
Mﬁ,r<f><x>=sup( ! / |f(y)|7"dy) ,

—br
TEQ |62|1 n
suppose that r < p <n/f, and 1/q=1/p — (/n, then

[ M ()]s < ClI e

Lemma 4. (see [5]) Let Q1 C Q, then

|fQ1 - fQ2| < C||f||Aﬁ|Q2|ﬁ/n'

Definition 1. Let 0 < p, ¢ < 0o, € R, By = {x € R", |z| < 2}, Ay = Bi\Br_1
and X, = Xy for k € Z.

1) The homogeneous Herz space is defined by

KgP(R™) = {f € LYo R"™\{0}) : [|f]| e < 00},

where

o0

1/p
f ] ier = [ > QkQP\IkaH’iq] ;

k=—o00
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2) The nonhomogeneous Herz space is defined by
KyP(R") ={f € LLoe(R") : [[fllxg» < o0},

where
[ee) 1/1’)

1l = | D2 2% PILFXul e + 11X, 12
k=1

Definition 2. Let a € R, 0 < p,q < o©.
(1) The homogeneous Herz type Hardy space is defined by

HEG?(R") = {f € S'(R") : G(f) € Kg*(R")},

and

Al ggr = NG ggws

(2) The nonhomogeneous Herz type Hardy space is defined by
HEGP(R") ={f € S'(R") : G(f) € KJ"(R")},

and
L eker = (|G |xo;

where G(f) is the grand maximal function of f.
The Herz type Hardy spaces have the atomic decomposition characterization.
Definition 3. Let a € R, 1 < ¢ < co. A function a(z) on R" is called a central

(e, q)-atom (or a central (a, q)-atom of restrict type), if

1) suppa C B(0,r) for some r > 0 (or for some r > 1),
2) llallze < [B(O,r)]~/,

3) /Rn a(z)z"dx = 0 for |n| < [a —n(l —1/q)].

Lemma 5. (see [6], [14]) Let 0 < p < 00, 1 < ¢ < o0 and a > n(1l — 1/q).
A temperate distribution f belongs to HKP(R") (or HKP(R™)) if and only if
there exist central (a,q)-atoms (or central (o, q)-atoms of restrict type) a; sup-

ported on B; = B(0,27) and constants \;, Y_ |\;|P < oo such that f = > a;

J Jj=—00

(or f =" Aa;) in the S'(R") sense, and

J=0

1/p
Lf gz geow Cor [ f | rmcoe) ~ (Z W!”) :
J
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Definition 4. Let 0 < d <n, € > 0 and v be a fixed function which satisfies the
following properties:

D [ w@)de =0,
2) [th(x)| < C(1+ [af) =)
3) [b(a + ) — ()| < Clyl*(L+ [a)~+1+) when 2ly| < [«].

Let m be a positive integer and bj(l < j < m) be the locally integrable

function, set b= (b1, -+, by). The multilinear commutator of Littlewood-Paley
operator is defined by

= 0 = 1/2
ot = ([ 1F@RY)

where
m

Fl P @) = [ TI @) = bw)nla = ) f )y,

j=1
and

Yolx) = " (a /1)
for t > 0. Set Fi(f) = 1y * f. We also define that

- 1/2
i) = ([T IEOORY)

which is the Littlewood-Paley ¢ function (see [17]).
Let H be the space

m(r) = e = ([ pag) < o)

then, for each fixed z € R" F,(f)(x) may be viewed as a mapping from [0, +00)
to H, and it is clear that

9v5(F)(@) = [|E(f)(@)]| and gl 5(f)(x) = [|FP(f) ()]

Note that when by = --- = b,,, gf’m is just the m order commutator. It is well
known that commutators are of great interest in harmonic analysis and have been
widely studied by many authors (see [1-4], [7-10], [12], [15]). Our main purpose is
to establish the boundedness of the multilinear commutator on Triebel-Lizorkin
space, Hardy space and Herz-Hardy space.

Given a positive integer m and 1 < 7 < m, we set

m
6] 2ipy = TT 1165]] Lips
j=1



LIPSCHITZ ESTIMATES FOR MULTILINEAR COMMUTATOR ... 213

and denote by C7" the family of all finite subsets o = {o(1),--,0(j)} of {1,---,m}
of j different elements. For o € CJ", set 0¢ = {1,---,m} \ 0. For b= (b, - bp)
and o = {0(1), .- ,O'(j)} S C]m, set b, = (bg(l),‘ . -,bg(j)), by = bo’(l) s bg(j) and

6o || Lips = |1bo)||Lins -+ [|1bo()|| Lipg-

Lemma 6. (see [10]) Let 0 < f<1,0<d<n, 1 <p<n/B,1/¢g=1/p—3/n
and b € Lipg(R"). Then ¢!, 5 is bounded from LP(R") to LY(R").

3. Theorems and proofs

Theorem 1. Let 0 < d <n, 0 < <min(l,e/m), 1 <p < oo, b= (b1, -+, bm)
with b; € Lipg(R") for 1 < j < m and gf’M be the multilinear commutator of
Littlewood-Paley operator as in Definition 4. Then

a) gfiﬁ is bounded from LP(R™) to F;“B’“(R”) for1<p<n/§ and 1/p—1/q=6/n.

b) gfm is bounded from LP(R"™) to Li(R"™) for 1/p —1/q = mfB + §/n and
1/p>mpB+d/n.

Proof. (a). Fixed a cube @ = (z¢,() and Z € @, see [10] when m = 1.
Consider now the case m > 2. Set

bo = ((b1)g.*+ (bm)q),

where

(b)) = Q™ /ij@)dy, 1<j<m.

Writing f = fi + f2, where fi = fXaoq, fo = fXgrn\20, we have

Fy(f)(@) = /Rn(bl(w)—bl(y))-“(bm() bm (y)) (@ — y) f(y)dy
= (bu(x) = (b1)q) - - (b () = (bm)Q) Fr(f) ()
H(=1)"F (b1 = (b1)@) - - (bm = (bm)@) f) ()

£ S (b)) [ () — Badorthlr — ) f(0)dy

j=1 UEC]’.”

then
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195,5() (@) = w5 ((br)g = 1) -+ (bm)g = bm) fo) ()|
< ||IFP(f)(@) = Fu((b1)g = b1) -+ ((bm) = b) f2) (z0) |
< [[(br() = (b1)@) - - (b () = (bm)Q) Er(f) ()]

+Zl XC:MH Qo Fi((b = bo)oe f) ()]
HE((br = (b)) -~ (b = (bm)@) f1) (2)]

(
HF((br = (b1)@) -+ (b= (bm) @) f2) (2) = Fi((b1=(b1)@) - - - (b —(bm) @) f2) (o )|
= L(2) + Iy(2) + Is(2) + La(x),

SO,

W /Q 195, 5(F) (@) = g5 ((B)a = b1) -+ ((bm) — bun) fo) (o) |dz

1 1
< — | Li(z)dx + — /I x)dz
QP Jo M g Jo B

L 1
+W/ng(x)dx+W/QI4($)d$

=I+I1I+1IT+1V.

For I, by using Lemma 2, we have

1
1< o siplh(@) = (el (el [, lows(7)(@)lde
< Clfbllzip, |1+mﬁr@|n | 19va(£) )l

e
< ClIbl|zips M (gp.5(f))(2)-

For I, takingl <r<p<gq<n/d,1/¢d+1/q=1,1/s4+1/s=1,1/q=1/p=0d/n,
ps = r by using the Holder’s inequality and the boundedness of g, 5 from LP(R")
to LY(R"™) and Lemma 2, we get

o< mz S s Jy ) = Bo)ellgss((F — o))

= UECm

. ) 1/q'
< 0221 Z |Q|mﬁ/n <|Q|/| bQ)a|qu>

J aGCm

S 1/q
(g7 Jo 19 By o) o) e
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m—1 1 1 N - 1/p
<C z z g U||LW|Q|'”‘B/”|Q|1/Q ( / |(b(x) —bQ»cfowdx)
=lo
m—1
SCZ Z ’Q‘mﬁ/nu aHszﬁlQl —1/9)+(1/ps")+(1=bps/n)/ps
1 l/pS/ 1 1/ps
X —/ l;x —l_; Ucps/> 7%/ z)[PPdx
01 J @) = Bo)ee (,Qm @) )
m—1 1
<CY ZC ,Q‘mﬁ/nub o i | QT B | i | QU187 M 5 () (7)
=1 ceC™

< C1b|zips M s () (E)-

For I11, we choose 1l <r <p<gqg<n/é,0<d<mn,1/g=1/p—3/n, r = ps,
by the boundness of g, s from LP(R") to L?(R™) and Holder’s inequality with
1/s+1/s" =1, we get

1
Hr = W/Q\gw,a((bl = (01)Q) - -+ (bm = (bm) @) f1)(x)[dx
| 1 m e
s Clgpam (LQ\ /R 90,6 El Jo)fXe)(x )!qdr)
1 1 m v
< CWW (/ ]1;[1 )‘p|fXQ’pdm)
1/ps
—1/q)+1/ps'—(1—(dps/n)/ps) ps d
= |Q|mﬁ/n|Q| (IQI/ |H Q)| x)

1 1/ps
% (,Qpaps/n /Q If(w)l’”dw>

CHgHszgMT,J(f)('%)

IN

For IV, since |zg — y| = |x — y| for y € (2Q)¢, by Lemma 4 and the condition on
1, we have

[E((br=(01)Q) - - - (bm—=(bm) @) f2) () = Fi((br=(b1)@) - - - (bm—(bm) @) f2) (o)

m

9 1/2
L ( [ o 60 =) = oo = I TT 13(0) - <bj>Q,dy) ff]

j=1

<




216 YING SHEN, LANZHE LIU

9 1/2
e t‘l‘ — .T()|6 m dt
=¢ /0 (/(2@)6 (t + |:170 — y|)n+1+a—6 |f(y)| ]1_[1 |bj(y) - (bj)Q|dy) t]

m

<0 [ Tro = affla ol T () — ()aldy

Jj=1

m

<O [ eyl — o) T () — (B)aldy
k=1

FHQ\2Q e

m

F@ITLD () = (B)zrsrql + 1(b))2e1 — (b)al)dy

J=1

< C Z 27k5‘2k+1Q’71 /
k=1 2

k+1Q

. —ke n 1 7 ~
< CZQ " |2k+1@,6/ |2k+1Q|1_5/nHb”LipﬂMr,z?(f)(x)
k=1

< C1B]|1ap | Q1 Mys(f)(2),

thus
IV < C|b|| Lipy M s(f)(Z).-

We put these estimates together, by using Lemma 1 and taking the supremum
over all () such that x € (), we obtain

19,6 (P jims.ce < ClIb|Lipy |1 f1] -

This complete the proof of (a).

(b) By some argument as in proof of (a), we have
1 B,
0l /Q 195, 5(F) (@) = gys(((b1)g — b1) -+ (i) — bm) fo) (o) |da

1 1 1 .
< \@ﬁ/cz I (z)dz + ’Q‘/le(a:)dﬂ @‘/Q[g(m)dm—{— M/Q[4(x)dx
< C|[bl| Lips (Mg 1 (9p.6(f)(Z)) + Minpysr(f)(T)),

thus
(95 (F)* < ClIBl iy (Minp.1 (9.6(F)(E)) + Munpisr (£)(E)).

By using Lemma 3 and the boundedness of gy 5, we have
ClI(gy,s () *[]1s

< Cllbllziny ([[Momp1(9y.6(/)(Z)) + Mg, (F)(2))]] o
< Bl 1o

1955l

IN

This complete the proof of (b) and the theorem.
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Theorem 2. Let 0 < § <n, 0 < B+J/m < min(y/m,1/2m), n/(n+B+5/m) <
p<1,1/qg=1/p—(mpB+0)/n, b= (b1, --,by) withb; € Lipg(R") for1 < j <m.
Then gt 5 is bounded from HP(R") to L(R").

Proof. It suffices to show that there exists a constant C' > 0 such that for every
HP-atom a,

19y.6(@)llze < C.

Let a be a HP-atom, that is that a supported on a cube Q = Q(z,r),
lallz < 1QI77 and | a(w)a’dz = 0 for |r| < [n(1/p — 1))
When m = 1, see [10]. Now consider the case m > 2. Write

. . 1/q . 1/q
sl < ([ lds@ha) ([ )

= I+1I

For I, choose 1 < p; < n/(mf + 0) and ¢; such that 1/¢; = 1/py — mB + d/n.
By the boundednss of g}, 5 from LP*(R") to L% (R") (see Theorem 1), we get

A

I < Cllgys(@)|lfa |Qzo, 20) |~/ < Cllal|f 1b]] iy, | QI

< CHE‘|Lip/8‘@’fq/p+q/p1+1fq/q1 < CHgHLip,@-

For II, let 7,7 € N such that 7+ 7' =m, and 7" # 0. We get

—

IF(@)(@)] < (@) =b1(a0) -+« (@)=t (30)) [ (elw—y)—vu(a—z0))aly)dy]
F30 3 10(a) — brodlor [ (bly) — bao)otilr ~ ylaly)dy

j=1 chCm

< Cllipale = 2ol [ fula =) = ala = o)l |ay)ldy

OBy 3 =l [y = ol Wit = w)lla(w)ldy

T+1'=m
- |z — o)™t
< Bl 1y — s J 170~ v la(w)ldy
- t /
+C| bl 1. x — zo|™ / — 20|"Pla(y)|d
H |’LPBT+TZ,m| 0| (t+\x—x0|)"+1—5 B|y 0’ ’ (y)’ Y
— t 1
) . pmBtetn(l-2)
S C||b||L1pﬁ (t + |£L' _ $0|)n+1+a—5 r
N t mB4n(1-1)
+C[bl] ip T "

(t + |x — xo|)nt1-9
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thus

t A
@@ < Ol (] AN
|gw75(a)(m)| > | ||Lpﬂ ( 0 ((t—i— |z — x0|)”+1+5_5> t ) r !

t 2\
i > mp-+n(1-1)
+ CHbHLipﬁ (/0 ((t—|—|x—x0|)”+1—5> t) -r P

S C||g||sz5|:E — $0|_n+6 . ,r.mﬁ+n(1—%)

Y

S0,

I S CHEHszB . rmﬁ-ﬁ-n(l—%) </|

x—xzo|>2r

1/q
|z — xo\"q+q5dx> < C[b]| Lip, -

This complete the proof of Theorem 2.

Theorem 3. Let 0 < <1, 0<0d<n 0<p<oo, 1 <aq,gp < oo,
Vg —=1/q2 = mB+6/n, n(1-1/q) <a<n(1 L) +B+8/m, b= (b, b)
with b; € Lipg(R") for 1 < j < m. Then g} s is bounded from HKO‘p(R") to
K;;I’(R”).

Proof. By Lemma 5, let f € HK%”(R”) and f = Y \aj, suppa; C Bj =

j=—00

B(0,27), a; be a central (a,q)—atom, and Y |\;[” < co. We have

j=—o00

- ) k—2 . p
MwmySOZW%ZMMMmm)

k=—o00 j=—00
oo oo p
L0 Z okap Z |/\ |||g¢5 a; Az
k=—0c0 j=k—1
= [+11I.

For I1, by the boundedness of gfm on (L9, L%), we have

oo 0o p
11 < ClpllL,, > 2’“‘“’(2 |)‘j||’ajHLq1)
J

k=—0c0 =k—1

oo (9) b
< ClbllLp, > 2'““”( |Aj|'2_3a)
k=—o00 j=k—1
> Z AP - 20=er g < p < 1
k=—o00 j=k—1
S CHbHszg !

o . p/p
Z 2kap( Z |)\j|p . Qjap/2)< Z 2jap’/2> ,l<p<oo
J

k=—o0 j=k—1 j=k—1
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< ClBl, > I
For I, when m = 1, we have
F a)@)] < \<b1<x> ~b(0) [ (Wule—y) - wt<x>>aj<y>dy|

J

b ) = O

x|P|y|et
S C||bl||Lip5 [/B (t +“1’-’)‘n"|’1+56 ’ |aj(y)|dy

+ / fol” a;(y)|dy
By (t+ |z —y|)ntt=0

< Cllbyllu =|"t ylay(y)ld
— 1 szﬁ <t—|— |I|)n+1+£_6 BJ y a] y y
t
- —/ “la;(y)|d
s fy Wi
|z |t J(etn(1—L)—a)
< CHblHLipﬂ [(t+ |g;|)n+1+s—5 -2 a1
13 i(B+n(1—2)—a)
+ . 2](5+ ( r ;
(t+ |I|)n+1—(5
thus
. . o\ 1/2 1
e | LB oi(etn(i-L)-a)
Bsa)@) < Clinll, ( [ () ) ol 203

9 1/2
+ / b V) im0
o \(t+|z)r1=0) ¢

Clltn Ly, [l 700 ]2 /O s )=o)

IN

IN

; _ 1y
C«||b1||Lip6|l,|—n+6 . 2J(ﬂ+n(1 ql) a)’

from that we have

4 7 1/q2
Hgfﬁé(aj)XkHqu = C||b1||Lim LI Pnmg ) e (/ Bk|£|”(12+qz5d5€>
< C||b1||L . 2](/84_”(1_%)_0‘) . 2—kn(1—é)+k§
= ing
< O|[by]| iy, - 2UCTPOma) m)—kE 4= gD
= ins

Y

SO,

o 0o »
I< Cllnlly, 3 2’“””(2 IAjI~2“(ﬁ+"“qi>a>k<ﬂ+n<1qi>ﬂ)

k=—o0 j=—00
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Z Z |>\ |p 2(] )(B+n( 1—*)—‘1)177 0 <p S 1

k=—00 j=—00

00 k—2 )
< b, > zkap(z w'gzwwwl—qi>—a>—k<ﬂ+n<1—;lm)

k=—o00 Jj=—00
/

k—2 I 1 1 p/p
y ( 3 2"2[J<ﬁ+n(1—q1>—a>—k<ﬂ+n<1—q1)>}) ey

j=—00

Z |)\ |p Z 2(3 )(B+n(1 )—a)p7 0<p<l1

J=—00 k=j+2
< CHbngng 00 0o - 1
Z ’)\j|p Z 25[(J—k)(ﬁ+n(1—a)—a)], 1<p<oo
j=—00 k=j+2
< Cllballz, Do NI
j=—00
Then

g5 (Dl icer < Cllballzips( 0 X )Y? < Cllf |l e

j=—00
When m > 1, we have

| (ay))(@)] < I(bl(x)—bl(o))---(bm(fv)—bm(o))/B(@Dt(z—y)—%(w))%(y)dyl

J

£33 100e) b0 [, (6(0) — BON)oe( — s )

j=loeCm J

< Cllblluins o™ [ (e = y) = vu(@)la;)ldy
J
FClBllzans 3 1ol [ 1yl = y)lla; ()l dy
T+7'=m J
- |z|™Pt
< Il [ Wolflas(v)lay
pﬁ(t_|_|x|)n+l+8—6 B, J
OBy Y A [l ey w)lay
o e e Sy, PN
> ||t jletn(1-)—a)
< C||b||Lip5(t+|$|)n+l+€76- a1
- 2|t (7 Bn(1- &) —a)
+C|b]| s -2 “ )
Ps 7—+7—Z’:m (t—i— |$Dn+1f§

thus

soales)@) = (Awfﬂg(aj)(x)lchf)l/z

t A
T mB | oiletn(—2)—a) [ [
C'||bHsza|$| 2 a1 (/0 ((t T |x|>n+1+8—5> t )

IA
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1/2
Oy 3 ol PO (7 " dt
o \(E+[a)15)

T+7'=m
< C‘|gHLip5|$’m/3‘x|*(n+sf5) . 2j(£+n(1—ﬁ)_a)
+C|’g||LiPﬁ Z ‘x|75|x‘—n+6 . 2j(7/ﬁ+n(17i),a)

T4+7'=m
= OHgHLipB|Q?’_n+6 . 9i(mBtn(1-Zr)=a)

then

Y

- 1/g2
HgfL,g(aj)XkHqu < CHbHle mﬁ—&-n(l—*)—a) . (/B ’x|nqz+qQ6dx>

J

< CHEHL% . 2[j(mﬁ+"(1—ﬁ)—a)—k(mmn(l_i))]

Y

S0,

> k—2 »
I< Ot 3 2( > m.zv<mﬁ+n<1—qa>—a>-k<mﬁ+na-m>

k=—o00 Jj=—00

> Z A P 20 R ARt g o < g

k=—00 j=—00

< Ol § 55 2w (8 gt (o))
k=foo k—2 ]_/700 p/p’
x ( > 22U(mﬂJ’”(l‘qll)‘a>"“(mﬁ+n(1‘q11))]) , 1<p<oo
Jj=—00
< CHbHszg'Z A1
j=—o00

From I and 11, we have

o0

1/p
195, 5(HI| < C1b]| i ( > |)\j|”) < Cllfllgier-

j==o0

This completes the proof of Theorem 3.

Theorem 4. Let 0 < § < min(vy/m, 1/gm), 0<p<11<q,qp < o,
0<d<mn 1/¢g =1/¢s — (mB+9d)/n, b = (b1,---,bn) with b; € Lipz(R")
for 1 < j < m. Then gl 5 maps HK}=Va)+5+3/mp(Rny continuously into
WK;(lfl/mHﬁM/m,p(Rn)_

2

Proof. We write

Z )\kalm

k=—o0
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where each ay, is a central (n(1 —1/q1) + 6+ d/m,¢) atom supported on By and
> [AlP < oo. Write

k=—o00

‘ ‘gfp,&‘ ‘Wkg(lfl/ql)ww/m,p

<sup XM Y 2ln(1=1/q)+5+3/mp | 1 ¢ [ - gfw >0 Ma ()] > A/2
A>0 | j=—oo " \k=1-3
00 N -4 p/e e
+sup N Y 2tadkGre/mp Ly e By igh ST Nan [(2)] > A/2
A>0 l=—oc0 k=—o00
= G1 + Gg.

By the (L9, L%) boundedness of 92;,5 and an estimate similar to that for I; in
Theorem 3, we get

Gll’ <C i 9lp(n(1-1/q1)+B+6/m)

l=—00

o0

PP

k=—00

< Cl[blf;

p .
q2 Lipg

|9§p,5 (Z )\kak> (x)X;
=3

To estimate (G5, let us now use the estimate

g s(an)l < ClIb| iy, | ]*7 (25)mrmttame,

which we get in the proof of Theorem 3.
Note that when z € Ej, a =n(l —1/q1) + 5+ d/m,

-4 . B -
A< Z |)\l~cHglbﬁ,5(ak)| S CHbHszB Z ‘)\k"I"é_n(zk)mﬂ‘i'n(l_l/fh)—a
k——oo R
- =4 -4
= CHbHLZpB Z ‘)‘kH2l|ain Z (Qk)mﬁ+"(1*1/lh)fa
k= —oo it
o -4
< Clbllzip, D | \g| (20)((m=D)F+0-n=0/m)

k=—00

. 1/p
< CHB’|’Lipﬁzl((mfl)ﬁJréfnfé/m) ( Z |>\k’p) ’

k=—oc0

for A > 0, let [, be the maximal positive integer satisfying

. 1/p
Z |)\k|p) )

k=—o00

2 (n3/m=(m=15=0) < C|[B]] 1, A" (

then if [ > [, we have

k=—o0

. I—4
{x € E;: |gf’p’5 ( Z )\kak) | > \/2}| =0.
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So, we obtain

G

IN

! 1/p
sup by { X)\: 2l(n(1—1/‘h)+ﬁ+5/m)p(21)np/q2}
A>0

l=—00

IN

I l/p
sup)\{ Z (2l)(n—(m—1),8—5)}

A>0 I=—o00o

o 1/p
< sup N2 (= (m=1)8-0) CHEHLip@ ( Z |>\k|p) '

A>0 k=—00

Now, combining the above estimates for GG; and G5, we obtain

o 1/p
15,5 (F)ly gen-siaasssma < ClIE] i, ( > |Ak|p) .

k=—00

Theorem 4 follows by taking the infimum over all central atomic decompositions.
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